Covering numbers: arithmetics and dynamics for rotations and interval exchanges

Valérie Berthé Nataliya Chekhova Sébastien Ferenczi

Institut de Mathématiques de Luminy CNRS - UPR 9016 Case 907 - 163 avenue de Luminy

F13288 Marseille Cedex 9 France

Abstract

We study a particular case of the two-dimensional Steinhaus theorem, giving estimates of the possible distances between points of the form kα and kα + β on the unit circle, through an approximation algorithm of β by the points kα. This allows us to compute covering numbers (maximal measure of Rokhlin stacks having some prescribed regularity properties) for the symbolic dynamical systems associated to the rotation of argument α acting on the partition of the circle by the points 0, β. We can then compute topological and measuretheoretic covering numbers for exchange of three intervals; in this way, we prove that every ergodic exchange of three intervals has simple spectrum, and build a new class of three-interval exchanges which are not of rank one.

This work is a sequel of [CHE]. In that paper, we proposed to find invariants of dynamical systems which, when computed for the irrational rotation of argument α, are explicitly linked to the arithmetic properties of α. This aim was achieved by the covering numbers, see below, whose expression for this rotation uses the continued fraction approximation of α. In the present paper, we show that the covering numbers can really work as ergodic invariants, as we use them to solve open problems of an ergodic nature; these problems concern the exchange of three intervals, and our invariants are reached through a detailed study of the repartition on the circle of points of the form kα and kα + β.

The covering numbers (see precise definitions in Section 6, and see [FER1], [KIN], [FER2], [FER4], [CHE]) measure the largest Rokhlin stack (that is, the union of disjoint sets B, T B, . . . ,T^{h−1}B) of arbitrarily large height h, which we can find in the system for a basis B having some prescribed properties. In [CHE], we computed these quantities for the irrational rotation of argument α, asking that B is either equal to an interval, or included in a cylinder for the symbolic dynamics of the rotation on its Sturmian coding (see Section 3); this gave us invariants F_I(α) and F (α); the proof used a precise study of the repartition of the points kα on the circle for 0 ≤ k ≤ h − 1, centered on the famous three distance theorem, conjectured by Steinhaus and proved in [SOS1], [SOS2], [SUR] [SWI], see [ALE-BERT] for a recent survey, together with an explicit expression of the distances between adjacent points ([SOS1], [SOS2] or more recently [BERT]).

A natural problem to study now is what happens when we look at the symbolic dynamics of the same rotation on its coding by a partition of the circle by 0 and by one point β, rationally independent from α; this involves looking at the repartition on the circle of both the points kα and the points lα + β for 0 ≤ k ≤ h − 1 and 0 ≤ l ≤ h − 1; in this case, there is a bi-dimensional Steinhaus theorem ([GEE-SIM]), also called five distance theorem (see [ALE-BERT]) but no explicit expression of these distances. We give here a method, using the graph of words, to compute these distances, which, together with an approximation algorithm of β by α, inspired from [SLA], allows us, in many cases, to have precise estimates of the distances.

These estimates are used to compute the covering numbers F_C (α, β) and F (α, β), where we ask respectively that B is either equal to or included in a cylinder for the symbolic dynamics of the rotation on its coding by the β-partition: we can give qualitative remarks on the behaviour of these invariants, and their relations with the quantities F_I (α) and F (α). In particular, though the coding by the β-partition is intrinsically different from the Sturmian coding, there are many nontrivial situations (that is, when β is not a multiple of α) where F_C(α, β) = F_I (α), though the two quantities can also be different; as for F (α, β), it can vary between F_I(α) and F (α), both extreme values and some intermediate values being taken for nontrivial situations; the different β satisfying the above properties are determined through their aproximation algorithm by α.

Now, the dynamics of a rotation of argument α on an interval of length β are intrinsically linked to the dynamics of an exchange of three intervals T defined by α and β, through a process of induction ([KAT-STE], [RAU2], see Section 9). Such dynamical systems are simple to define but their study is quite involved: they have been suggested by Arnold ([ARNOL]) and used in [KAT-STE] to give examples of (at that time) surprising spectral properties; they were then studied in depth by Veech ([VEE2]), who, through far-reaching geometric arguments, proved their unique ergodicity in almost all cases; the same result has been re-proved later using more elementary methods, rather related to ours as they use also the graph of words, by Boshernitzan ([BOS]). These results are closely linked to our invariants: in [KAT-STE] it is stated (though the proof is not written) that when α has unbounded partial quotients and β is well approximated by the convergents of α then F_I = 1; one by-product of Veech’s theory is that F_I = 1 for almost all exchange of intervals. But, to our knowledge, such obvious questions as when two exchange of three intervals are measure-theoretically isomorphic are still unsolved. The question of whether a nontrivial exchange of three intervals, associated to α and β as above, can be measure-theoretically isomorphic to a rotation has received a partial answer: the answer is negative when α has unbounded partial quotients and β is badly approximated by some convergents of α ([KAT-STE], see the discussion at the end of Section 9). Here, without any Veech-type machinery, we are able to compute some covering numbers, and, using the fact that they are ergodic invariants, to answer some of these questions. Namely, we prove that for exchanges of three intervals F_I(T ) = F_I (α); this implies that F_I (T ) = 1 if and only if α has unbounded partial quotients, precising the results of Katok, Stepin and Veech; this implies also that every ergodic exchange of three intervals has simple spectrum, and cannot be measure-theoretically isomorphic to the dynamical system associated to the Morse sequence. Then, we prove that F_D(T ) = F (α, β), F_D(T ) being defined by asking B and its iterates to have arbitrarily small diameter; this gives new examples of three-interval exchanges which are induced by the same rotation but are not topologically conjugate; this gives also a lower bound for the measure-theoretic covering number F^⋆(T ) (see precise definitions in Section 6), that is the measure of the largest Rokhlin stack whose levels approximate every partition. To find an upper bound for F^⋆(T ) is much more difficult, but we have been able to find, for any α with bounded partial quotients, a nonempty Cantor set of numbers β such that F^⋆(T ) < 1; this implies that, for these α and β, T is not measure-theoretically isomorphic to any three-interval exchange with an α^′ with unbounded partial quotients, nor to a rotation, and has a non-discrete spectrum.

The authors would like to thank Michael Boshernitzan and Vera T. Sós for the improvements they suggested to this paper.

Throughout this paper, 0 < α < 1 is an irrational number and R_α is the irrational rotation defined on the torus TT_1 by R_αx = x + α modulo 1. Except otherwise stated, every quantity is considered modulo 1.

1 Codings and Rauzy graphs

We will study the combinatorics of sequences obtained as codings of irrational rotations on the unit circle.

The coding of the orbit of a point x under the rotation of angle α with respect to the partition in intervals I_0, I_1 is the sequence (u_n)_{n∈IN} defined on the finite alphabet {0, 1} as follows: u_n = k ⇔ x + nα ∈ I_k. A factor of length l of the sequence (u_n)_{n∈IN} is any word of the form u_p . . . u_{p+l−1}. We shall see in Section 2 that the set of factors of the sequence defined above is independent of the point x.

The Rauzy graph Γ_n of words of length n of a sequence with values in a finite alphabet is an oriented graph (see, for instance, [RAU1] or [ARNOU-RAU]), which is a subgraph of the de Bruijn graph of words. Its vertices are the factors of length n of the sequence and the edges are defined as follows: there is an edge from U to V if V follows U in the sequence, i.e., more precisely, if there exists a word W and two letters x and y (not necessarily distinct) such that U = xW , V = W y and xW y is a factor of the sequence (such an edge is labelled by xW y). Thus there are p(n + 1) edges and p(n) vertices, where p(n) denotes the complexity function: p(n) is the number of distinct factors of length n. Let us note that the graphs of words of a sequence are always connected; furthermore, they are strongly connected if and only if this sequence is recurrent, i.e. if every factor appears at least two times, or equivalently if every factor appears an infinite number of times in this sequence. In particular, a coding of rotation is always recurrent.

We call right extension (respectively left extension) of a factor w = w_1 . . . w_n a factor of the sequence of the form w_2 . . . w_nx (respectively xw_1 . . . w_{n−1}), where x denotes a letter (the extensions of a factor w have the same length as w). A factor having more than one right (respectively left extension) is called right (respectively left) special factor. Let U be a vertex of the graph. Let us denote by U^+ the number of edges of Γ_n which have U as origin and U^− the number of edges of Γ_n which have U as ending. In other words, U^+ (respectively U^−) counts the number of right (respectively left) extensions of U. Let us note that

p(n + 1) − p(n) = ∑ |U |=n (U^+ − 1) = ∑ |U |=n (U^− − 1).

We can deduce from the first-differences of the complexity function some information on the topology of the graph of words. In all what follows, a branch of the graph Γ_n denotes a longest sequence of maximal length (U_1, . . . , U_m) of adjacent edges of Γ_n, possibly empty, satisfying

U^+_i = 1, for i < m, U^−_i = 1, for i > 1.

If the sequence is recurrent, a branch begins either with a left special factor or with an extension of a right special factor.

Furthermore, if U and V are two vertices linked by an edge such that U^+ = 1 and V^− = 1, then the two factors U and V have the same frequency. Let us recall that the frequency f(B) of a factor B of a sequence is the limit, if it exists, of the number of occurrences of this block in the first k terms of the sequence divided by k.

Indeed, let us write U = xW and V = W y, where x and y are letters. As U^+ = 1, U has as unique right extension W y. Similarly, V has as unique left extension xW . Thus f(U) = f(Uy) = f(xW y) = f(xV ) = f(V ), where f denotes the frequency. Therefore, the edges of a branch have the same frequency and the frequencies of factors of given length belong to the set of frequencies of the branches of the corresponding graph.

2 The five distance theorem

In this section, we suppose β is not a multiple of α.

Let P_n be the partition of the circle by the points kα, β +lα, for −n+1 ≤ k, l ≤ 0; let Q^′_n be the partition of the circle by the points kα, β + lα, 0 ≤ k ≤ n − 1, 0 ≤ l ≤ n − 1. For such partitions, we shall speak in the obvious sense of intervals of the partition, and of points of the partition to denote the endpoints of the intervals; the notion of neighbours is also unambiguous.

We consider a coding u of the orbit of a point x under the rotation R_α for the partition {[0, β[, [β, 1[}. Let I_0 = [0, β[ and I_1 = [β, 1[. A finite word w_1 · · · w_n defined on the alphabet {0, 1} is a factor of the sequence u if and only if there exists an integer k such that x + kα ∈ I(w_1, . . . , w_n) = n−1⋂ j=0 R^{−j}_α (I_{wj+1} ). As α is irrational, the sequence (x + nα)_{n∈IN} is dense in the unit circle, which implies that w_1w_2 . . . w_n is a factor of u if and only if I(w_1, . . . , w_n) ≠ ∅. The connected components of these sets are bounded by the points of P_n. Furthermore, these sets are connected for n large enough (see [ALE]). In all the sequel, we suppose n has been chosen large enough for all the

I(w_1, . . . , w_n) to be connected. The frequency of the factor w_1 . . . w_n exists and is equal to the density of the set {k | x + kα ∈ I(w_1, . . . , w_n)}, which is equal to the length of I(w_1, . . . , w_n), because of the equirepartition of the sequence (x + nα)_{n∈IN}.

For the n we have taken, the complexity function of the sequence u satisfies p(n + 1) − p(n) = 2 (see for instance [ROT]). Thus there are exactly two right special factors of length n.

Lemma 1 The two intervals corresponding to the right special factors are the intervals of the partition P_n containing respectively −nα or −nα + β. The two intervals corresponding to the left special factors are the intervals of the partition P_n containing respectively α or α + β. The four intervals corresponding to the right extensions of the right special factors are the intervals of the partition P_n touching respectively −(n − 1)α or −(n − 1)α + β.

Proof Let I be an interval of the partition P_n corresponding to the factor w. Let k be an index of occurrence of w. We thus have x+kα ∈ I and x+(k+1)α ∈ R_αI. The factor w has two right extensions if and only if the interval R_αI intersects two intervals of P_n, hence if and only if there exists a point of P_n in the interior of R_αI ; as I is an interval of P_n, this point can only be (−n + 1)α or (−n + 1)α + β, hence our first assertion after applying R^{−1}_α ; and the two right extensions must correspond to the two intervals of P_n intersecting R_αI. The assertion on the left special factor comes from a symmetric reasoning. QED Lemma 2 The frequencies of the factors of given length n belong to the set of frequencies of the right special factors of length n and of their right extensions.

Proof Let us consider the graph of words of length n. A branch can either end with a right special factor, or begin with a right extension of a right special factor, or begin with a left special factor.

Let s_n be the symmetry of the circle defined by s_n : x → {β−(n−1)α−x}. The points of the partition P_n are stable under s_n. We have s_n(R^{−k}_α (I_j)) =

R^{(−n+1+k)} α (I_j), for j = 0, 1, following the previous notation. The image of I(w_1, . . . , w_n) by s_n is I(w_n, · · · , w_1); thus they have the same length. Let I be the interval containing β − nα (respectively −nα); the interval s_n(I) contains α (respectively α + β). The right special factors have thus the same frequencies as the left special factors, which proves our lemma. QED

We deduce from these two lemmas, after rotating the picture by (n − 1)α, the following result:

Proposition 1 The different lengths of the intervals of Q^′_n are the lengths of the two intervals touching 0, the lengths of the two intervals touching β, the length of the interval containing −α, and the length of the interval containing β − α. Remarks The length of the interval containing −α, is either the sum of the lengths of the two intervals touching 0 (in the case where the frequency of the corresponding right special factor is the sum of the frequencies of its right extensions) or one of the lengths of the intervals touching 0 or β (when one of the right extensions is a left special factor); and the symmetric proposition holds for β −α. Hence the possible lengths of the intervals of Q^′_n are included in the following set: the lengths of the two intervals touching 0, the sum of these two lengths, the lengths of the two intervals touching β, the sum of these two lengths. The reasoning in the proof of Lemma 3 below implies that the length of the interval of Q^′_n containing −α, resp. β − α, is the sum of the lengths of the two intervals touching 0, resp. β, whenever neither (n − 1)α nor (n − 1)α + β is a neighbour of −α, resp. β − α, in Q^′_n. In fact, the six lengths in Proposition 1 take at most five different values; this is the two-dimensional Steinhaus theorem ([GEE-SIM]), which we can also call the five distance theorem; it is re-proved in [ALE-BERT], using a more precise description of the Rauzy graphs, which may have different topologies, see [ROT] or [FER3].

3 The Sturmian coding

The particular case where β = 1 − α is already completely studied: Sturmian sequences are defined equivalently, either as sequences of complexity p(n) = n + 1, for every n, or as codings of an irrational rotation of angle α on the unit circle with respect to a partition in two intervals of size α and 1 − α: a sequence is Sturmian if and only if there exists α irrational in ]0, 1[ and x such that this sequence is the coding of the orbit of x under the rotation of angle α with respect either to the partition {[0, 1 − α[, [1 − α, 1[} or {]0, 1−α], ]1−α, 1]} ([HED-MOR2]). Let us note that a sequence whose complexity satisfies p(n) ≤ n, for some n, is ultimately periodic ([HED-MOR1], [COV-HED]). Sturmian sequences have thus the minimal complexity among not ultimately periodic sequences. The reader can consult [BERS] and [LOT] for a recent survey on Sturmian sequences.

In the Sturmian case, there is only one bispecial factor of given length; the graph has three branches and has the following topology (see for example [ARNOU-RAU]). The graph Γ_h contains one right special factor D_h and one left special factor G_h, both with two extensions; D_h and G_h may be the same. There are three branches: the central branch, starting from G_h (it can be reduced to one point, when G_h = D_h), and two branches, C_h and L_h, starting from each of the right extensions of D_h.

A complete analysis of the different lengths and frequencies of the branches can be found in [BERT] and [CHE]. Let [0; a_1, . . . , a_n, . . .] be the continued fraction approximation of α; let q_{n+1} = a_{n+1}q_n + q_{n−1}, p_{n+1} = a_{n+1}p_n + p_{n−1}, p_{−1} = 1, p_0 = 0, q_{−1} = 0, q_0 = 1. Let f_n = (−1)^n(q_nα − p_n); we have f_{n−1} = a_{n+1}f_n + f_{n+1} for all n.

For given h, let Q_h be the partition of the circle by the points kα, 0 ≤ k ≤ h − 1. The intervals of the partition Q_h have three possible lengths: this is the three distance theorem, see [SOS1], [SOS2], [SUR], [SWI], [ALE-BERT]. These lengths are also the three possible frequencies of the points of Γ_h, and are computed in [SOS1] (see also [BERT] or [CHE]). We shall need the following results in Section 4.

Let n be fixed; to simplify the notation, we suppose that n is odd; let h = q_n −1; then the intervals of the partition Q_h have three possible lengths, f_{n−1}, f_{n−1} + f_n, and 2f_{n−1} + f_n; these values are taken, in particular, respectively by the intervals [0, f_{n−1} = q_{n−1}α[, [−f_{n−1} − f_n = (q_n − q_{n−1})α, 0[, and [−α − f_{n−1} − f_n, −α + f_{n−1}[. An interval of Q_h is of length at least f_{n−1} + f_n if and only if it is on the circuit of Γ_h beginning with the word corresponding to the interval [−f_{n−1} − f_n, 0[ (which is a right extension of D_h) and ending with D_h; this circuit has length q_{n−1} (see [CHE]), hence its points are the q_{n−1} − 1 first images by T of the interval [−f_{n−1} − f_n, 0[ : an interval of Q_h is of length at least f_{n−1} +f_n if and only if its right endpoint is kα for some 0 ≤ k < q_{n−1}.

For the same odd n, we look now at some q_{n−1} < h ≤ q_n; now the three possible lengths are f_{n−1}, f_{n−1} + f_n + c_hf_{n−1} for some 0 ≤ c_h ≤ a_{n+1} − 1 and 2f_{n−1} + f_n + c_hf_{n−1} (this last one is not taken for every value of h); these are taken respectively by the intervals [0, f_{n−1}[, [−f_{n−1} − f_n − c_hf_{n−1}, 0[, and (when the last one is taken) [−α − f_{n−1} − f_n − c_hf_{n−1}, −α + f_{n−1}[; for h > q_n − q_{n−1}, we have c_h = 0; in particular, the intervals of the partition Q_{qn} . have lengths f_{n−1} and f_{n−1} + f_n. An interval of Q_h is of length at least f_{n−1} +f_n if and only if its right endpoint is kα, for some 0 ≤ k < q_{n−1}.

In particular, let g = q_{n−1} + q_{n−2} − r_n, for some 2 < r_n < q_{n−2}. The intervals in the partition Q_g, have three lengths, f_{n−1}, f_{n−2} and f_{n−1} + f_{n−2}; the intervals of length f_{n−1} + f_{n−2} are those corresponding to the central branch of Γ_g, and they are those whose right endpoint is k_1α for q_{n−1} − r_n ≤ k_1 ≤ q_{n−1} − 1. The three lengths remain the same for the partition Q_{g+1}, and the intervals of length f_{n−1} + f_{n−2} are those whose right endpoint is k_1α for q_{n−1} − r_n + 1 ≤ k_1 ≤ q_{n−1} − 1.

Another particular case we need is when a_n ≥ 3 and g = 2q_{n−1} +q_{n−2} −r_n, for some 2 < r_n < q_{n−2}. The intervals in the partition Q_g, have three lengths, f_{n−1}, f_{n−2} − f_{n−1} and f_{n−2}; the intervals of length f_{n−2} are those whose right endpoint is k_1α for 2q_{n−1} − r_n ≤ k_1 ≤ 2q_{n−1} − 1. The three lengths remain the same for the partition Q_{g+1}, and the intervals of length f_{n−2} are those whose right endpoint is k_1α for 2q_{n−1} − r_n + 1 ≤ k_1 ≤ 2q_{n−1} − 1.

Obviously, similar results hold with the left endpoint, when n is odd.

4 Explicit values for the five distances

In this section, we suppose β is not a multiple of α.

In that case, there are no such formulas for the lengths of the intervals of Q^′_h; however, our Proposition 1 allows us to make explicit computations in many cases, as we shall see in the following lemmas, which will be used in Sections 7 and 8. We keep the notation of Section 3; we recall (from Section 2) that Q^′_h is the partition of the circle by the points kα, β + lα, 0 ≤ k ≤ h − 1, 0 ≤ l ≤ h − 1, whereas Q_h denotes the partition by the points kα, 0 ≤ k ≤ h − 1. The following results could be formulated in a more general form, and some of them can be deduced from [SOS3]; we state here what we shall use in the sequel.

Lemma 3 Let n be larger than some n_0(α, β),

• if there does not exist 0 ≤ s < q_{n−1} such that 0 < (−1)^n(β−sα) < f_{n−1}, then there exists at least one interval in Q^′_{qn−1} of length exactly f_{n−1},

• there is always at least one interval in Q^′_{qn−1} of length at least f_{n−1},

• if there exists 0 ≤ s < q_{n−1} such that 0 < (−1)^n(β − sα) = g_n < f_{n−1}, then the lengths of the intervals of Q^′_{qn} are either (strictly) greater than f_{n−1} or equal to one of the quantities {g_n, f_{n−1} − g_n, f_n + f_{n−1} − g_n, f_n + g_n}, each of these last four values being actually taken,

• if there exists 0 ≤ s < q_{n−1} such that 0 < (−1)^n(β − sα) = g_n < f_{n−1}, then, if q_{n−1} < h < q_n, the lengths of the intervals of Q^′_h are either (strictly) greater than f_{n−1} or not greater than the maximum of the quantities {g_n, f_{n−1} − g_n, f_n + f_{n−1} − g_n, f_n + g_n}.

Proof First we fix some n, odd and large enough, and take h = q_n − 1. Recall (from Section 3) that the lengths of Q_h are f_{n−1}, f_{n−1} + f_n, 2f_{n−1} + f_n. Let us consider the length of the interval of Q_h to which β belongs.

Suppose first that β is in an interval of Q_h of length f_{n−1}; then β is necessarily in the interior of this interval, as β is not a multiple of α. So β = k_1α + b_1 = k_2α − b_2, b_1 > 0, b_2 > 0, b_1 + b_2 = f_{n−1}. No kα + β can be closer to β than f_{n−1}, the nearest neighbours of β in Q^′_h are k_1α and k_2α; the lengths of the interval touching β are b_1 and b_2, and their sum is f_{n−1}.

We check now that this value f_{n−1} is indeed the length of an interval of Q^′_h, namely the interval containing β − α: we can suppose k_1 > 1 and k_2 > 1, because, if either k_1 = 1 or k_2 = 1 for arbitrarily large n, we must have β = α. Hence (k_1 − 1)α and (k_2 − 1)α are neighbours of β − α, closer than f_{n−1}; now, if β − α has a neighbour in Q^′_h of the form lα, then (l + 1)α has to be a neighbour of β in Q^′_h, or else not to appear in Q^′_h, which leaves only l = k_1 − 1, l = k_2 − 1 or else l = q_n − 2. But this last case cannot happen for n large enough as β ≠ −α ; as for neighbours of β − α of the form β + lα, they are translates by β of neighbours of −α in Q^′_h, and we know that these are at distances f_{n−1} and f_{n−1} + f_n, since they are also the closest neigbours of 0 in Q_{qn} . Hence [(k_1 − 1)α, (k_2 − 1)α[ is an interval of Q^′_h of length f_{n−1}.

We suppose now that β is in an interval of Q_h of length at least f_{n−1} +f_n; then the nearest right neighbour of β in Q_h must be k_2α for some 0 ≤ k_2 < q_{n−1} (see Section 3).

If k_2α − β > f_{n−1}, then the nearest right neighbour of β in Q^′_h is β + q_{n−1}α = β + f_{n−1}, and hence [β, β + q_{n−1}α[ is an interval of Q^′_h of length f_{n−1}. This finishes the proof of our first assertion.

We now have to study the case where 0 < k_2α − β = g_n < f_{n−1} for some 0 ≤ k_2 < q_{n−1}. From Section 3, β is in an interval of Q_h of length either f_{n−1} + f_n or 2f_{n−1} + f_n; the nearest right neighbour of β in Q^′_h is β + g_n ; its nearest left neighbour is β − f_{n−1} − f_n + g_n (of the form lα) if β is in an interval of Q_h of length f_{n−1} + f_n, and β − f_{n−1} − f_n (of the form lα +β) otherwise. The sums of the two lengths around β in Q^′_h is greater than f_{n−1}, and it is the length of the interval of Q^′_h containing β − α, by the same reasoning as above. So we deduce our second assertion from Proposition 1.

We continue to suppose that 0 < k_2α − β = g_n < f_{n−1}, for some 0 ≤ k_2 < q_{n−1}, and look now at k = q_n. Then β has to be in an interval of Q_k of length f_{n−1} + f_n (see Section 3), and the nearest neighbours of β in Q^′_k are β + g_n and β − f_{n−1} − f_n + g_n. We can now compute the neighbours of 0 in Q^′_k, as we can exhibit (left) β + (q_n − k_2)α (we can suppose k_2 ≥ 2 as β ≠ α), at distance g_n + f_n < f_{n−1} + f_n; and (right) β + (q_{n−1} − k_2)α, at distance f_{n−1} −g_n < f_{n−1}. Actually, as 0 ≤ q_{n−1} −k_2 < q_{n−1}, this ensures (see Section 3) that −β is in an interval of Q_k of length f_{n−1} + f_n, which implies that 0 has no nearer neighbour in Q^′_k. Hence the intervals of Q^′_k have lengths g_n, f_{n−1} − g_n, f_n + g_n, f_n + f_{n−1} − g_n, or possibly the sum f_n + f_{n−1}, and each one of the first four possibilities does occur. This is our third assertion.

Let us look now, for the same odd n, at values q_{n−1} < h ≤ q_n; we suppose still that 0 < k_2α − β = g_n < f_{n−1} for some 0 ≤ k_2 < q_{n−1}.

The point k_2α is still an endpoint of Q_h, and β is in an interval of Q_h of length at least f_{n−1} + f_n -namely, either f_{n−1} + f_n or f_{n−1} + f_n + cf_{n−1}, c > 0. The point (q_{n−1} − k_2)α is still an endpoint of Q_h, and −β is in an interval of Q_h of length at least f_{n−1} + f_n -namely, either f_{n−1} + f_n or f_{n−1} + f_n + c^′f_{n−1}, c^′ > 0. We have still four (possibly) useful lengths which are g_n, f_{n−1} −g_n, f_{n−1} +f_n +cf_{n−1} −g_n, f_{n−1} +f_n +c^′f_{n−1} −(f_{n−1} −g_n). Each one of the last two lengths either is strictly greater than f_{n−1} or reduces to one of the four lengths used in the last paragraph; hence our fourth assertion.

A similar reasoning applies for even n. QED

Lemma 4 For n large enough

• if g = q_{n−1} + q_{n−2} − r_n, for some 2 < r_n < q_{n−2}, and if for some 0 ≤ t ≤ r_n − 2, we have |tα − β| < b_n < f_{n−1} + f_{n−2}, there exists an interval of Q^′_g, of length at least f_{n−1} + f_{n−2} − b_n, and included in an interval of Q_{g+1} of length f_{n−1} + f_{n−2}.

• if a_n ≥ 3, g = 2q_{n−1} + q_{n−2} − r_n, for some 2 < r_n < q_{n−2}, and if for some 0 ≤ t ≤ r_n − 2, we have |tα − β| < b_n < f_{n−2}, there exists an interval of Q^′_g, of length at least f_{n−2} − b_n, and included in an interval of Q_{g+1} of length f_{n−2}.

Proof Let n be odd; under the hypotheses of the first assertion, and assuming 0 < tα − β, we take k_1 = q_{n−1} − r_n + 1, k_2 = k_1 + t; then β + k_2α is between k_1α − b_n and k_1α; which guarantees (from Section 3) that β + k_2α is in an interval of Q_g of length f_{n−1} + f_{n−2}, and in an interval of Q_{g+1} of length f_{n−1} + f_{n−2}; hence, between the nearest left neighbour of k_1α in Q_h, denoted by k_3α, and the point β +k_2α there can be no endpoint of Q_h ; also, there can be no other β + lα as k_2α itself is in an interval of Q_g of length f_{n−1} + f_{n−2}. Hence [k_3α, β + k_2α[ is an interval of Q_g, with the required properties. A similar reasoning applies for 0 < β − tα, and for even n.

The proof of the second assertion is identical. QED

Remark Though it will not be used in the sequel, we can show a situation where β is not a multiple of α, but the 2q_n intervals in Q^′_{qn} have only two possible lengths, for infinitely many n.

Suppose α is such that q_n + q_{n−1} is odd for arbitrarily large odd n and let β =^α_2 ; for such odd n we take k = q_n ; one right neighbour of β in Q_k is k_2α with k_2 =^{qn+qn}�^{1+1}_2 > q_{n−1}, k_2α − β =^{fn}�^{1−fn}_2 , hence it is the nearest, and β is in an interval of Q_k of length f_{n−1}; let k_1α = k_2α − f_{n−1}. The two nearest neighbours of 0 in Q^′_k must be β + (q_n − k_2)α (left) and β + (q_n − k_1)α (right), as they are respectively at distances^{fn}�^{1+fn}_2 and^{fn}�^{1−fn}_2 ; we check than −α is in an interval of Q^′_k of length^{fn}�^{1+fn}_2 , and the same for β − α; there are only two different lengths in Q^′_k,^{fn}�^{1+fn}_2 and^{fn}�^{1−fn}_2 , both being smaller than f_{n−1}.

5 Approximation algorithm

To be able to precise our estimates, we need to know the best approximations of β by points sα; we shall suppose for example that β ≤^1_2 , and look at the best left approximations.

Proposition 2 If we define the sequence of natural integers k_i, starting from k_0 = 0, by the property that k_{i+1} is the smallest integer s > k_i such that k_iα < sα < β, then the k_i are given by the following algorithm, where the f_n are as above, and k_i, n_i, c_i and e_i are uniquely defined by: k_0 = 0;

β − k_iα = c_if_{ni} + f_{ni+1} + e_i,

with 0 < e_i ≤ f_{ni} , 1 ≤ c_i ≤ a_{ni+1}, if n_i > 0, and 1 ≤ c_i ≤ a_1 − 1, if n_i = 0,

k_{i+1} = k_i + q_{ni} , if n_i is even,

k_{i+1} = k_i − c_iq_{ni} + q_{ni+1}, if n_i is odd.

This algorithm is inspired from [SLA], where it is proved that it does give the best left approximations of β by kα (the “gap result” in Section 4 of [SLA] implies exactly that the k_{i+1} defined here is the smallest integer s > k_i such that k_iα < sα < β); see also for a similar algorithm [SOS2], [SOS3] and see alos [SOS4]. We thus have β = ∑ n_i even c_if_{ni} + ∑ n_i odd (c_if_{ni} + f_{ni+1}),

and the sequence (k_iα)_i tends towards β. Note that β − k_{i+1}α is equal to e_i if n_i is odd, and to (c_i − 1)f_{ni} + f_{ni+1} + e_i, if n_i is even. Hence, we may have n_{i+1} = n_i; this happens if and only if n_i is even and c_i > 1; this will then happen (c_i − 1) times and after that the sequence n_i continues to grow, if β is not a positive multiple of α, so n_i → +∞.

A similar reasoning applies for β >^1_2 ; and to get the right approximations, we apply the same algorithm to approximate 1 − β to the left by multiples of 1 − α; this defines sequences k^′_i, n^′_i, c^′_i and e^′_i, using the a^′_n and f^′_n of the continued fraction approximation of 1 − α.

This algorithm gives the successive values k_{i+1} > k_i minimizing {kα + β}. The same quantity is also minimized in [KOM2], but for values k < q_n, n ∈ IN; that paper gives another approximation algorithm, and another one still is the algorithm of Ostrowski ([OST]) which appears naturally in the study of the codings of the rotation R_α, see [ARNOU-FER-HUB]. For a survey of the different algorithms related to this approximation problem, see [KOM1]. These different algorithms are deeply connected and correspond to numeration systems analogous to the Ostrowski system (see also [SOS2], [SOS3]).

6 Covering numbers

The notions of rank and covering numbers have been very useful to ergodicians for the last twenty years; see [FER4] for a recent survey of related matters.

For a measure-theoretic dynamical system (X, T, μ), (μ being a probability invariant by T ), the (measure-theoretic) covering number F^⋆(T ) ([KAT-SAT], [FER1], [KIN]) is defined by:

Definition 1 F^⋆(T ) is the supremum of all real numbers z such that for every measurable partition P = {P_1, . . . , P_r} de X, for every ϵ > 0, for every integer h_0, there exist a subset B of X, an integer h > h_0 and a partition P^′ = {P^′_1, . . . , P^′_r} of X such that if A = ∪^{h−1}_{j=0} T^jB:

• B, T B, . . . , T^{h−1}B are disjoint, • μ(A) > z − ϵ, • ∑r i=1 μ((P_iΔP^′_i ) ∩ A) < ϵ,

• each P^′_i ∩ A is a union of sets T^jB, for some 0 ≤ j ≤ h − 1.

F^⋆(T ) is an invariant for the notion of isomorphism for measure-theoretic dynamical systems.

When F^⋆(T ) = 1, the system is said to be of rank one ([ORN-RUD-WEI], formalizing a notion which had first appeared in [CHA]); in that case, the system can be generated by a nested sequence of Rokhlin stacks (see [KAL] for example): we can find a sequence of sets B_n and numbers h_n → +∞, such that B_n, T B_n, . . . , T^{hn−1}B_n are disjoint, and, if we call ϕ_n the partition of X by the sets B_n, T B_n, . . . , T^{hn−1}B_n, X \ ∪^{hn−1}_{i=0} T^iB_n, the partition ϕ_{n+1} refines the partition ϕ_n for each n, and the σ-algebra generated by the (ϕ_n)_{n∈IN} separates points on a set of measure 1.

Irrational rotations, and all systems with discrete spectrum, are of rank one ([deJ]).

Let now (X, T ) be a topological dynamical system, defined on the torus TT_1 or the interval [0, 1[ with the usual topology, minimal and uniquely ergodic: there is a unique probability invariant by T , denoted by μ. We call interval an arc of the torus or a sub-interval of [0, 1[, open to the left and closed to the right. The covering number by intervals F_I(T ) ([CHE]) is defined by:

Definition 2 F_I(T ) is the supremum of all real numbers z such that, for every h_0, for every ϵ > 0, there exist h ≥ h_0 and an interval B such that

• B, T B, . . . , T^{h−1}B are disjoint intervals, • μ(∪^{h−1}_{i=0} T^iB) ≥ z − ϵ.

The result will not be changed if we take open or closed intervals, or if we ask only that the interiors of the T^jB are disjoint. The system is said to be of rank one by intervals whenever F_I(T ) = 1.

F_I depends a priori both from the topological and the measure-theoretic structure of the system; but the measure-theoretic structure is defined uniquely by the topology, and two uniquely ergodic systems defined on the interval or the torus have the same F_I when they are topologically conjugate (as such a conjugacy also sends intervals into intervals). We say that F_I is an invariant of topological conjugacy in this class of systems.

A related topological invariant, for the same class of systems, is what we may call the covering number by sets of small diameter:

Definition 3 F_D(T ) is the supremum of all real numbers z such that, for every h_0 and every ϵ > 0, there exist h ≥ h_0 and a set B such that

• B, T B, . . . , T^{h−1}B are disjoint sets of diameter not greater than ϵ, • μ(∪^{h−1}_{i=0} T^iB) ≥ z − ϵ. Note that if the T^jB can be taken of arbitrarily small diameter, they allow us to approximate every partition P in the sense of Definition 1: we approximate first P by a partition Q whose atoms are unions of intervals (or, more generally, whose atoms have regular enough boundaries), choose a Rokhlin stack with small enough diameter δ, and define P^′_1 as the union of levels which intersect Q_1, P^′_2 as the union of levels which intersect Q_2 and not Q_1, and so on; the points in ∪P^′_i Δ(Q_i ∩ A) have to be δ-close to the boundary of atoms of Q, and the measure of this set is smaller than ϵ if δ is small enough. Hence F_D(T ) ≤ F^⋆(T ).

Also, if the T^jB are intervals, they have to be of length not greater than^1_h , and then have arbitrarily small diameter, hence F_D(T ) ≥ F_I(T ). For a uniquely ergodic topological system, and a Borelian partition P = {P_1, . . . , P_r}, we define the covering number by cylinders F_C(T, P ) ([CHE]) and the symbolic covering number F (T, P ) ([FER2], [CHE]):

Definition 4 F_C(T, P ) is the supremum of all real numbers z such that, for every h_0, for every ϵ > 0, there exist h ≥ h_0 and a sequence w_j, 0 ≤ j ≤ h − 1, 1 ≤ w_j ≤ r, such that the set B = ∪^{h−1}_{j=0} T^{−j}P_{wj} satisfies

• B, T B, . . . , T^{h−1}B are disjoint, • μ(∪^{h−1}_{i=0} T^iB) ≥ z − ϵ. Definition 5 F (T, P ) is the supremum of all real numbers z such that, for every h_0, for every ϵ > 0, there exist h ≥ h_0, a sequence w_j, 0 ≤ j ≤ h − 1, 1 ≤ w_j ≤ r, and a subset B of ∪^{h−1}_{j=0} T^{−j} P_{wj} such that

• B, T B, . . . , T^{h−1}B are disjoint, • μ(∪^{h−1}_{i=0} T^iB) ≥ z − ϵ. The quantities F_C(T, P ) and F (T, P ) are associated with the symbolic dynamical system defined as the shift on the sequences P N(x) defined by P N(x)_n = i if T^nx ∈ P_i, n ∈ IN; they are both topological invariants in the class of minimal and uniquely ergodic symbolic systems, as topological conjugacies in that class are finite codes.

When T is the rotation R_α, μ is the Lebesgue measure, and we have stated above that F^⋆(R_α) = 1; the techniques in [deJ] imply also that F_D(R_α) = 1; we write F_I (α) for F_I(R_α). If P (β) is the partition of the torus in two sets, P (β)_0 = [0, β[ and P (β)_1 = [β, 1[, we write F_C(α, β) for F_C(R_α, P (β)), F (α, β) for F (R_α, P (β)) and F (α) for F (R_α, P (1 − α)). We check that all these quantities remain the same if we take for T the same rotation, but defined on the interval [0, 1[, taken as a fundamental domain of IR/ZZ.

Let α = [0; a_1, . . . , a_n, . . .]; we denote by v_n the rational number [0; a_n, . . . , a_1] and by t_n the irrational number [0; a_{n+1}, . . .]; we denote by a(h) the smallest of the (at most three) different lengths of the intervals of Q_h. The following results are proved in [CHE] (the partial result that F_I (α) ≥ lim sup_{n→+∞} q_nf_{n−1} ≥ 5+ √ 5 10 appears in [GUE]).

Lemma 5 For an interval B of length |B|, the following two conditions are equivalent:

• B, R_αB, . . . , R^{h−1}_α B are disjoint,

• |B| ≤ a(h). Proposition 3 If the a_n, t_n, v_n are as above, and q_n and f_n as in Section 3, F_I(α) = lim sup h→+∞ ha(h) = lim sup n→+∞ q_nf_{n−1} = lim sup n→+∞ 1 1 + t_nv_n (1) and consequently, F_I(α) ≥ 5 + √ 5 10 for every irrational α.

The quantity F (α) is also computed completely in [CHE]. Namely, we have the following proposition.

Proposition 4 If the a_n, t_n, v_n are as above, and q_n and f_n as in Section 3, F (α) is given by the maximum of the four quantities

1. lim sup_{n→+∞}^1_{1+tnvn} = lim sup_{n→+∞} q_nf_{n−1} = F_I(α),

2. lim sup_{n→+∞}^{(1+tn)(1+vn)} 2(1+tnvn) = lim supn→+∞(qn−1 + qn−2)( f_n�_1+f_n�_2

2 ),

3. lim sup_{n→+∞,an =3,an+1=1}^3_2^{1−vn}_{1+tnvn}

= lim sup_{n→+∞,an=3,an+1=1}^3_2 (2q_{n−1} + q_{n−2})f_{n−1},

4. lim sup_{n→+∞,an ≡0 mod 3, an+1=2}(^{an}_3 + t_n)^{1+(2−an)vn}_{1+tnvn} = lim sup_{n→+∞,an≡0 mod 3,an+1=2}(2q_{n−1} + q_{n−2})(^{an}_3 + t_n)f_{n−1}.

Furthermore, F (α) = 1 if and only if α has unbounded partial quotients.

In several cases, F (α) is equal to F_I (α): this is the case when the a_n are unbounded, but also, for example, if all the a_n are greater or equal to 3. F (α) is given by formula 2 for example when α is the golden ratio number, or any [0; 1, k, 1, k, . . .] or [0; k, 1, k, 1, . . .]. Formula 4 holds for example for [0; 2, 3, 2, 3, . . .] or [0; 3, 2, 3, 2, . . .].

Whenever F (α) is given by formula 2, the sets B realizing this quantity are built in the following way: for any q_{n−1} ≤ h ≤ q_{n−1} + q_{n−2} − 2, in any interval B_0 of maximum length of the partition Q_{h+1}, there exists a set B, included in some ∪^{h−1}_{j=0} R^{−j}_α (P (1 − α))_{wj} , such that B, . . . ,R^{h−1}_α B are disjoint, and μ(B) =^{fn}�^{1+fn}�^2_2 . So, as will be formalized in the proof of Proposition 13, if h is chosen close enough to q_{n−1} +q_{n−2} −2, hμ(B) will be close to F (α).

Whenever F (α) is given by formula 3, the sets B realizing this quantity are built in the following way: for any n such that a_n = 3, for any q_{n−1} + q_{n−2} ≤ h ≤ 2q_{n−1} + q_{n−2} − 2, in any interval B_0 of maximum length of the partition Q_{h+1}, there exists a set B, included in some ∪^{h−1}_{j=0} R^{−j}_α (P (1 − α))_{wj} , such that B, . . . ,R^{h−1}_α B are disjoint, and μ(B) =^{3fn}�^1_2 . So, if h is chosen close enough to 2q_{n−1} + q_{n−2} − 2, hμ(B) will be close to F (α).

Whenever F (α) is given by formula 4, the sets B realizing this quantity are built in the following way: for any n such that a_n is a multiple of 3, q_{n−1} + q_{n−2} ≤ h ≤ 2q_{n−1} + q_{n−2} − 2, in any interval B_0 of maximum length of the partition Q_{h+1}, there exists a set B, included in some ∪^{h−1}_{j=0} R^{−j}_α (P (1 − α))_{wj} , such that B, . . . ,R^{h−1}_α B are disjoint, and μ(B) = (^{an}_3 + t_n)f_{n−1}. So, if n is such that a_n maximizes formula 4 and h is chosen close enough to 2q_{n−1} + q_{n−2} − 2, hμ(B) will be close to F (α).

7 Properties of F_C (α, β)

Proposition 5

F_C(α, β) = lim sup_{h→+∞} hb(h) ≤ F_I(α),

where b(h) is the largest of the (at most five) different lengths of the intervals of Q^′_h which is not larger than a(h).

Proof We use Lemma 5 and the fact that, for h large enough, every cylinder is an interval of Q^′_h. QED

Proposition 6 If β = rα for some r ∈ ZZ, F_C(α, β) = F_I (α).

Proof Then, after a suitable translation, Q^′_h is the same as Q_{h+|r|}; hence, for n large enough b(q_n − |r|) = a(q_n) = a(q_n − |r|) and F_C(α, β) ≥ lim sup_{n→+∞} (q_n −

|r|)a(q_n) = F_I (α). QED

In the remainder of this section, we suppose β is not a multiple of α.

Proposition 7 F_C(α, β) = lim sup_{n→+∞} q_nb_n

where b_n = f_{n−1} if there does not exist 0 ≤ s < q_{n−1} such that 0 < (−1)^n(β − sα) < f_{n−1} and, if there exists 0 ≤ s < q_{n−1} such that 0 < (−1)^n(β − sα) = g_n < f_{n−1}, b_n is the largest of the quantities {g_n, f_{n−1} −g_n, f_n +f_{n−1} −g_n, f_n + g_n} which is not larger than f_{n−1}.

Proof Because of Lemma 3 (first, third and fourth assertions), b(h) is not greater than b_n for q_{n−1} < h ≤ q_n, with equality either for h = q_n − 1 or h = q_n. Then we use Proposition 5. QED

Our approximation algorithm, together with Proposition 7, allows us, for any given α and β, to compute F_C(α, β); we shall use it to derive some explicit properties of these quantities.

Proposition 8 F_C(α, β) = 1 if and only if α has unbounded partial quotients.

Proof If α has bounded partial quotients, F_I(α) < 1 and F_C(α, β) ≤ F_I(α).

If α has unbounded partial quotients, then a_n → +∞ on the sequence n = s_m, m ∈ IN. From (1), we have q_nf_{n−1} ≥^1_{1+ 1anan+1} and hence q_nf_{n−1}

tends to one on the sequences s_m and s_m − 1.

But, for any n, either b_n = f_{n−1} or b_{n+1} = f_n (the definition of b_n is given in Proposition 7): take n odd for example; if b_{n+1} ≠ f_n , then there exists 0 ≤ k_1 < q_n such that 0 < β − k_1α < f_n, hence k_1α is the nearest left neighbour of β in Q_{qn+1} , but also in Q_{qn} ; if also b_n ≠ f_{n−1}, the nearest right neighbour of β in Q_{qn}, k_2α, must satisfy k_2α − β < f_{n−1}, with 0 ≤ k_2 < q_{n−1}. But as k_2 < q_{n−1}, then (from Section 3) the interval of Q_{qn} of right endpoint k_2α is of length f_n +f_{n−1}, which is a contradiction with k_2α−k_1α < f_n +f_{n−1}; and the same happens for even n.

Hence F_C(α, β) is greater than the lim sup_{n→+∞} q_nf_{n−1} on a sequence of s_m or s_m − 1, and is equal to 1. QED

For the Sturmian coding, F_C(α, 1 − α) = F_I (α) ; one natural question is to ask whether we can have F_C(α, β) = F_I (α) when β is not a multiple of α; surprisingly, this may be the case, and it is nontrivial to find a β with F_C(α, β) ≠ F_I (α).

Proposition 9 There exist α and β such that F_C(α, β) < F_I (α).

Proof We choose α to be periodic of period four, α = [0; d_1, d_2, d_3, d_4, d_1, d_2, d_3, d_4, . . .], with d_i ≥ c ≥ 2; then the sequence τ (n) = q_nf_{n−1} =^1_{1+[0;an,...,a1][0;an+1,...]} has a priori four adherence values, reached for n = 4p + j, j = 0, 1, 2, 3; we choose the d_i such that the highest adherence value, which is F_I(α), is the limit of τ (4n) and is strictly greater than the limits of τ (4n + j) for j = 1, 2, 3.

We choose a β through our approximation algorithm: we ask that c_i = 1 for every i, and that n_i = 4(i + 1) + 1 for every i; this is possible: we require first that β = f_5 + f_6 + e_0, 0 < e_0 < f_1; then β − k_1α = e_0, and the next requirement is that e_0 = f_9 + f_{10} + e_1, 0 < e_1 < f_9 so that β has to be in the interval f_5 + f_6 + f_9 + f_{10}, f_5 + f_6 + 2f_9 + f_{10} and so on. Note that k_{i+1} = k_i − q_{ni} + q_{ni+1}, hence k_{i+1} ≤ q_{ni+2}.

We denote by C_n the condition

“there exists 0 ≤ s < q_{n−1} such that 0 < (−1)^n(β − sα) = g_n < f_{n−1}”.

We have b_n ≤ f_{n−1}, and hence q_nb_n ≤ τ (4p + j). Now, for n = 4p + j, j = 1, 2, 3, the upper limit of this quantity is strictly smaller than F_I (α).

We have just to look at the cases where n = 4p, or else n_i < n = n_i + 3 < n_{i+1}. Then β − k_{i+1}α < f_{n−1} and k_{i+1} ≤ q_{ni+2} = q_{n−1}, hence the condition C_n is satisfied, with g_n = β − k_{i+1}α = f_{n+1} + f_{n+2} + e_{i+1}, 0 < e_{i+1} < f_{n+1}. We apply then the formula in Proposition 7; if c is not too small, g_n is close enough to 0 for b(q_n) to be equal to f_{n−1} − g_n < f_{n−1} − f_{n+2} − f_{n+1}, and b(q_n) is bounded away from f_{n−1} by some quantity greater than Kf_{n−1}, for some constant K depending on the d_i. Hence q_nb_n ≤ (1 − K)τ_n; the upper limit of this quantity is strictly smaller than F_I(α). QED

Proposition 10 For any α, there exists β which is not a multiple of α and for which F_C(α, β) = F_I (α).

Proof We use the same technique as in last proposition. For a given α, we choose a sequence m_k on which τ (m_k) → F_I(α); we suppose that the m_k are even infinitely often, and build a β with c_i = 1 and even n_i such that an infinite number of even m_k fall at a place n = m_k = n_i; then the condition C_n is not realized, as β − k_iα ≥ f_{ni−1} and k_{i+1} ≥ q_{ni−1}, so b_n = f_{n−1}, hence F_C(α, β) = lim f_{mn−1}q_{mn} = F_I(α).

This β cannot be a positive multiple of α as the k_i tend to infinity, and cannot be a negative multiple of α if the consecutives n_i are far enough from each other.

If the m_k are odd, we build another β in the same way, but through its sequence n^′_i. QED

Note that numbers β such that F_C (α, β) < F_I(α) can be built similarly, at least for any α such that the sequence m_k on which τ (m_k) → F_I(α) does not have too small gaps. These α form a set of measure zero as they have bounded partial quotients.

8 Properties of F (α, β)

Proposition 11 For every β, F_I(α) ≤ F (α, β) ≤ F (α).

Proof The upper bound for F (α, β) is clear, as the cylinders for P_β are included in cylinders for P_{1−α}.

Conversely, because of the second assertion of Lemma 3, for h = q_n − 1, we can find an interval of Q^′_h of length at least f_{n−1}; any subinterval B of length f_{n−1} of this interval will be included in a cylinder of P_β, while B, . . . , R^{h−1}_α B are disjoint. This gives our lower bound, through F (α, β) ≥ lim sup(q_n − 1)f_{n−1}. QED

Proposition 12 For any α, there exists β which is not a multiple of α and such that F (α, β) = F (α).

Proof If F (α) = F_I (α), every β is convenient.

Suppose then that F (α) is given by formula 2 of Proposition 4. Then F_I (α) = lim_{n→+∞,n∈J} (q_{n−1} + q_{n−2})(^{fn}�^{1+fn}�^2_2 ) for some infinite set J of integers. Suppose now that β is such that for an infinite subset J^′ of J, there exists 0 ≤ t ≤ r_n − 2 such that |β − tα| < b_n =^{fn}�^{1+fn}�^2_2 We choose an n ∈ J and take g = q_{n−1} + q_{n−2} − r_n, for some 2 < r_n < q_{n−2} such that^{rn}_{qn}�_1 is small when n is large; to fix ideas, we can take r_n = q_{[n−1−log n]}.

We apply the first assertion of Lemma 4 to get an interval B^′_0 of Q^′_g of length at least f_{n−1} + f_{n−2} − b_n, which is included in an interval B_0 of Q_{g+1} of maximun length, that is f_{n−1} + f_{n−2}.

Let B be a subset of B_0, such that B, . . . ,R^{h−1}_α B are disjoint, and of measure μ(B) =^{fn}�^{1+fn}�^2_2 ; the set B^′ = B ∩ B^′_0 satisfies the same disjunction property, is included in some ∪^{h−1}_{j=0} R^{−j}_α (P_β)_{wj} and has measure at least μ(B)− b_n.

Hence F (α, β) ≥ lim sup_{n→+∞,n∈J}0 (q_{n−1} + q_{n−2})(^{fn}�^{1+fn}�^2_2 − b_n). Because of the hypotheses, this limit will be equal to F (α).

And to find β satisfying this condition, for example for r_n = q_{[n−1−log n]} and for given J and b_n, is possible with the techniques of last section, by choosing the n_i widely spaced; this will guarantee also that α is not a multiple of β.

If F (α) is given by formula 3 or 4, the same reasoning holds, with the appropriate choice of h and μ(B), through the second assertion of Lemma 4. QED With the techniques of last proposition, and when F (α) is given by formula 2, 3 or 4, we can also find some β such that F_I(α) < F (α, β) < F (α); this is done by ensuring that β − kα is small for some k < s_n, where s_n is eq_{n−1} for some fixed e, and that this does not happen for k < r_n for any sequence r_n which is in o(q_{n−1}).

In general, we have F_C (α, β) ≤ F_I(α) ≤ F (α, β) ≤ F (α) ≤ 1. When one of these quantities is equal to one, every one is equal to one, and this does happen if and only if α has unbounded partial quotients. Among bounded partial quotients, we have seen explicit examples of α and β with F_C(α, β) =

F_I (α) < F (α, β) (for α with rather small partial quotients) or F_C(α, β) < F_I (α) = F (α, β) (for α with relatively large partial quotients). It is also possible to get F_C(α, β) < F_I (α) ≤ F (α, β), by ensuring simultaneously that F (α) is different from F_I(α) and that the sequence m_k on which τ (m_k) → F_I (α) does not have too small gaps, and then chosing a β with widely spaced n_i.

9 Exchanges of three intervals

An exchange of s intervals is defined in the following way : given s real numbers l_i > 0, with ∑s i=1 l_i = 1, and a permutation π on s letters, let X be the interval [0, 1[, partitioned into s semi-open intervals I_i, of lengths l_1, ... l_s (in that order), and also into s semi-open intervals J_i of lengths l_π�1_1, ... l_π�1_s (in that order); T is the piecewise affine map sending each I_i onto J_{πi}.

Here, we restrict ourselves to three intervals; then, if π is different from (321), T reduces to an exchange of two intervals, which is a rotation. So our study reduces to the following transformation, depending on two parameters 0 < l < 1 and l < m < 1, and we ask that 1, l, m are rationnally independent:

• T x = x + 1 − l if x ∈ [0, l[, • T x = x + 1 − l − m if x ∈ [l, m[, • T x = x − m if x ∈ [m, 1[. We call such T a nontrivial exchange of three intervals. T is then known to be minimal and uniquely ergodic; the unique invariant probability is the Lebesgue measure μ.

We extend T to 1 by continuity, T 1 = 1 − m. We have l = T^{−1}1, m = T^{−1}0. The point l is a discontinuity: T^{−1}1 has two images by T , 1 on the left and 1 − m = T 1 on the right, and if an interval B contains T^{−1}1 in its interior, T B is not an interval; the same is true for T^{−1}0. T is continuous except at the points l and m.

We define the transformation S on the interval [0, 1 − l + m[ by sending affinely

• [0, l[ onto [1 − l, 1[,

• [l, m[ onto [1, 1 − l + m[,

• [1, 1 − l + m[ onto [1 − m, 1 − l[,

• [m, 1[ onto [0, 1 − m[.

S is an exchange of two intervals, being a translation of 1 − l on [0, m[ and a translation of −m on [m, 1 − l + m[; hence, it is a rotation on [0, 1 − l + m[, which we shall consider also on [0, 1[ after a homothety of ratio β =^1_{1−l+m} .

Let J = [0, 1[; for a point x ∈ J, let r_i(x) be the i-th strictly positive integer m such that S^mx ∈ J and let s_i(x) be the i-th strictly positive integer m^′ such that S^{−m} 0 x ∈ J; we have T^ix = S^{ri(x)}x, T^{−i}x = S^{−si(x)}x. The map T is called the first return map, or the induced map, of S on J; for the role of the induction in the study of interval exchanges, see [RAU2]; every exchange of three intervals can be induced by a rotation, but this is not the case for more than three intervals, in which case non-uniquely ergodic examples exist ([KEA], [KEY-NEW]).

Lemma 6 Let S be any rotation defined on an interval I, and J a subinterval of length β|I|; then for every ϵ > 0 there exists h_0 such that, with the above notation, for every h > h_0 and every x ∈ J β − ϵ < h r_h(x) < β + ϵ,

β − ϵ < h s_h(x) < β + ϵ. Proof The ergodic theorem applies everywhere and uniformly to the indicator function of J; hence for every h > h_0 and every x ∈ I, β − ϵ < 1 h #{0 ≤ i ≤ h − 1; S^ix ∈ J} < β + ϵ and β − ϵ < 1 h #{0 ≤ i ≤ h − 1; S^{−i}x ∈ J} < β + ϵ. this implies the lemma. QED

Proposition 13 We have

F_I (T ) = F_I ( 1 − l m )

Proof Let α =^{1−l}_{1−l+m} , β =^1_{1−l+m} ; for these numbers, let Q^′_h and Q_h be as in Section 2 and 3; we recall that f_{n−1} (defined in Section 3) is the smallest length of the intervals of Q_h, for h = q_n − 1.

Let h = q_n − 1. Let B be a sub-interval of [0, 1 − l + m[ of length^{fn}�^1_β , whose interior does not contain any S^{−i}0 or any S^{−i}1 for 0 ≤ i ≤ h − 1; this is always possible by the second assertion of Lemma 3, after a multiplication and a translation, and then B, SB, . . . ,S^{h−1}B are disjoint, by Lemma 5. Suppose first that B is included in J. For every i > 0, T^iB is a subset of ∪_{x∈J} S^{ri(x)}B, and hence is disjoint from B as long as r_i(x) ≤ h − 1; hence, by Lemma 6, if h^′ is the largest integer not greater than h(β −ϵ), if (β −ϵ)h > h_0, r_h0(x) < h and B, T B, . . . ,T^h

0_{−1} B are disjoint. Now, T^iB is not an interval only if some discontinuity of T , namely T^{−1}0 or T^{−1}1, appears in the interior of T^jB for some 0 < j < i; this means that T^{−1−j}0 = S^{−sj+1} 0 or T^{−1−j}1 = S^{−sj+1} 1 appears in the interior of B, and this does not happen if s_{j+1} ≤ h − 1; but j + 1 ≤ h^′ − 1 is enough to guarantee that this does not happen, and all the T^iB, for 0 ≤ i ≤ h^′ − 1, are intervals. If B is not contained in J, then, because of the hypothesis, B is contained in [0, 1 − l + m[\J, and we check that SB is a subinterval of J and the same reasoning applies to it. Thence F_I(T ) ≥ lim sup_{n→+∞}^{β−ϵ}_β (q_n − 1)f_{n−1}.

Conversely, let B be a subinterval of J such that B, T B, . . . , T^{h−1}B are disjoint intervals. Then S^iB ∩ J does not intersect B as long as S^iB ∩ J is included in a union of T^{j(x)}B such that i = r_j(x). Hence, by Lemma 6, if h^′ is the largest integer not greater than^h_{β+ϵ} and if h > h_0, than h^′ < r_h(x) for every x and B, SB, . . . , S^h

0_{−1} B are disjoint. B being an interval, this implies (by Lemma 5), that the length of B is not greater than βa(h^′), where a(h^′) is the smallest length of the intervals of Q_h0. Hence F_I (T ) ≤ lim sup_h0_{→+∞}^{(β+ϵ)h}

0_{−1} β a(h^′).

Our formulas, together with Proposition 3, imply then that F_I(T ) = F_I (α), which proves the proposition, as the value of F_I(α) is not changed if we replace α by^1_α − p for an integer p. QED

As a by-product of the proof, we see that, in the definition of F_I(T ), the requirement “B, . . . , T^{h−1}B are interval” is equivalent to the requirement “B is an interval”, if T is a rotation or an exchange of three intervals. Note that for a more general system, to reduce the requirement to “B is an interval” in the definition of F_I (T ) would not guarantee any more that F^⋆(T ) ≥ F_I (T ).

Corollary 1 T is of rank one by intervals if and only if^{1−l}_m has unbounded partial quotients.

This makes precise the results in [KAT-STE], where it is stated (without a written proof), that T has good cyclic approximations (a property which implies rank one) if^{1−l}_m has unbounded partial quotients and^{1−l}_{1−l+m} is approximated in o(^1_{qn} ) by rationals^{pn}_{qn} , where the q_n are a subsequence of the denominators of the convergents of^1_{1−l+m} ; the techniques of that paper imply that rank one by intervals was known in that case. A small by-product of Veech’s theory ([VEE2]) implies that T is of rank one by intervals for almost all l and m. No result on absence of rank one by intervals can be deduced from these results.

Corollary 2 Every ergodic exchange of three intervals has simple spectrum (this means that L^2(X) is the closed linear space generated by (U^nf_0)_{n∈ZZ}, for some function f_0, and the operator Uf = f ∘ T ).

Proof Because of Propositions 3 and 13, for non-trivial exchanges of three intervals

F^⋆(T ) ≥ F_I(T ) ≥ 5 + √ 5 10 > 1 2 ; because of a result attributed to Katok and proved in [KIN], this relation implies simple spectrum. Other ergodic exchanges of three intervals are isomorphic to irrational rotations, hence have also simple spectrum. QED

The simple spectrum was known only in the cases described above, when the transformation was known to be of rank one.

The following question has been asked to one of the authors by Veech: can any interval exchange system be measure-theoretically isomorphic to the system associated to the Morse sequence (see [FER2] or [FER4] for a description)? The general answer is not known (in particular, even nontrivial exchanges of three intervals may have rational eigenvalues, see the discussion at the end of Section 9). However

Corollary 3 No exchange of three intervals can be measure-theoretically isomorphic to the system associated to the Morse sequence.

Proof As above, for every nontrivial exchange of three intervals T we have F^⋆(T ) ≥ 5+ √ 5 10 = 0, 7 . . ., while for the Morse system T^′ we have F^⋆(T^′) =^2_3 ([FER2]). The result is trivially true if T is not ergodic, or if T is an irrational rotation. QED

Proposition 14 We have

F_D(T ) = F ( 1 − l 1 − l + m , 1 1 − l + m )

Proof We keep the notation of the proof of Proposition 13. Let B be a subset of [0, 1−l+m[ such that B, . . . ,S^h0^{−1}B are disjoint, and such that B is included in an interval E whose interior does not contain any S^{−i}0 or any S^{−i}1 for 0 ≤ i ≤ h^′ − 1. The definition of F (α, β) imply that, for h^′ arbitrarily large, we can find such a B such that h^′βμ(B) is close to F (α, β).

Applying Lemma 6 as in the proof of Proposition 13 (after replacing it by SB if necessary, we can suppose B ⊂ J) we have B, . . . ,T^{h−1}B disjoint, for some h close to βh^′, and B is included in an interval E, whose length is arbitrarily small if h is large enough, such that no discontinuity of T appears in the interior of T^jE for any 0 ≤ j < h − 1. Hence the diameter of each T^jB, for 0 ≤ j ≤ h − 1, is smaller than the length of E, and thus we can approximate every partition in the sense of Definition 1. Hence, as h is arbitrarily large, F_D(T ) is greater than hμ(B), which gives our lower bound.

Conversely, suppose all the T^jB have a diameter not greater than ϵ for 0 ≤ j ≤ h − 1, and let E be the smallest interval containing B. If in the interior of E there is any point of the form T^{−s}e, e = 0 or 1, 1 ≤ s ≤ h − 1, then T^{s+1}B must contain two points which are separated by T e − e, which is a fixed quantity, larger than ϵ if ϵ is small; hence the interior of E contains no such point. Then, by Lemma 6, the interior of E does not contain any S^{−i}0 or any S^{−i}1, for 0 ≤ i ≤ h^′ − 1, and for some h^′ close to^h_β . Hence, for h arbitrarily large, hμ(B) must be not greater than F (α, β), which gives our upper bound. QED

Hence the examples in Section 8 allow us to find examples of exchanges of three intervals which are induced by the same rotation but are not topologically conjugate; also they give nontrivial exchanges of three intervals with F^⋆(T ) ≥ F_D(T ) > F_I (T ).

To compute F^⋆(T ) seems to be a difficult problem, as it involves looking at measurable sets, with no further assumptions of regularity; the last proposition implies that F^⋆(T ) ≥ F ( 1 − l 1 − l + m , 1 1 − l + m ) ; an upper bound is then necessary only in the case where α has bounded partial quotients. We are able to show a partial result in this direction:

Proposition 15 Let α =^{1−l}_{1−l+m} , β =^1_{1−l+m} . If α has bounded partial quotients, then there exists a nonempty Cantor set K(α), such that, if β ∈ K(α), F^⋆(T ) < 1.

Proof Suppose α has bounded partial quotients. Let C_1 and C_2 be such that q_{n+1} ≤ C_1q_n for all n and the length of the smallest interval in Q_h is greater than^{C2}_{qn} , for q_{n−1} < h ≤ q_n (this is possible through the estimates in Section 3). Let (for example) C_3 =^{C2}_3 and r_n be the largest integer smaller or equal to^{qn−1}_2 . We then define K(α) by deleting from the circle every interval [sα −^{C3}_{qn} , sα +^{C3}_{qn} ] for n ≥ 1 and −r_n ≤ s ≤ r_n. The construction of K(α) ensures the following property: there exists a constant C_4 such that for every ϵ, the smallest k ≥ 0 such that either kα ∈ [β −ϵ, β +ϵ] or −kα ∈ [β −ϵ, β +ϵ] is at least^{C4}_ϵ .

Let now β ∈ K(α) be fixed, and suppose F^⋆(T ) = 1. Then (see Section 6) we can find an increasing sequence of Rokhlin stacks ϕ_n which ultimately separate every points on a set X of measure one. This means that, if we restrict ourselves to X (which we shall do in all the sequel), the diameter of the level of ϕ_n containing a point x is a decreasing function of n, and has to tend to zero; hence, for every fixed ϵ and every h arbitrarily large, we can find a set B such that B, . . . , T^{h−1}B are disjoint, μ(∪^{h−1}_{j=0} T^jB) > 1 − ϵ, and at least h(1 − ϵ) of the levels have a diameter not greater than ϵ (strictly speaking, the diameter of the intersection of these levels with X). Hence, starting from the basis B , there are h_0 levels of diameter greater than ϵ, then l_1 levels of diameter not greater than ϵ, h_1 levels of diameter greater than ϵ, . . . ,l_k levels of diameter not greater than ϵ, h_k levels of diameter greater than ϵ, with h_0 + . . . + h_k < hϵ.

We choose 1 ≤ i ≤ k, and look at the i-th group of levels of diameter not greater than ϵ; we call them B^′, . . . ,T^{li−1}B^′. Let E be the smallest interval containing B^′ (strictly speaking, B^′ ∩ X, but this gives the same E). If in the interior of E there is any point of the form T^{−s}e, e = 0 or 1, 1 ≤ s ≤ l_i − 1, then T^{s+1}B^′ must contain two points which are separated by T e − e, which is a fixed quantity, larger than ϵ if ϵ is small, hence this contradicts the hypotheses. Hence the interior of E contains no such point. Hence, using Lemma 6 as in the proof of Proposition 14, either l_i is smaller than some fixed L_0 or the interior of E cannot contain S^{−j} 1 or S^{−j}0, for 0 ≤ i ≤ l^′_i where l^′_i is close to^{li}_β ; hence, using the bound on the lengths of the intervals of Q_{li}, |E| <^{C5}_{li} for some constant C_5. Also, B^′, . . . ,T^{li−1}B^′ are disjoint; hence, if l_i > L_0, the proof of Proposition 14, using again Lemma 6, implies that μ(B^′) ≤^{C6}_{li} for l_i large enough, for any constant C_6 > F (α, β), hence for some C_6 < 1 because of Propositions 4 and 11, as α has bounded partial quotients.

Suppose now 1 ≤ i ≤ k −1; then T^{li}B^′ has diameter greater than ϵ, hence there must be T^{−1}e in the interior of T^{li−1}E, for e = 0 or 1 (and there cannot be both T^{−1}0 and T^{−1}1 because T^{li−1}E has diameter not greater than ϵ). So T^{li}B^′ is included in ([e − |E|, e + |E|] ∩ [0, 1]) ∪ ([T e − |E|, T e + |E|] ∩ [0, 1]), with points in each of these intervals.. Now, if there are no discontinuity of T both in the first h_i images of ]e − |E|, e + |E|[∩[0, 1] and in the first h_i images of ]T e − |E|, T e + |E|[∩[0, 1], then T^{li+hi} B^′ contains points at distance less than |E| < ϵ, respectively from T^{hi−1}e and T^{hi} e; but for all x, T x and x are at least separated by a fixed distance Δ; hence if ϵ is small enough, T^{li+hi} B^′ cannot have diameter less than ϵ.

Hence there is a discontinuity of T either in the first h_i images of ]e − |E|, e + |E|[∩[0, 1] or in the first h_i images of ]T e − |E|, T e + |E|[∩[0, 1]. Hence there exists f = 0 or 1 and 1 ≤ s ≤ h_1 such that either T^{−1−s}f is in ]e − |E|, e + |E|[∩[0, 1] or T^{−1−s}f is in ]T e − |E|, T e + |E|[∩[0, 1]. But this is a matter of approximation of α, β or −β by numbers kα; for any δ, the first return time, positive or negative, under S, of 0 into ] − δ, δ[ or of β into ]β − δ, β + δ[ is at least^{C7}_δ , for some constant C_7, because α has bounded partial quotients; and the first return time, positive or negative, under S, of 0 into ] − β − δ, −β + δ[ or into ]β − δ, β + δ[ is at least^{C4}_{2δ} because β ∈ K(α). But if^1_δ is large enough, this means, by Lemma 6, that the first return time, positive or negative, under T , of any f into ]e − δ, e + δ[∩[0, 1] or ]T e − δ, T e + δ[∩[0, 1] are at least^{C8}_δ .

Hence, if 1 ≤ i ≤ k − 1, h_i ≥^{C8}_{|E|} , hence h_i ≥ C_9l_i (even if l_i ≤ L_0 if ϵ and hence |E| are small enough). Hence ∑k_{−1} i=0 l_i is smaller than^1_{C9} hϵ; which means l_k ≥ h(1 − C_{10}ϵ); but the first level B^′ of the k-th group of levels of diameter not greater than ϵ satisfies, as showed above, μ(B^′) <^{C6}_{lk} , for C_6 < 1; hence the total measure of the stack of height h is at most^{C6}_{1−C10ϵ} < 1 if ϵ is small enough, while it should be close to 1 for any fixed ϵ and h large enough. Hence F^⋆(T ) cannot be equal to 1. QED

There are not many known examples of ergodic interval exchanges which are not of rank one; one example appears in [OSE], with as many as thirty intervals, and there is Example 4 in [GOO], which can be seen as an exchange of nine intervals; both these examples do not have simple spectrum, hence cannot be of rank one. Our examples, with β in K(α), are the only ones to be on three intervals, or to have simple spectrum. Note that β will be in K(α) if our approximation algorithms for β and −β, left and right, by kα, give n_i, n^′_i, etc... with bounded gaps.

In view of previous results,

Corollary 4 If α has bounded partial quotients, and β ∈ K(α), T is not measure-theoretically isomorphic to any three-interval exchange with an α^′ which has unbounded partial quotients, nor to any irrational rotation, and has a non-discrete spectrum.

It is proved in [KAT-STE] that when α has unbounded partial quotients, and, for a subsequence of the denominators q_n of the convergents of α, we have both |α −^{pn}_{qn} | < o

(_1

q^2_n ) and |β −^r_{qn} | >^c_{qn} for a constant c and every integer r, then T is not isomorphic to a rotation, as it has a continuous spectrum (as both this condition and the one we state after Corollary 1 are required only on a subsequence, they are compatible, and thus Katok and Stepin produced the first known systems with simple continuous spectrum); our Corollary 4 proves that T is not isomorphic to a rotation, for completely different reasons, in a subcase of the case where α has bounded partial quotients.

The general question about isomorphism between a non-trivial threeinterval exchanges and a rotation is still open; we recall the little-known fact that there are examples, due to Veech, of non-trivial three-interval exchanges with non-continuous spectrum: for every α with unbounded partial quotients and β in a continuum K^′(α), the map taking value 1 on [0, β[ and −1 on [β, 1] is a coboundary for the rotation R_α ([VEE1]), and this implies immediately that −1 is an eigenvalue for the induced map on [β, 1]. However, the only knwon examples have rational eigenvalues; we conjecture that no non-trivial exchange of three intervals can be measure-theoretically isomorphic to a rotation; in all the cases where α has bounded partial quotients we suppose this could be proved through the absence of rank one of the interval exchange, but a forthcoming paper ([BOS-NOG]) will prove that whenever α has bounded partial quotients then the three-interval exchange has continuous spectrum; in any case, new reasons would have to be found for dealing with the cases where α has unbounded partial quotients and β is well approximated by all convergents of α.

References

[ALE] P. ALESSANDRI: Codages de rotations et basses complexités, Université Aix-Marseille II, Ph. D. Thesis, 1996.

[ALE-BERT] P. ALESSANDRI, V. BERTHÉ: Three distance theorem and combinatorics on words, l’Enseignement Mathématique 44 (1998), p. 103-132.

[ARNOL] V.I. ARNOLD: Small denominators and problems of stability of motion in classical and celestial mechanics, Usp. Math. Nauk. 18, 6 (1963), p. 91-192, translated in Russian Math. Surveys 18, 6 (1963), p. 86-194.

[ARNOU-FER-HUB] P. ARNOUX, S. FERENCZI, P. HUBERT: Trajectories of rotations, Acta Arith., to appear.

[ARNOU-RAU] P. ARNOUX, G. RAUZY: Représentation géométrique de suites de complexité 2n + 1, Bull. Soc. Math. France 119 (1991), p. 199-215.

[BERS] J. BERSTEL: Recent results in Sturmian words, Developments in language theory II (Magedburg 1995), World Scientific (96), 13–24.

[BERT] V. BERTHÉ: Fréquences des facteurs des suites sturmiennes, Theoret. Comput. Sci. 165 (1996), p. 295-309.

[BOS] M. BOSHERNITZAN: A condition for minimal interval exchange maps to be uniquely ergodic, Duke Math. J. 52 (1985), p. 723–752.

[BOS-NOG] M. BOSHERNITZAN, A. NOGUEIRA: Mixing properties of interval exchange transformations, in preparation.

[CHA] R.V. CHACON: A geometric construction of measure-preserving transformations, Proc. of the Fifth Berkeley Symposium on Mathematical Statistics and Probability, Univ. of California Press (1965), p. 335- 360.

[CHE] N. CHEKHOVA: Nombres de recouvrement des rotations, to appear in Theoret. Comput. Sci. 209 (1998), 20 p.

[COV-HED] E.M. COVEN, G.A. HEDLUND: Sequences with minimal block growth, Math. Systems Theory 7 (1973), p. 138-153.

[deJ] A. del JUNCO: Transformations with discrete spectrum are stacking transformations, Canadian J. Math. 24 (1976), p. 836-839.

[FER1] S. FERENCZI: Systèmes localement de rang un, Ann. Inst. Henri Poincaré 20, 1 (1984), p. 35-51.

[FER2] S. FERENCZI: Tiling and local rank properties of the Morse sequence, Theoret. Comput. Sci. 129 (1994), p. 369-383.

[FER3] S. FERENCZI: Les transformations de Chacon : combinatoire, structure géométrique, lien avec les systèmes de complexité 2n + 1, Bull. Soc. Math. France 123 (1995), p. 271-292.

[FER4] S. FERENCZI: Systems of finite rank, Colloq. Math. 73 (1997), p.

35-65.

[GEE-SIM] A.S. GEELEN, R.J. SIMPSON: A two dimensional Steinhaus theorem, Australas. J. Combin. 8 (1993), p. 169–197.

[GOO] G.R. GOODSON: Functional equations associated with the spectral properties of compact group extensions, Proc. Conf. Ergodic Theory and its Connections with Harmonic Analysis, Alexandria 1993, Cambridge University Press (1994), p. 309-327.

[GUE] M. GUENAIS: Une majoration de la multiplicité spectrale d’opérateurs associés à des cocycles réguliers, Israe̋l J. Math. 105 (1998), p. 263-283.

[HED-MOR1] G.A. HEDLUND, M. MORSE: Symbolic dynamics, Amer. J.

Math. 60 (1938), p. 815-866.

[HED-MOR2] G.A HEDLUND, M. MORSE: Symbolic dynamics II. Sturmian trajectories, Amer. J. Math. 62 (1940), p. 1-42.

[KAL] S. KALIKOW: Twofold mixing implies threefold mixing for rank-1 transformations, Ergodic Th. Dyn. Syst. 4 (1984), p. 237-259.

[KAT-SAT] A.B. KATOK, E.A. SATAEV: Standardness of automorphisms of transposition of intervals and fluxes on surfaces, Math. Zametki 20, 4 (1976), p. 479-488 (in Russian), translated in Math. Notes Acad. Sci. USSR (1977), p. 826-831.

[KAT-STE] A.B. KATOK, A.M. STEPIN: Approximations in ergodic theory, Usp. Math. Nauk. 22, 5 (1967), p. 81-106 (in Russian), translated in Russian Math. Surveys 22, 5 (1967), p. 76-102.

[KEA] M.S. KEANE: Interval exchange transformations, Math. Zeitsch. 141 (1975), p. 25-31.

[KEY-NEW] H. KEYNES, D. NEWTON: A “minimal” non-uniquely ergodic interval exchange transformation, Math. Zeitsch. 148, (1976), p. 101-106.

[KIN] J.L. KING: Joining-rank and the structure of finite-rank mixing transformations, J. Analyse Math. 51 (1988), p. 182-227.

[KOM1] T. KOMATSU On inhomogeneous continued fraction expansions and inhomogeneous diophantine approximation, J. Number Th. 62 (1997), 192–212.

[KOM2] T. KOMATSU: The fractional part of nθ + ϕ and Beatty sequences, J. Th. Nombres de Bordeaux 7 (1995), p. 387-406.

[LOT] M. LOTHAIRE: Algebraic Combinatorics on Words; Chapter 2: Sturmian words, by J. Berstel and P. Séébold, to appear.

[ORN-RUD-WEI] D.S. ORNSTEIN, D.J. RUDOLPH, B. WEISS: Equivalence of measure-preserving transformations, Memoirs Amer. Math. Soc. 262 (1982).

[OSE] V.I. OSELEDETS: On the spectrum of ergodic automorphisms, Doklady Akademii Nauk. SSSR 168, 5 (1966), p. 1009-1011 (in Russian), translated in Soviet Math. Doklady 7 (1966), p. 776-779.

[OST] A. OSTROWSKI: Bemerkungen zur Theorie der Diophantischen Approximationen I, II, Abh. Math. Sem. Hamburg I (1922), p. 77-98 et 250-251.

[RAU1] G. RAUZY: Suites à termes dans un alphabet fini, Sém. de Théorie des Nombres de Bordeaux (1983), p. 25-01-25-16.

[RAU2] G. RAUZY : Echanges d’intervalles et transformations induites, Acta Arith. 34 (1979), p. 315-328.

[ROT] G. ROTE: Sequences with subword complexity 2n, J. Number Theory 46 (1994), p. 196-213.

[SLA] N.B. SLATER: Gaps and steps for the sequence nθ mod 1, Proc.

Cambridge Phil. Soc. 63 (1967), p. 1115-1123.

[SOS1] V.T. SÓS: On the distribution mod 1 of the sequence nα, Ann. Univ.

Sci. Budapest Eötvös Sect. Math. 1 (1958), p. 127-134.

[SOS2] V.T. SÓS: On the theory of diophantine approximations. I, Acta Math. Hung. 8, 1–2 (1957), p. 461-472.

[SOS3] V.T. SÓS: On the theory of diophantine approximations. II, Acta Math. Hung. 9, 1–2 (1958), p. 229-241.

[SOS4] V.T. SÓS: On a problem of Hartman about normal forms, Coll. Math.

7 (1960), p. 155-160.

[SUR] J. SURÁNYI: Über die Anordnung der Vielfachen einer reellen Zahl mod 1, Ann. Univ. Sci. Budapest, Eötvös Sect. Math. 1 (1958), p. 107– 111.

[SWI] S. ŚWIERCZKOWSKI: On successive settings of an arc on the circumference of a circle, Fundam. Math. 46 (1958), p. 187-189.

[VEE1] W.A. VEECH: Strict ergodicity in zero dimensional dynamical systems and the Kronecker-Weyl theorem mod 2, Trans. Amer. Math. Soc. 140 (1969), p. 1-33.

[VEE2] W.A. VEECH: The metric theory of interval exchange transformations I, II, III, Amer. J. Math. 106 (1984), p. 1331-1421.