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Accompanying file for the paper
On the scaling of random Tamari Intervals and Schnyder woods of random 
triangulations (with an asymptotic D-finite trick)
Guillaume Chapuy, 2024.  
The numbering of sections and equations refer to arxiv v1.

Section 2 

Section 2.1: classical case

# Equat ion f rom Bousquet -Mélou,  Fusy,  Prévi l le -Rate l le  (a l ready in  Chapoton's  paper) .
#  F=F( t ,x )  enumera tes  in te rva ls  w i th  t^s ize  x^ (contac ts  o f  lower  pa th )
#  f = F ( t , 1 )  
- F + x + x * t * F * ( F - f ) / ( x - 1 ) :
eq0:=numer(%);

#  Tha t  same  paper  g ives  a  ra t iona l  pa ramet r i za t ion  o f  the  so lu t ion  in  new var iab les  ( z ,u )  
t h a t  r e p a r a m e t r i z e  ( t , x )
e q 1 : = - t + z * ( 1 - z ) ^ 3 ;
eq2:=-x+(1+u) / (1+z*u)^2;
e q 3 : = - f + ( 1 - 2 * z ) / ( 1 - z ) ^ 3 ;
e q 4 : = - F + ( 1 + u ) / ( 1 + z * u ) / ( 1 - z ) ^ 3 * ( 1 - 2 * z - z ^ 2 * u ) ;



>  >  

>  >  

(1.1.2)(1.1.2)

(1.1.4)(1.1.4)

(1.1.3)(1.1.3)

#  One  can  check  tha t  th is  works  ( ! )
subs( t=so lve (eq1 , t ) ,  x=so lve (eq2 ,x ) , f=so lve (eq3 , f ) ,F=so lve (eq4 ,F ) ,eq0 ) ;
f a c t o r ( % ) ;

0
#  B y  e l i m i n a t i n g  t  w e  o b t a i n  a n  e q u a t i o n  r e l a t i n g  f  a n d  z ,  a n d  e v e n  s o l v e  i t :
v a l f _ z : = s o l v e ( f a c t o r ( e l i m i n a t e ( { e q 0 , e q 2 , e q 3 } , x ) [ 2 , 1 ] ) , f ) ;
#  and  look  a t  i t s  expans ion :
ser ies (%,z=0) ;

#  N o t e  t h a t  w e  c a n  a l s o  g o  b a c k  t o  t h e  v a r i a b l e  t  t o  s e e  ( f o r  r e a l )  t h e  n u m b e r s  o f  T a m a r i  
i n t e r v a l s  o f  s i z e  n :
devf_z :=subs(z=solve(eq1 ,z ) ,va l f_z ) :
dev f_ t :=ser ies (%, t=0 ,21 ) :
s e r i e s ( % , t , 7 ) ;

#  And in  fac t  we  can  a lso  see  the  b ivar ia te  expansion  which  might  be  usefu l  la ter  on
subs( f=dev f_ t , so lve (eq0 ,F ) [1 ] ) :
devF_tx:=simpl i fy(ser ies(%,t=0,12))  assuming x<1:
s e r i e s ( % , t , 8 ) ;
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Section 2.2: height on the upper path
# PROP 2 .2 :  Equat ion  for  the  generat ing  funct ion  H=H( t ,x ,s )
#  count ing  in terva ls  wi th  a  marked absc issa  in  [0 ,2n]  and s^{upper  he ight  a t  tha t  absc issa}
#  H e r e  h =  H ( 1 )  =  H ( t , 1 , s ) ,  a n d  F ,  f ,  a r e  a s  a b o v e .

e q 6 : = - H + F + s * x * t * F * ( H - h ) / ( x - 1 ) + x * t * H * ( F - f ) / ( x - 1 ) :
c o l l e c t ( % , H ) ;

#  Kerne l  o f  the  equat ion ,  and  remainder  once  the  kerne l  is  cance l led:
ker1:=subs(x=x,coef f (%,H,1) ) ;
rem1:=subs(x=x,coeff(%%,H,0));

#  We express  the  kerne l  and remainder  wi th  the  var iab les  (u ,z )
#  a n d  c a l l  U  t h e  r o o t ,  d e t e r m i n e d  b y  t h e  c a n c e l l a t i o n  o f  t h e  k e r n e l
subs( t=so lve (eq1 , t ) ,  x=so lve (eq2 ,x ) , f=so lve (eq3 , f ) ,F=so lve (eq4 ,F ) ,ke r1 ) :
numer(factor(subs(u=U,%)));
eqU:=m a p ( f a c t o r ,  c o l l e c t ( % , s ) ) ;

#  Th is  equat ion  can  a lso  be  put  in  the  form s=Rat_s(z ,U) :
Rat_s := fac tor (so lve (%,s ) ) ;

#  Cance l l ing  the  remainder ,  we  so lve  fo r  h=H(1 )  in  te rms o f  z  and  th is  U
subs(s=Rat_s , t=so lve(eq1 , t ) ,  x=solve(eq2 ,x ) , f=so lve(eq3 , f ) ,F=solve(eq4 ,F) ,so lve( rem1,h) ) :
valueh_zU:=factor(subs(u=U,%));
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# This proves Theorem 2.3.

#  Note  tha t  e l iminat ing  U  we  can  obta in  an  equat ion  re la t ing  h=H(1 )  and  z :
f ina l_eq_hzs:=factor (e l iminate( {s=Rat_s ,h=valueh_zU} , {U} ) [2 ,1 ] ) ;

# From the obtained equation we can check the expansion of  H(1):
e l i m i n a t e ( { f i n a l _ e q _ h z s , e q 1 } , z ) [ 2 , 1 ] :
devh_t :=ser ies(RootOf(%,h) , t=0 ,7) ;

#  . . .  and  we  can  a lso  check  the  expans ion  o f  H (x ) :
so lve(eq6 ,H) :
subs(F=devF_tx,  f=devf_t,h=devh_t,%):
f a c t o r ( s e r i e s ( % , t = 0 , 4 ) ) ;

Section 3: lower path

Section 3.1: writing the equation
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## We consider  again intervals  (Pn,Qn)  wi th  a  marked abscissa i
#  and take the  weights
#  x ^ ( c o n t a c t s  b e f o r e  i ) ,  y ^ ( c o n t a c t s  a f t e r  i )  w ^ ( P ( i ) )  t ^ s i z e
#  As  in  the  paper  we  ca l l  G(x ,y )  the  cor responding  funct ion .
# In equat ions below we note
#           G  =  G ( x , y )  
#          F x  =  F ( x )    ( t h e  s e r i e s  o f  u n m a r k e d  i n t e r v a l s )
#          F y  =  F ( x = y )  ( t h e  s e r i e s  o f  u n m a r k e d  i n t e r v a l s ,  b u t  c h a n g i n g  x  f o r  y )
#           g 1  =  G ( 1 , y )  ( a l s o  d e p e n d s  o n  w )
#           g 1 1  =  G ( 1 , 1 )    ( a l s o  d e p e n d s  o n  w )
#           f  =  F ( 1 )  ( f r o m  p r e v i o u s  s e c t i o n s )

#  The combinator ia l  decomposi t ion of  intervals  g ives (PROP 3.1) :
eqq0:=
 - G  +  t * x * ( g 1 - g 1 1 ) * F y * w / ( y - 1 ) + t * x ^ 2 * ( G - F x * y / x + f * y - g 1 ) * F y / ( y * ( x - 1 ) ) + x * t * ( F x - f ) * G / ( x - 1 ) + x * ( t *
y ^ 2 * ( F y - f ) / ( y - 1 ) - t * y ^ 2 * f ) * F y / y ^ 2 + F y ;

#  F i r s t  w e  c o m p u t e  t h e  f i r s t  f e w  t e r m s  o f  G ,  b y  i t e r a t i n g  t h e  e q u a t i o n :
devG:=0:
f o r  i  f r o m  0  t o  1 0  d o
 G+eqq0:
 subs(f=devf_t,Fx=devF_tx,Fy=subs(x=y,devF_tx),%);
 subs(G=devG,g1=subs(x=1,devG),g11=subs(x=1,y=1,devG),%);
 d e v G : =  s i m p l i f y ( f a c t o r ( s e r i e s ( % , t , i + 1 ) ) ) :
od:
devG:

# we check that  for  x=y=1 we indeed f ind the known ser ies
expand(ser ies(devG,t=0,3) ) ;
c o l l e c t ( c o e f f ( % , t , 2 ) , { x , y } ) ;
expand(subs(x=1,y=1,w=1,devG));
s e r i e s ( 2 * t * d i f f ( d e v f _ t , t ) + d e v f _ t , t = 0 ) ;
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#  H e r e  a r e  t h e  c o e f f i c i e n t s  o f  t ^ n  f o r  n < = 2 ,  o n e  c a n  c h e c k  t h a t  t h i s  i s  c o r r e c t  b y  d r a w i n g  
a l l  t h e  c a s e s  ( ! )
expand(ser ies(devG,t=0,6) ) ;

Section 3.2: solution
First step: eliminate x (or u)

#  O u r  e q u a t i o n  h a s  n o w  t w o  c a t a l y t i c  v a r i a b l e s  b u t  i t  i s  s t i l l  l i n e a r ,  l e t  u s  l o o k  a t  t h e  
k e r n e l :
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co l l ec t (eqq0 ,G) :
#  b i v a r i a t e  k e r n e l
ker2 :=coef f (%,G,1 ) ;
# and remainder term
rem2:=coeff(%%,G,0);

#  Since everything with one var iable  is  known from previous works,  we can express the 
kerne l  in  the  new var iab les
#  Here  we  in t roduce  a  new var iab le  v  wh ich  i s  to  y  wha t  u  i s  to  x .
subs(F=Fx,u=u,{eq1,eq2,eq3,eq4}):
subs(F=Fy,u=v,x=y,{eq1,eq2,eq3,eq4}):
sys2:=% union %%:
e l i m i n a t e ( s y s 2  u n i o n  { K K = k e r 2 } , { F x , F y , x , y , f , t } ) [ 2 , 1 ] :

#  Here  i s  the  ke rne l  (more  p rec ise ly  i t s  numera tor )  in  the  new var iab les !
factor (numer( factor (so lve(%,KK)) ) ) :
ker2N:=map(x->col lect (x ,u) ,%);

#  N o w  l e t  u s  l o o k  a t  t h e  t w o  r o o t s  r o o t  U = u ( z , v , w )  o f  t h e  k e r n e l
so lve(ker2N,u) :
va lU := [%] [2 ] ;
otherU:=[%%][1]:
#  O n e  o f  t h e  r o o t s  i s  a  n o n - s i n g u l a r  p o w e r  s e r i e s  i n  z  ( i t  i s  c a l l e d  U _ 0  i n  t h e  p a p e r )
devU:=s impl i fy (ser ies (va lU ,z=0 ,5 ) ) ;
#  Note  tha t  the  o ther  roo t  i f  NOT a  power  ser ies
s i m p l i f y ( s e r i e s ( o t h e r U , z = 0 , 3 ) ) ;
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#  Now we wi l l  look  a t  the  cance l la t ion  o f  the  remainder  te rm
# We f i rs t  express  th is  remainder  in  the  new var iab les
f a c t o r ( ( su b s ( t = s o l v e ( e q 1 , t ) , f = s o l v e ( e q 3 , f ) , r e m 2 ) ) ) :
subs(y=subs(u=v,solve(eq2,x)) ,%):
simpl i fy(subs(Fx=solve(eq4,F) ,Fy=subs(u=v,solve(eq4,F)) ,%)) :
rem2N:=factor (subs(x=solve(eq2,x) ,%)*v* (v*z+1)* ( -1+z)^3*(u*z^2+2*z-1)*u* (u*z+1)^4/ (1+u*z)
^ 2 ) :

#  T h i s  q u a n t i t y  i s  e x p l i c i t ,  i t  h a s  2 2 8  t e r m s :
nops(%);

228
#  Th is  is  the  equat ion  we  obta in ,  Eq  (30 )  in  the  paper .  We have  successfu l ly  e l iminated  G 
a n d  t h e  v a r i a b l e  u :
subs(u=valU, rem2N):
eqL:= fac tor (numer (%) /z / ( z -1 )^4 / (1+v*z ) ) ;

#  The equat ion has degree 1  in  G_1(v)  and 91 terms:
degree(%,g1);
nops(eqL);
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Second step: eliminate y (or v)
#  T h e  e q u a t i o n  w e  o b t a i n e d  o n  g 1  i s  l i n e a r ,  i t  h a s  t w o  c o e f f i c i e n t s .
aa :=coef f (eqL ,g1 ,1 ) ;
bb:=coef f (eqL,g1 ,0 ) ;

#  L e t  u s  l o o k  a t  t h e  v - r o o t s  o f  t h e  l i n e a r  c o e f f i c i e n t :
a lgcurves[puiseux] (RootOf(aa,v) ,z=0,2) :
m a p ( x - >  c o l l e c t ( x , z ) , % ) ;
#  One  o f  them is  a  power  ser ies  in  z

#  B y  s u b s t i t u t i n g  v = ( t h a t  r o o t )  b o t h  c o e f f i c i e n t s  v a n i s h .
#  We can thus e l iminate  v  beween these two equat ions and we get  our  f ina l  equat ion for  
g11:
f a c t o r ( e l i m i n a t e ( { a a , b b } , v ) [ 2 , 1 ] ) / ( w * z * ( 3 * z - 1 ) * ( - 1 + 2 * z ) * ( - 1 + z ) ) ;
f ina leq_g11:=map( factor ,col lect (%,g11) ) ;

#  Th is  i s  the  equa t ion  g iven  in  Theorem 3 .2  !
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# Note than one can check the expansion against  the one computed from the funct ional  
equat ion:
subs( t=solve(eq1, t ) ,devG):
ser ies (%,z=0 ,10 ) :
devG11z:=factor(subs(x=1,y=1,%));

ser ies(RootOf ( f ina leq_g11,g11) ,z=0 ,10) :
factor(subs(RootOf(_Z^2*w-_Z*w^2-4*_Z*w+2*w^2-_Z+5*w+2)=w+2,%)):
series(%-devG11z,z=0,10);

0
#  A n d  h e r e  i s  t h e  e q u a t i o n  i n  t h e  v a r i a b l e  t  ( n o t  w r i t t e n  i n  t h e  p a p e r )
f i n a l e q _ g 1 1 t : = f a c t o r ( e l i m i n a t e ( { f i n a l e q _ g 1 1 , e q 1 } , z ) [ 2 , 1 ] ) ;
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# Again we can get  the expansion:
ser ies (RootOf ( f ina leq_g11t ,g11 ) , t=0 ,8 ) :
devG11t:=factor(subs(RootOf(_Z^2*w-_Z*w^2-4*_Z*w+2*w^2-_Z+5*w+2)=w+2,%));

#  Th is  can be  tested  aga inst  the  fo l lowing va lue  obta ined in  another  worksheet  wi th  an  
independent  method (exhaust ive generat ion of  intervals! )

1+(w+2)*t+(w^2+6*w+8)*t^2+(w^3+11*w^2+38*w+41)*t^3+(w^4+17*w^3+99*w^2+255*w+240)*t^4+
(w^5+24*w^4+205*w^3+842*w^2+1789*w+1528)*t^5+(w^6+32*w^5+372*w^4+2160*w^3+7025*w^2+12988*
w+10312)*t^6+(w^7+41*w^6+618*w^5+4756*w^4+21263*w^3+58276*w^2+96873*w+72647)*t^7:

s impl i fy (ser ies(%-%%,t=0 ,8 ) ) ;

Section 4: Tracking up steps on both path

Writing and solving the equation

# # #  G e n e r a t i n g  f u n c t i o n  J ( x , y )  o f  i n t e r v a l s  ( P , Q )  o f  s i z e  n  w i t h  a  m a r k e d  j \ i n  [ n ] ,  w h e r e  
###  r  and  s  mark  the  he igh t  o f  the  j - th  ups tep  o f  P  and  Q  respec t ive ly
###  As  before  t  marks  the  s ize  and x ,  y  mark  contacts  before /a f ter  the  marked s tep .
# # #  T h i s  i s  p r o p o s i t i o n  4 . 1
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eqq2:=
 - J + ( F y - y ) * x / y   +   r * s * t * x * ( j 1 - j 1 1 ) * F y / ( y - 1 )   +   s * t * x ^ 2 * ( J - j 1 ) * F y / ( y * ( x - 1 ) ) + x * t * ( F x - f ) * J /
( x - 1 ) :

#  F i r s t  w e  c o m p u t e  t h e  f i r s t  f e w  t e r m s  o f  G ,  b y  i t e r a t i n g  t h e  e q u a t i o n :
devJ:=0:
f o r  i  f r o m  0  t o  1 0  d o
 J+eqq2:
 subs(f=devf_t,Fx=devF_tx,Fy=subs(x=y,devF_tx),%);
 subs(J=devJ,j1=subs(x=1,devJ), j11=subs(x=1,y=1,devJ),%);
 d e v J : =  s i m p l i f y ( f a c t o r ( s e r i e s ( % , t , i + 1 ) ) ) :
od:
devJ:

# we check that  for  x=y=1 we indeed f ind the known ser ies
expand(subs(x=1,y=1,r=1,s=1,devJ));
s e r i e s ( t * d i f f ( d e v f _ t , t ) - % , t = 0 ) ;

# Value obtained by exhaustive generat ion in an independent worksheet:
vJexh:=x*t*y+(r*s*x*y+s*x^2*y+x^2*y+2*x*y^2+x*y)*t^2+(r^2*s^2*x*y+r*s^2*x^2*y+s^2*x^3*y+r*
s^2*x*y+r*s*x^2*y+3*r*s*x*y^2+s^2*x^2*y+2*s*x^3*y+3*s*x^2*y^2+4*r*s*x*y+2*s*x^2*y+2*x^3*y+2*
x^2*y^2+5*x*y^3+2*x^2*y+5*x*y^2+3*x*y)*t^3+(r^3*s^3*x*y+r^2*s^3*x^2*y+r*s^3*x^3*y+s^3*x^4*
y+2*r^2*s^3*x*y+r^2*s^2*x^2*y+4*r^2*s^2*x*y^2+2*r*s^3*x^2*y+2*r*s^2*x^3*y+4*r*s^2*x^2*y^2+2*
s^3*x^3*y+3*s^2*x^4*y+4*s^2*x^3*y^2+8*r^2*s^2*x*y+2*r*s^3*x*y+6*r*s^2*x^2*y+4*r*s^2*x*y^2+2*
r*s*x^3*y+3*r*s*x^2*y^2+9*r*s*x*y^3+2*s^3*x^2*y+5*s^2*x^3*y+4*s^2*x^2*y^2+5*s*x^4*y+6*s*x^3*
y^2+9*s*x^2*y^3+7*r*s^2*x*y+5*r*s*x^2*y+17*r*s*x*y^2+4*s^2*x^2*y+7*s*x^3*y+10*s*x^2*y^2+5*
x^4*y+4*x^3*y^2+5*x^2*y^3+14*x*y^4+19*r*s*x*y+7*s*x^2*y+7*x^3*y+7*x^2*y^2+21*x*y^3+7*x^2*
y+20*x*y^2+13*x*y)*t^4+(r^4*s^4*x*y+r^3*s^4*x^2*y+r^2*s^4*x^3*y+r*s^4*x^4*y+s^4*x^5*y+3*r^3*
s^4*x*y+r^3*s^3*x^2*y+5*r^3*s^3*x*y^2+3*r^2*s^4*x^2*y+2*r^2*s^3*x^3*y+5*r^2*s^3*x^2*y^2+3*r*
s^4*x^3*y+3*r*s^3*x^4*y+5*r*s^3*x^3*y^2+3*s^4*x^4*y+4*s^3*x^5*y+5*s^3*x^4*y^2+13*r^3*s^3*x*
y+5*r^2*s^4*x*y+11*r^2*s^3*x^2*y+10*r^2*s^3*x*y^2+2*r^2*s^2*x^3*y+4*r^2*s^2*x^2*y^2+14*r^2*
s^2*x*y^3+5*r*s^4*x^2*y+10*r*s^3*x^3*y+10*r*s^3*x^2*y^2+5*r*s^2*x^4*y+8*r*s^2*x^3*y^2+14*r*
s^2*x^2*y^3+5*s^4*x^3*y+10*s^3*x^4*y+10*s^3*x^3*y^2+9*s^2*x^5*y+12*s^2*x^4*y^2+14*s^2*x^3*
y^3+23*r^2*s^3*x*y+9*r^2*s^2*x^2*y+38*r^2*s^2*x*y^2+5*r*s^4*x*y+17*r*s^3*x^2*y+10*r*s^3*x*
y^2+15*r*s^2*x^3*y+30*r*s^2*x^2*y^2+14*r*s^2*x*y^3+5*r*s*x^4*y+6*r*s*x^3*y^2+9*r*s*x^2*



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

>  >  

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.2)(3.1.2)

(1.2.2)(1.2.2)

>  >  

>  >  

(1.1.4)(1.1.4)

>  >  

y^3+28*r*s*x*y^4+5*s^4*x^2*y+14*s^3*x^3*y+10*s^3*x^2*y^2+19*s^2*x^4*y+25*s^2*x^3*y^2+14*s^2*
x^2*y^3+14*s*x^5*y+15*s*x^4*y^2+18*s*x^3*y^3+28*s*x^2*y^4+55*r^2*s^2*x*y+20*r*s^3*x*y+34*r*
s^2*x^2*y+33*r*s^2*x*y^2+13*r*s*x^3*y+20*r*s*x^2*y^2+67*r*s*x*y^3+12*s^3*x^2*y+24*s^2*x^3*
y+21*s^2*x^2*y^2+26*s*x^4*y+29*s*x^3*y^2+44*s*x^2*y^3+14*x^5*y+10*x^4*y^2+10*x^3*y^3+14*x^2*
y^4+42*x*y^5+44*r*s^2*x*y+26*r*s*x^2*y+97*r*s*x*y^2+19*s^2*x^2*y+31*s*x^3*y+43*s*x^2*y^2+26*
x^4*y+20*x^3*y^2+26*x^2*y^3+84*x*y^4+103*r*s*x*y+32*s*x^2*y+31*x^3*y+31*x^2*y^2+105*x*y^3+32*
x^2*y+100*x*y^2+68*x*y)*t^5+(r^5*s^5*x*y+r^4*s^5*x^2*y+r^3*s^5*x^3*y+r^2*s^5*x^4*y+r*s^5*x^5*
y+s^5*x^6*y+4*r^4*s^5*x*y+r^4*s^4*x^2*y+6*r^4*s^4*x*y^2+4*r^3*s^5*x^2*y+2*r^3*s^4*x^3*y+6*
r^3*s^4*x^2*y^2+4*r^2*s^5*x^3*y+3*r^2*s^4*x^4*y+6*r^2*s^4*x^3*y^2+4*r*s^5*x^4*y+4*r*s^4*x^5*
y+6*r*s^4*x^4*y^2+4*s^5*x^5*y+5*s^4*x^6*y+6*s^4*x^5*y^2+19*r^4*s^4*x*y+9*r^3*s^5*x*y+17*r^3*
s^4*x^2*y+18*r^3*s^4*x*y^2+2*r^3*s^3*x^3*y+5*r^3*s^3*x^2*y^2+20*r^3*s^3*x*y^3+9*r^2*s^5*x^2*
y+16*r^2*s^4*x^3*y+18*r^2*s^4*x^2*y^2+5*r^2*s^3*x^4*y+10*r^2*s^3*x^3*y^2+20*r^2*s^3*x^2*
y^3+9*r*s^5*x^3*y+16*r*s^4*x^4*y+18*r*s^4*x^3*y^2+9*r*s^3*x^5*y+15*r*s^3*x^4*y^2+20*r*s^3*
x^3*y^3+9*s^5*x^4*y+17*s^4*x^5*y+18*s^4*x^4*y^2+14*s^3*x^6*y+20*s^3*x^5*y^2+20*s^3*x^4*
y^3+51*r^3*s^4*x*y+14*r^3*s^3*x^2*y+70*r^3*s^3*x*y^2+14*r^2*s^5*x*y+41*r^2*s^4*x^2*y+30*r^2*
s^4*x*y^2+25*r^2*s^3*x^3*y+62*r^2*s^3*x^2*y^2+40*r^2*s^3*x*y^3+5*r^2*s^2*x^4*y+8*r^2*s^2*x^3*
y^2+14*r^2*s^2*x^2*y^3+48*r^2*s^2*x*y^4+14*r*s^5*x^2*y+35*r*s^4*x^3*y+30*r*s^4*x^2*y^2+33*r*
s^3*x^4*y+57*r*s^3*x^3*y^2+40*r*s^3*x^2*y^3+14*r*s^2*x^5*y+20*r*s^2*x^4*y^2+28*r*s^2*x^3*
y^3+48*r*s^2*x^2*y^4+14*s^5*x^3*y+33*s^4*x^4*y+30*s^4*x^3*y^2+41*s^3*x^5*y+56*s^3*x^4*y^2+40*
s^3*x^3*y^3+28*s^2*x^6*y+36*s^2*x^5*y^2+42*s^2*x^4*y^3+48*s^2*x^3*y^4+122*r^3*s^3*x*y+75*r^2*
s^4*x*y+91*r^2*s^3*x^2*y+124*r^2*s^3*x*y^2+21*r^2*s^2*x^3*y+42*r^2*s^2*x^2*y^2+157*r^2*s^2*x*
y^3+14*r*s^5*x*y+55*r*s^4*x^2*y+30*r*s^4*x*y^2+75*r*s^3*x^3*y+98*r*s^3*x^2*y^2+40*r*s^3*x*
y^3+46*r*s^2*x^4*y+72*r*s^2*x^3*y^2+128*r*s^2*x^2*y^3+48*r*s^2*x*y^4+14*r*s*x^5*y+15*r*s*x^4*
y^2+18*r*s*x^3*y^3+28*r*s*x^2*y^4+90*r*s*x*y^5+14*s^5*x^2*y+45*s^4*x^3*y+30*s^4*x^2*y^2+70*
s^3*x^4*y+82*s^3*x^3*y^2+40*s^3*x^2*y^3+72*s^2*x^5*y+91*s^2*x^4*y^2+108*s^2*x^3*y^3+48*s^2*
x^2*y^4+42*s*x^6*y+42*s*x^5*y^2+45*s*x^4*y^3+56*s*x^3*y^4+90*s*x^2*y^5+197*r^2*s^3*x*y+66*
r^2*s^2*x^2*y+293*r^2*s^2*x*y^2+65*r*s^4*x*y+120*r*s^3*x^2*y+108*r*s^3*x*y^2+97*r*s^2*x^3*
y+194*r*s^2*x^2*y^2+137*r*s^2*x*y^3+41*r*s*x^4*y+49*r*s*x^3*y^2+76*r*s*x^2*y^3+260*r*s*x*
y^4+40*s^4*x^2*y+85*s^3*x^3*y+72*s^3*x^2*y^2+110*s^2*x^4*y+138*s^2*x^3*y^2+94*s^2*x^2*y^3+98*
s*x^5*y+98*s*x^4*y^2+115*s*x^3*y^3+184*s*x^2*y^4+42*x^6*y+28*x^5*y^2+25*x^4*y^3+28*x^3*
y^4+42*x^2*y^5+132*x*y^6+374*r^2*s^2*x*y+157*r*s^3*x*y+201*r*s^2*x^2*y+231*r*s^2*x*y^2+78*r*
s*x^3*y+123*r*s*x^2*y^2+448*r*s*x*y^3+71*s^3*x^2*y+129*s^2*x^3*y+113*s^2*x^2*y^2+141*s*x^4*
y+149*s*x^3*y^2+229*s*x^2*y^3+98*x^5*y+67*x^4*y^2+67*x^3*y^3+98*x^2*y^4+330*x*y^5+280*r*s^2*
x*y+147*r*s*x^2*y+589*r*s*x*y^2+103*s^2*x^2*y+161*s*x^3*y+219*s*x^2*y^2+141*x^4*y+105*x^3*
y^2+141*x^2*y^3+504*x*y^4+613*r*s*x*y+171*s*x^2*y+161*x^3*y+161*x^2*y^2+595*x*y^3+171*x^2*
y+570*x*y^2+399*x*y)*t^6:
# We check against exhaustive generation:
expand(ser ies(devJ-vJexh, t=0,6) ) ;



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

>  >  

>  >  

(2.2.2.3)(2.2.2.3)

>  >  

(1.2.2)(1.2.2)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

#  Now we forget  about  r  and s  and we keep only  one var iable  w marking the quant i ty  (upper  
he igh t ) -3 ( lower  he igh t )
#  This  amounts to  the subst i tut ion s=w,  r=1/w^3
# We obta in  equat ion (33)
eqq3:=subs(s=w,r=1/w^3,J=M,j1=m1,j11=m11,eqq2);

#  O u r  e q u a t i o n  h a s  n o w  t w o  c a t a l y t i c  v a r i a b l e s  b u t  i t  i s  s t i l l  l i n e a r ,  l e t  u s  l o o k  a t  t h e  
k e r n e l :
co l lec t (eqq3 ,M) :
#  b i v a r i a t e  k e r n e l
ker2:=coef f (%,M,1) ;
# and remainder term
rem2:=coeff(%%,M,0);

#  Since everything wi th one var iable  is  known from previous works,  we can express the kernel  
in  the  new var iab les
#  Here  we  in t roduce  a  new var iab le  v  wh ich  i s  to  y  wha t  u  i s  to  x .
subs(F=Fx,u=u,{eq1,eq2,eq3,eq4});
subs(F=Fy,u=v,x=y,{eq1,eq2,eq3,eq4});
sys2:=% union %%;
e l i m i n a t e ( s y s 2  u n i o n  { K K = k e r 2 } , { F x , F y , x , y , f , t } ) [ 2 , 1 ] :

#  Here  i s  the  ke rne l  (more  p rec ise ly  i t s  numera tor )  in  the  new var iab les !
factor (numer( factor (so lve(%,KK)) ) ) :
ker2N:=map(x->col lect (x ,u) ,%);



(3.1.5)(3.1.5)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

>  >  

>  >  

(2.2.2.3)(2.2.2.3)

>  >  

>  >  

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

#  N o w  l e t  u s  l o o k  a t  t h e  t w o  r o o t s  r o o t  U = u ( z , v , w )  o f  t h e  k e r n e l
so lve(ker2N,u) :
va lU := [%] [1 ] ;
otherU:=[%%][2]:
#  O n e  o f  t h e  r o o t s  i s  a  n o n - s i n g u l a r  p o w e r  s e r i e s  i n  z  ( c a l l  i t  U _ 0 )
devU:=s impl i fy (ser ies (va lU ,z=0 ,5 ) ) ;
#  Note  tha t  the  o ther  roo t  i f  NOT a  power  ser ies
s i m p l i f y ( s e r i e s ( o t h e r U , z = 0 , 3 ) ) ;

#  Now we wi l l  look  a t  the  cance l la t ion  o f  the  remainder  te rm
# We f i rs t  express  th is  remainder  in  the  new var iab les
# The obtained equat ion has 99 terms.
f a c t o r ( ( su b s ( t = s o l v e ( e q 1 , t ) , f = s o l v e ( e q 3 , f ) , r e m 2 ) ) ) :
subs(y=subs(u=v,solve(eq2,x)) ,%):



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

>  >  

>  >  

(3.1.7)(3.1.7)

(2.2.2.3)(2.2.2.3)

>  >  

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

simpl i fy(subs(Fx=solve(eq4,F) ,Fy=subs(u=v,solve(eq4,F)) ,%)) :
rem2N:=factor(subs(x=solve(eq2,x) ,%)*v* (v*z+1)* ( -1+z)^3*(u*z^2+2*z-1)*u* (u*z+1)^4/ (1+u*z)^2*
w ^ 2 / ( 1 + u ) / z / ( 1 + v * z ) ) ;

nops(%);

99
#  We can  e l iminate  U0  between the  kerne l  and  the  remainder ,  and  (up  to  t r iv ia l  fac tors )  we  
end  up  w i th  an  a lgebra ic  equat ion  in  wh ich  u  and  \ t i lde {M} (u ,v )  
#  do  not  appear  anymore .  Th is  is  Eq  (37 )  in  the  paper :

eqB:= fac to r (e l im ina te ( { rem2N,  ke r2N} ,u ) [2 ,1 ] / (w* ( -1+z ) * (v *z^2+2*z -1 ) * (v *z+1 ) ) ) :

# The equation has 854 terms
nops(%);

#  T h e  e q u a t i o n  i s  n o t  l i n e a r  b u t  q u a d r a t i c !
degree(%%,m1);

854
2

#  At  th is  s tage  we  have  ob ta ined  an  equat ion ,  eqB,  in  wh ich  the  var iab les  M  and  u  (o r  x )  i s  



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

>  >  

>  >  

>  >  
(3.1.8)(3.1.8)

(2.2.2.3)(2.2.2.3)

>  >  

(3.1.9)(3.1.9)

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

no longer present
#  This  equat ion involves var iables  m1=M(1,y) ,  m11=M(1,1) ,  v=v(y) ,  and w,z
#  Th is  equat ion  is  quadra t ic  in  m's  so  we  can  app ly  (a  var iant  o f )  the  quadra t ic  method
#  W e  w i l l  t r y  t o  c a n c e l  b o t h  t h e  e q u a t i o n  a n d  i t s  d e r i v a t i v e  w i t h  r e s p e c t  t o  m 1
# Expl ic i t ly ,  we  have  these  two equat ions  (we  remove t r iv ia l  fac tors  f rom the  second one) :
E1:=eqB:
E 2 : = f a c t o r ( d i f f ( e q B , m 1 ) / ( 1 - z ) ^ 3 ) :

#  (shor t  in te rp lay :  we  w i l l  soon  need  to  look  a t  expans ions ,  so  le t  us  record  the  expans ions  
of  M1 and m11 obtained from the funct ional  equat ion)

subs(t=solve(eq1,t) ,y=y+subs(x=y,u=v,eq2),subs(x=1,convert(devJ,polynom))):
devJ1_z:=simpl i fy(subs(s=w,r=1/w^3,ser ies(%,z=0,4) ) ) ;
subs(t=solve(eq1,t ) ,subs(x=1,y=1,convert(devJ,polynom))) :
devJ11_z:=simpl i fy(subs(s=w,r=1/w^3,ser ies(%,z=0,5)) ) ;
subs(m1=devJ1_z,m11=devJ11_z,E2):
f a c t o r ( m t a y l o r ( % , [ z , v ] , 4 ) ) ;

###  We prove  tha t  there  is  a  formal  power  ser ies  V_0(z )  tha t  cance ls  E2 .
### To see th is  we only  have to  check the f i rs t  terms of  the expansion (which we know from 
the expansions above)
# We look at  the coeff ic ients of  m1^2 and m1^1 in  the main equat ion eqB
aa:=subs(v=v ,coef f (E1 ,  m1,  2 ) ) :
bb:=subs(v=v ,coef f (E1 ,  m1,  1 ) ) :



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

>  >  

>  >  

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(3.1.9)(3.1.9)

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

#  and  we  look  a t  a l l  the  sub-cubic  monomia ls  in  var iab les  z ,v
m a p ( f a c t o r , m t a y l o r ( a a , [ z , v ] , 4 ) ) ;
m a p ( f a c t o r , m t a y l o r ( b b , [ z , v ] , 4 ) ) ;

#  subst i tu t ing  M(1 ,y )  and  M(1 ,1 )  by  the i r  expans ion ,  we  see  tha t  the  equat ion  E2  near  z=0  is  
o f  t h e  f o l l o w i n g  f o r m ,  u p  t o  a t - l e a s t - c u b i c  t e r m s :
2*aa*m1+bb:
subs(m1= subs(s=w,r=1/w^3,(1+v)*z+(r*s*v+r*s+s*v+s+v+1)*z^2+O(z^3)) ,m11=subs(s=w,r=1/w^3,z+
(r*s+s+1)*z^2+O(z^3) ) ,%):
map(s imp l i f y ,mtay lo r (%, [ z ,v ] , 4 ) ) ;
f a c t o r ( % / v ) ;
a lgcurves[puiseux](RootOf(%,v) ,z=0,2) ;
#  I t  fo l lows  by  a  Newton -Pu iseux  a rgument  tha t  the re  i s  a  roo t  s ta r t ing  w i th  O (z )  as  
j u s t i f i e d  i n  t h e  p a p e r

#  C h e c k  o f  t h e  j u s t i f i c a t i o n  i n  t h e  n o t a t i o n  o f  t h e  p a p e r :
-w^4*(w-1)*v^2+w^2*(w-1)*v*z-(w^4+7*w^3-8*w^2-w+1)*v*z^2+w^2*(2*w^4+7*w^3-9*w^2+w-1)*v^2*z-
w^4*(w-1)*v^3;
a [2 ,0 ] *v^2+a[1 ,1 ] *v*z+a[1 ,2 ] *v*z^2+a[2 ,1 ] *v^2*z+a[3 ,0 ] *v^3  +O4;
subs(O4=a*z^4+b*z^3*v+c*z^2*v^2+d*z*v^3+e*v^4,%);
algcurves[puiseux](RootOf(%,v) ,z=0,2) ;



(3.1.11)(3.1.11)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(3.1.12)(3.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(3.1.9)(3.1.9)

(1.2.2)(1.2.2)

>  >  

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

#  subst i tut ing v=V0 we cancel  both E1 and E2.
# We can then el iminate m1=M(1,y)  between E1 and E2,  which here just  amounts to taking the 
d iscr iminant :
fac tor (d iscr im(E1 ,m1) ) ;

#  D i s r e g a r d i n g  t r i v i a l  f a c t o r s ,  w e  h a v e  t h r e e  i r r e d u c i b l e  f a c t o r s  P 1 , P 2 , P 3 :
discr imE:=factor(d iscr im(E1,m1) / ( -1+z)^6/ (1+v)^2/w^4/v^2) ;
P1:=op(1,discr imE);
P2:=op(1 ,op(2 ,d iscr imE)) ;
P3:=op(1 ,op(3 ,d iscr imE)) ;

#  P 1  a n d  P 2  d o  n o t  i n v o l v e  m 1 1 ,  l e t  u s  l o o k  a t  t h e i r  v - r o o t s :
map(simpl i fy ,a lgcurves[puiseux](RootOf(P1,v) ,z=0,0) ) ;
map(simpl i fy ,a lgcurves[puiseux](RootOf(P2,v) ,z=0,1) ) ;
expand(%);

#  None of  them is  a  formal  power  ser ies  so  V_0  is  not  one  o f  these  roots !



(3.1.14)(3.1.14)

>  >  

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(2.2.1.1)(2.2.1.1)

(3.1.13)(3.1.13)

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(3.1.9)(3.1.9)

>  >  

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

# This proves that P3=0 when v=V_0.

# We now solve P3 for m11
M11_rat:=solve(P3, m11);
#  Th is  g ives  us  a  ra t iona l  express ion  o f  M(1 ,1 )  in  t e rms  o f  the  se r ies  V_0  above .
#  N o t e  t h a t  a t  t h i s  s t a g e  V _ 0  i s  s t i l l  u n k n o w n  ( w e  o n l y  k n o w  i t  e x i s t s )
#  T h i s  i s  t h e  r a t i o n a l  f u n c t i o n  R ( z , V )  g i v e n  i n  t h e  p a p e r  i n  E q .  ( 3 9 )  i n  t h e  p a p e r .

#  We now subst i tute  th is  expression of  m11 into E1,E2:
factor(numer(subs(m11=M11_rat,E1)));
factor(numer(subs(m11=M11_rat,E2)));

#  Up  to  t r i v i a l  f ac to rs  z , 1+z ,  1 -w ,  1+v ,  these  two  equa t ions  each  have  the  same  nons t r i v i a l  
po lynomia l  fac tor !
#  W e  c a l l  t h i s  f a c t o r  S ,  i t  g i v e s  u s  a  p o l y n o m i a l  e q u a t i o n  s a t i s f i e d  b y  v = V _ 0 .  T h i s  i s  t h e  
p o l y n o m i a l  S ( V , z , w )  g i v e n  i n  E q .  ( 4 0 )  i n  t h e  p a p e r .
# We have thus proved Theorem 4.2
 
S_factor:=op(6,%);



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(3.1.16)(3.1.16)

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(3.1.13)(3.1.13)

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(3.1.9)(3.1.9)

>  >  

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

# As mentionned after  the theorem, we have two equat ions,  we can el iminate V_0 and we get  an 
e x p l i c i t  a l g e b r a i c  e q u a t i o n  f o r  t h e  s e r i e s  M ( 1 , 1 )  .
f ina l_eq_m11:=el iminate({m11=M11_rat ,  S_factor} , {v} ) [2 ,1 ] :
#  I t  has  601  terms and degree  5
nops(%);
degree(%%,m11);

601
5

# We can check  i ts  expansion: ,  i t  works!
series(RootOf(f inal_eq_m11,m11),z=0,5);
s impl i fy (ser ies(devJ11_z-%,z=0) ) :
subs(s=w,r=1/w^3,%);



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(4.1.1)(4.1.1)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(3.1.9)(3.1.9)

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

>  >  

(1.1.4)(1.1.4)

>  >  

Section 5: asymptotic checks

Section 5.1: Proof of Thm 1.1
#### PRELIMINARIES
#  F i r s t ,  w e  c h e c k  t h a t  t h e  m a i n  s i n g u l a r i t y  o f  t h e  c l a s s i c a l  s e r i e s  i s  a t  r h o : = 2 7 / 2 5 6
f a c t o r ( d i s c r i m ( e q 1 , z ) ) ;
#  Th is  po in ts  cor responds  to  z ( t )=1 /4  
fac tor (subs( t=27 /256 ,eq1) ) ;

# W e  s t a r t  b y  r e w r i t i n g  o u r  e q u a t i o n  f o r  h = H ( 1 ) = H ( t , 1 , s )  i n  t e r m s  o f  t h e  v a r i a b l e  d e l t a :  
de l ta^2=1-4*z ;
va lz_de l ta :=so lve (%,z ) ;
eqh_del tas:=factor(numer(subs(z=valz_del ta , f inal_eq_hzs)) ) ;



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

>  >  

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

(4.1.3)(4.1.3)

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(3.1.9)(3.1.9)

(1.2.2)(1.2.2)

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

#  F o r  f u r t h e r  u s e  i t  w i l l  b e  u s e f u l  t o  e x p r e s s  t h e  q u a n t i t y  1 - 2 5 6 / 2 7 t  ( c a l l e d  " i n c r e m e n t "  
b e l o w )  i n  t e r m s  o f  d e l t a :
i n c r e m e n t : = f a c t o r ( s o l v e ( e l i m i n a t e ( { 1 - 2 5 6 / 2 7 * t = d t , e q 1 ,  d e l t a ^ 2 = 1 - 4 * z } , { t , z } ) [ 2 , 1 ] , d t ) ) ;

#  . . .  a n d  t o  r e c o r d  t h e  e q u a t i o n  l i n k i n g  d e l t a  t o  t :
eq_de l ta :=e l im ina te ( {de l ta^2=1 -4 *z ,eq1} , z ) [ 2 ,1 ] ;

#### Recurrence formula
#  S i n c e  t h e  f u n c t i o n  H ( s = 1 + r )  i s  a l g e b r a i c ,  i t  i s  D - f i n i t e ,  i . e .  i t s  d e r i v a t i v e s  a t  s = 1  
s a t i s f y  a  l i n e a r  r e c u r r e n c e  r e l a t i o n
# which can be computed automatical ly by the (great)  package gfun
eqh_deltas:
subs(s=r+1,%):
g f u n [ a l g e q t o d i f f e q ] ( % , h ( r ) ) [ 1 ] :
#  h e r e  c ( k )  i s  1 / k !  t i m e s  t h e  k - t h  d e r i v a t i v e ,  i . e .  c ( k ) =  1 / k !  ( ( d / d s ) ^ k  h ) ( s = 1 )  e x p r e s s e d  i n
t h e  v a r i a b l e  d e l t a
m a p ( f a c t o r , g f u n [ d i f f e q t o r e c ] ( % , h ( r ) , c ( k ) ) [ 1 ] ) :

s u b s ( s e q ( c ( k - i ) = 1 / ( k - i ) ! * f ( k - i ) , i = 0 . . 6 ) , s u b s ( k = k - 6 , % ) ) :

#  We thus obta in  the  wanted recurrence to  compute  the der ivat i tes  f (k )  (denoted by LaTeX " f^{
( k ) } "  i n  t h e  p a p e r )
#  f (k )=RHS 
#  w i t h
RHS:=map( fac tor ,co l lec t (expand(so lve (%, f (k ) ) ) , f ) ) ;



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(4.1.5)(4.1.5)

(3.1.9)(3.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

(3.1.4)(3.1.4)

(4.1.6)(4.1.6)

(1.1.4)(1.1.4)

>  >  

>  >  

#  The funct ions h_d appear ing in  the RHS of  the recurrence formula are Laurent  polynomials  in
d e l t a . T h e i r  d e g r e e  i n  1 / \ d e l t a  a r e
s e q ( d e g r e e ( s u b s ( d e l t a = 1 / X , c o e f f ( R H S , f ( k - i ) , 1 ) ) , X ) , i = 1 . . 6 ) ;

#  T h i s  i m p l i e s  t h a t  t h e s e  c o e f f i c i e n t s  s a t i s f y  H y p o t h e s i s  ( i )  w i t h  b e t a = 3 / 4
b e t a : = 3 / 4 ;

#  T h e  c o n s t a n t s  a _ d ( k )  a r e  t h e n  o b t a i n e d  a s  t h e  l i m i t  o f  h _ d ( t , k )  ( 1 - 2 5 6 / 2 7  t ) ^ ( b e t a  d )  w h e n  
d e l t a - > 0
s e q ( f a c t o r ( l i m i t ( c o e f f ( R H S , f ( k - d ) , 1 ) * ( i n c r e m e n t ) ^ ( b e t a * d ) , d e l t a = 0 ) ) , d = 1 . . 6 ) ;

#  These  a re  the  va lues  g iven  in  the  paper .

##### We have obtained the recurrence formula,  we now check the in i t ia l  condi t ions.
#  W e  s t a r t  w i t h  t h e  f u n c t i o n  f ^ { ( 0 ) }  f o r  w h i c h  w e  h a v e  a n  e x p l i c i t  e q u a t i o n :
map( fac tor , [so lve ( fac tor (subs(s=1 ,eqh_de l tas ) ) ,h ) ] ) ;
#  We keep the only solut ion which has the correct  expansion:



>  >  

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

>  >  

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

(4.1.8)(4.1.8)

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

va l_ f0_de l ta :=64 / (de l ta^2+3)^3;
ser ies(subs(de l ta=RootOf (eq_del ta ,de l ta ) ,%) , t=0) ;

#  ( w h i l e  t h e  o t h e r  o n e  h a s  n o t ! )
ser ies (subs(de l ta=RootOf (eq_de l ta ,de l ta ) , -64* (de l ta^2+1)^2 / ( (de l ta -1 ) * (de l ta+1 ) * (de l ta^2+3)
^ 3 ) ) , t = 0 ) ;

#  We check the  s ingular  expansion of  f^{ (0 ) }
s e r i e s ( v a l _ f 0 _ d e l t a , d e l t a = 0 ) ;
#  The  f i rs t  s ingu lar  te rm is  a t  o rder  de l ta^2  which  cor responds  to  a lpha=1 /2
a l p h a : = 1 / 2 ;  
#  In  pass ing  we  get  the  va lue  o f  the  constant  c_0

l i m i t (  ( v a l _ f 0 _ d e l t a - 6 4 / 2 7 ) / i n c r e m e n t ^ a l p h a ,  d e l t a = 0 ) ;

va lc0 :=s impl i fy (%) ;

#  T h e  v a l u e  o f  l _ 0  i s
6 + m a x ( f l o o r ( a l p h a / b e t a ) ,  - 1 ) ;
#  so  we need to  compute  6  more  in i t ia l  condi t ions.



(4.1.10)(4.1.10)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

(4.1.12)(4.1.12)

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(4.1.11)(4.1.11)

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

>  >  

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

6
#  Now the  der iva t ives  a t  s=1  o f  h  can  be  obta ined  by  a  d i rec t  Tay lor  expans ion  o f  the  
a lgebraic  equat ion.  This equat ion appears to have three branches
algcurves[puiseux](RootOf(eqh_deltas,h) ,s=1,2):
#  which  we factor  n ice ly  term by  term:
branchs := [seq (map( fac to r ,%[ i ] ) , i =1 . . 3 ) ] ;

#  T o  c h o o s e  w h i c h  b r a n c h  i s  c o r r e c t ,  w e  l o o k  a t  t h e  c o e f f i c i e n t  o f  ( s - 1 ) ,  w h i c h  i s  o u r  
c a n d i d a t e  f o r  t h e  f u n c t i o n  f ^ { ( 1 ) } ,  
#  and we look  which  branch g ives  us  a  combinator ia l  (pos i t ive ! )  expansion in  t :
ser ies (subs(de l ta=RootOf (eq_de l ta ,de l ta ) ,coe f f (b ranchs[1 ] ,s -1 ,1 ) ) , t=0 ) ;
ser ies (subs(de l ta=RootOf (eq_de l ta ,de l ta ) ,coe f f (b ranchs[2 ] ,s -1 ,1 ) ) , t=0 ) ;
ser ies (subs(de l ta=RootOf (eq_de l ta ,de l ta ) ,coe f f (b ranchs[3 ] ,s -1 ,1 ) ) , t=0 ) ;
#  - >  s o  t h e  f i r s t  b r a n c h  i s  t h e  c o r r e c t  o n e !

#  Now that  we  know that  th is  branch is  the  cor rect  one ,  a  fur ther  Tay lor  expans ion  g ives  us  
as many derivat ives as we want:
map(factor ,a lgcurves[puiseux](RootOf(eqh_del tas,h) ,s=1,8) [3] ) :
#  H e r e  a r e  t h e  f i r s t  f e w  o n e s ,  t h e y  a r e  r a t i o n a l  f u n c t i o n s  o f  d e l t a :
s e q ( c o e f f ( % , ( s - 1 ) , i ) * i ! , i = 1 . . 3 ) ;

#  We  can  now d i rec t l y  ob ta in  the  va lues  o f  the  cons tan ts  c_1 , . . . , c_6  by  look ing  a t  the  
de l ta ->0  behav iour  o f  these  quant i t i es :

s e q ( l i m i t ( c o e f f ( % % , ( s - 1 ) , i ) * i ! * i n c r e m e n t ^ ( - a l p h a + b e t a * i ) , d e l t a = 0 ,  r i g h t ) , i = 1 . . 6 ) ;



(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

(4.1.12)(4.1.12)

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

#  H e r e  a r e  t h e  v a l u e s  o f  c _ 1 , . . . , c _ 6
va lc :=map(s impl i fy , [%] ) ;

#  At  th is  s tage  we have  ver i f ied  a l l  hypotheses  to  apply  Theorem 1 .8
#  We can be  lazy  and have Maple  so lve  the  recurrence re la t ion  for  us:
c ( k ) = ( 1 / 9 6 ) * s q r t ( 6 ) * ( 3 * k - 4 ) * ( 3 * k - 8 ) * c ( k - 2 ) :
r s o l v e ( % , c ( k ) ) :
so l rec :=subs (c (1 )=va lc [1 ] ,  c (0 )=  va lc0 ,%) ;

#  The  formula  is  in  fac t  the  same for  odd  and  even  k :
solrec assuming k::even:
solrec assuming k::odd:
simplify(%%/%);

#  A n d  w e  f i n a l l y  g e t  t h e  v a l u e  o f  c _ k  c l a i m e d  i n  t h e  p a p e r . . .
sol rec:=simpl i fy (solrec assuming k: :even) ;

#  . . .p rov ided  we  check  tha t  i t  g ives  the  cor rec t  va lues  ALSO for  k<=6 ,  wh ich  is  the  case :
s e q ( s i m p l i f y ( s o l r e c ) / v a l c [ k ] ,  k = 1 . . 6 ) ;



(4.1.15)(4.1.15)

>  >  

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

(4.1.12)(4.1.12)

>  >  

(2.2.1.4)(2.2.1.4)

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.14)(4.1.14)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

1

# Now applying Theorem 1.8  we f ind the l imi t ing quant i ty  for  the k- th  momment:
limit_kth_moment:=solrec/valc0*GAMMA(-alpha)/GAMMA(beta*k-alpha);

#  T h i s  i s  n o t  t h e  s a m e  v a l u e  a s  t h e  o n e  g i v e n  i n  T h e o r e m  1 . 1 ,  b u t  i t  i s  i n  f a c t  e q u a l  u p  t o  
applying the dupl icat ion formula for  the GAMMA funct ion.
#  Let  us  have Maple  check th is :

l imit_kth_moment_formulaGivenInTheorem:=(1/2)*sqrt(3)*((1/2)*2^(3/4))^k*GAMMA((1/4)*k+1/3)*
GAMMA((1/4)*k+2/3) / (sqrt(Pi)*GAMMA(1/2+(1/4)*k)) ;
simplify(limit_kth_moment/limit_kth_moment_formulaGivenInTheorem);

#  Th is  ends  the  proof  Thm 1 .1 ,  namely  Equat ion  (3 )  ! ! !
#  ( n o t e  t h a t  ( 2 )  f o l l o w s  f r o m  t h e  C a r l e m a n  c r i t e r i o n )



(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

(4.1.12)(4.1.12)

>  >  

(4.2.1)(4.2.1)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

>  >  

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(4.1.16)(4.1.16)

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

1
#  B y  c u r i o s i t y ,  n o t e  ( t h i s  r e m a r k  i s  n o t  i n c l u d e d  i n  t h e  p a p e r )  t h a t  t h e r e  i s  y e t  a n o t h e r  
expression for  the k- th moment:  as the rat io of  two GAMMA funct ions and not  three
#  ( b u t  i t  i s  l e s s  c o n v e n i e n t  t o  r e c o g n i z e  t h e  l i m i t  l a w )
limit_kth_moment_otherFormula:=GAMMA(3*k/4)/GAMMA(k/2)*2^(k/4-1)*3^(1-3*k/4);
simplify(limit_kth_moment/limit_kth_moment_otherFormula);

1

Proof of  Thm 1.2
#  W e  s t a r t  b y  r e w r i t i n g  t h e  e q u a t i o n  f o r  G ( 1 , 1 )  i n  t e r m s  o f  t h e  v a r i a b l e  d e l t a  i n s t e a d  o f  z :
eqg11_deltaw:=factor(numer(subs(z=valz_delta, f inaleq_g11))) ;



>  >  

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

(4.1.12)(4.1.12)

>  >  

(4.2.1)(4.2.1)

(2.2.1.4)(2.2.1.4)

>  >  

(4.2.2)(4.2.2)

(2.1.2)(2.1.2)

>  >  

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  

#### Recurrence formula
#  S i n c e  t h e  f u n c t i o n  G ( 1 , 1 ) _ ( w = 1 + r )  i s  a l g e b r a i c ,  i t  i s  D - f i n i t e ,  i . e .  i t s  d e r i v a t i v e s  a t  w = 1
s a t i s f y  a  l i n e a r  r e c u r r e n c e  r e l a t i o n
# which can be computed automatical ly by the (great)  package gfun
eqg11_deltaw:
factor(subs(w=r+1,%)) :
{ m a p ( f a c t o r , g f u n [ a l g e q t o d i f f e q ] ( % , g 1 1 ( r ) ) ) [ 1 ] ,  g 1 1 ( 0 ) = v a l f i r s t 0 } :
( g f u n [ d i f f e q t o r e c ] ( % , g 1 1 ( r ) , c ( k ) ) ) [ 1 ] :
s u b s ( s e q ( c ( k - i ) = 1 / ( k - i ) ! * f ( k - i ) , i = 0 . . 9 ) , s u b s ( k = k - 9 , % ) ) :
#  We thus obta in  the  wanted recurrence to  compute  the der ivat i tes  f (k )  (denoted by LaTeX " f^{
( k ) } "  i n  t h e  p a p e r )
#  f (k )=RHS 
#  w i t h
RHS:=map( fac tor ,co l lec t (expand(so lve (%, f (k ) ) ) , f ) ) ;



(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

(4.1.12)(4.1.12)

>  >  

(4.2.1)(4.2.1)

(2.2.1.4)(2.2.1.4)

>  >  

(4.2.2)(4.2.2)

(2.1.2)(2.1.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(4.1.4)(4.1.4)

(3.1.10)(3.1.10)

>  >  

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

(1.1.4)(1.1.4)

>  >  



(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

>  >  

(4.1.7)(4.1.7)

>  >  

(3.1.6)(3.1.6)

>  >  

(4.2.4)(4.2.4)

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

(4.2.3)(4.2.3)

(2.1.2)(2.1.2)

>  >  

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(1.1.4)(1.1.4)

>  >  

#  Th is  recurrence  has  order  9 .
#  The  funct ions  h_d appear ing  in  the  RHS of  the  recurrence  formula  are  ra t iona l  funct ions  of  
d e l t a . T h e  o r d e r  o f  t h e i r  p o l e s  i n  1 / \ d e l t a  a r e
seq (degree (     conver t (asympt (subs (de l ta=1 /X ,coe f f (RHS, f (k - i ) , 1 ) ) ,X ,4 ) ,po lynom) ,X ) , i =1 . . 9 ) ;

#  T h i s  i m p l i e s  t h a t  t h e s e  c o e f f i c i e n t s  s a t i s f y  H y p o t h e s i s  ( i )  w i t h  b e t a = 3 / 4
b e t a : = 3 / 4 ;

#  T h e  c o n s t a n t s  a _ d ( k )  a r e  t h e n  o b t a i n e d  a s  t h e  l i m i t  o f  h _ d ( t , k )  ( 1 - 2 5 6 / 2 7  t ) ^ ( b e t a  d )  w h e n  
d e l t a - > 0
s e q ( f a c t o r ( l i m i t ( c o e f f ( R H S , f ( k - d ) , 1 ) * ( i n c r e m e n t ) ^ ( b e t a * d ) , d e l t a = 0 ) ) , d = 1 . . 9 ) ;

#  In  pass ing ,  note  tha t  the  po le  a t  de l ta= -3  does  not  prov ide  any  new dominant  s ingu lar i ty .

##### We have obtained the recurrence formula,  we now check the in i t ia l  condi t ions.
#  We  s ta r t  w i th  the  func t ion  f^ { (0 ) }  fo r  wh ich  we  have  a l ready  done  the  job  in  the  p rev ious  
s e c t i o n  ( t h i s  i s  t h e  s a m e  f u n c t i o n )
map( fac tor , [so lve ( fac tor (subs(s=1 ,eqh_de l tas ) ) ,h ) ] ) ;
#  We keep the only solut ion which has the correct  expansion:
va l_ f0_de l ta :=64 / (de l ta^2+3)^3;
ser ies(subs(de l ta=RootOf (eq_del ta ,de l ta ) ,%) , t=0) ;

#  ( w h i l e  t h e  o t h e r  o n e  h a s  n o t ! )
ser ies (subs(de l ta=RootOf (eq_de l ta ,de l ta ) , -64* (de l ta^2+1)^2 / ( (de l ta -1 ) * (de l ta+1 ) * (de l ta^2+3)
^ 3 ) ) , t = 0 ) ;



(4.2.7)(4.2.7)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

>  >  

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

(4.2.6)(4.2.6)

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(1.1.4)(1.1.4)

>  >  

#  We check the  s ingular  expansion of  f^{ (0 ) }
s e r i e s ( v a l _ f 0 _ d e l t a , d e l t a = 0 ) ;
#  The  f i rs t  s ingu lar  te rm is  a t  o rder  de l ta^2  which  cor responds  to  a lpha=1 /2
a l p h a : = 1 / 2 ;  
#  In  pass ing  we  get  the  va lue  o f  the  constant  c_0

l i m i t (  ( v a l _ f 0 _ d e l t a - 6 4 / 2 7 ) / i n c r e m e n t ^ a l p h a ,  d e l t a = 0 ) ;

va lc0 :=s impl i fy (%) ;

#  T h e  v a l u e  o f  l _ 0  i s
9 + m a x ( f l o o r ( a l p h a / b e t a ) ,  - 1 ) ;
#  so  we need to  compute  9  more  in i t ia l  condi t ions.

9
#  Now the  der iva t ives  a t  w=1  can be  obta ined by  a  d i rect  Tay lor  expansion  of  the  a lgebra ic  
equat ion.  This equat ion appears to have three branches
(algcurves[puiseux](RootOf(eqg11_deltaw,g11),w=1,3)):
#  which  we factor  n ice ly  term by  term:



(4.2.10)(4.2.10)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

>  >  

(4.2.9)(4.2.9)

(1.1.4)(1.1.4)

>  >  

b ranchs := [seq (map( fac to r ,%[ i ] ) , i =1 . . 3 ) ] ;

#  To  choose  wh ich  b ranch  i s  cor rec t ,  we  look  a t  the  coe f f i c i en t  o f  (w -1 ) ,  wh ich  i s  our  
candidate  for  the  funct ion  f^{ (1 ) } ,  and  we look  which  branch g ives  us  a  combinator ia l  
( p o s i t i v e ! )  e x p a n s i o n  i n  t :
v a l f i r s t : = f a c t o r ( c o e f f ( b r a n c h s [ 2 ] , w - 1 , 1 ) ) ;
subs (de l ta=RootOf (eq_de l ta ,de l ta ) , va l f i r s t ) :
f a c t o r ( s i m p l i f y ( s e r i e s ( % , t = 0 , 5 ) ) ) ;

subs(w=1,di f f (devG11t ,w)) ;
#  - >  s o  t h e  t h i r d  b r a n c h  i s  t h e  c o r r e c t  o n e !

v a l f i r s t 0 : = f a c t o r ( c o e f f ( b r a n c h s [ 2 ] , w - 1 , 0 ) ) ;

#  Now that  we  know that  th is  branch is  the  cor rect  one ,  a  fur ther  Tay lor  expans ion  g ives  us  
as many derivat ives as we want:
map(factor,algcurves[puiseux](RootOf(eqg11_deltaw,g11),w=1,10)[2]):



(4.2.10)(4.2.10)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(4.2.11)(4.2.11)

>  >  

(1.1.4)(1.1.4)

>  >  

#  Quick check that  Maple  has not  changed the order  of  the branches. . .
c o e f f ( % , ( w - 1 ) , 1 ) / v a l f i r s t ;

#  As  be fo re  we  now d i rec t l y  ob ta in  the  va lues  o f  the  cons tan ts  c_1 , . . . , c_9  by  look ing  a t  the  
de l ta ->0  behav iour  o f  these  quant i t i es :

s e q ( l i m i t ( c o e f f ( % % , ( w - 1 ) , i ) * i ! * i n c r e m e n t ^ ( - a l p h a + b e t a * i ) , d e l t a = 0 ,  l e f t ) , i = 1 . . 9 ) ;

#  H e r e  a r e  t h e  v a l u e s  o f  c _ 1 , . . . , c _ 9  
va lc :=map(s impl i fy , [%] ) ;

1

# We can be  lazy  and have Maple  so lve  the  recurrence re la t ion  for  us:
c ( k ) = ( 1 / 8 6 4 ) * s q r t ( 6 ) * ( 3 * k - 4 ) * ( 3 * k - 8 ) * c ( k - 2 ) :
r s o l v e ( % , c ( k ) ) :
so l rec2 :=subs(c (1 )=va lc [1 ] ,  c (0 )=  va lc0 ,%) ;

#  The  formula  is  in  fac t  the  same for  odd  and  even  k :
solrec2 assuming k::even:
solrec2 assuming k::odd:
simplify(%%/%);

#  A n d  w e  f i n a l l y  g e t  t h e  v a l u e  o f  c _ k . . .  
so l rec2:=factor (s impl i fy (so l rec2  assuming k : :even) ) ;

#  . . .p rov ided  we  check  tha t  i t  g ives  the  cor rec t  va lues  ALSO for  k<=9 ,  wh ich  is  the  case :
s e q ( s i m p l i f y ( s o l r e c 2 ) / v a l c [ k ] ,  k = 1 . . 9 ) ;



(4.2.10)(4.2.10)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

(2.2.1.2)(2.2.1.2)

(4.2.12)(4.2.12)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(4.3.1)(4.3.1)

>  >  

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

(2.2.2.3)(2.2.2.3)

>  >  

(3.1.10)(3.1.10)

>  >  

>  >  

(4.2.11)(4.2.11)

>  >  

(1.1.4)(1.1.4)

>  >  

1

# We can compare  th is  va lue  wi th  the  one obta ined in  the  prev ious sect ion (upper  path) ,  and 
t h e  r a t i o  i n  i n d e e d  ( 1 / 3 ) ^ k .
s i m p l i f y ( s o l r e c 2 / s o l r e c ) ;

#  Th is  ends  the  proof  o f  Theorem 1 .2  !
3

Section 5.3: proof of Theorem 1.3

####  We  have  ob ta ined  an  exp l ic i t  a lgebra ic  equa t ion  (o f  degree  5 )  fo r  the  se r ies  o f  
i n t e r v a l s  w i t h  a  m a r k e d  j \ i n  [ n ]
#  w i t h  a  w e i g h t  w ^ ( \ t i l d e Q ( j ) - 3 \ t i l d e P ( j ))
f inal_eq_m11:
#  As  a lways  we  p re fe r  to  work  w i th  the  va r iab le  de l ta :  
de l ta^2=1-4*z ;
va lz_de l ta :=so lve (%,z ) :
eqm11_deltaw:=factor(numer(subs(z=valz_delta,f inal_eq_m11))):



(4.2.10)(4.2.10)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.3.3)(4.3.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

>  >  

>  >  

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(4.2.11)(4.2.11)

>  >  

(4.3.2)(4.3.2)

(1.1.4)(1.1.4)

>  >  

#  t o  o b t a i n  t h e  f i r s t  m o m e n t s  w e  o n l y  n e e d  t o  l o o k  a t  t h e  f i r s t  f e w  d e r i v a t e s  o f  G ( 1 , 1 )
algcurves[puiseux](RootOf(eqm11_deltaw, m11), w=1,3):
expan:=map((x->map(factor ,x) ) ,%)[1] ;

#  Let  us  check that  we have the  correct  branch:
e l i m i n a t e ( { f 0 = c o e f f ( e x p a n , w - 1 , 0 ) ,  e q _ d e l t a } , d e l t a ) [ 2 , 1 ] :
se r ies (RootOf (%, f0 ) , t=0 ,10 ) ;
e l i m i n a t e ( { f 1 = c o e f f ( e x p a n , w - 1 , 1 ) ,  e q _ d e l t a } , d e l t a ) [ 2 , 1 ] :
se r ies (RootOf (%, f1 ) , t=0 ,10 ) ;

#  N o w  l e t  u s  l o o k  a t  s i n g u l a r i t i e s
f f 0 : = c o e f f ( e x p a n , w - 1 , 0 ) :
s e r i e s ( % , d e l t a = 0 , 4 ) ;

f f 1 : = c o e f f ( e x p a n , w - 1 , 1 ) :
s e r i e s ( % , d e l t a = 0 , 4 ) ;

f f 2 : = c o e f f ( e x p a n , w - 1 , 2 ) :
s e r i e s ( % , d e l t a = 0 , 4 ) ;

#  C o n c l u s i o n :  t h e  s i n g u l a r i t y  o f  
#  f ^ ( 0 )  i s  i n  \ d e l t a ^ 2     ~  ( 1 - 4 t ) ^ ( 1 / 2 )
#  f ^ ( 1 )  i s  i n  \ d e l t a ^ 1     ~  ( 1 - 4 t ) ^ ( 1 / 4 )
#  f ^ ( 2 )  i s  i n  \ d e l t a ^ ( - 2 )  ~  ( 1 - 4 t ) ^ ( - 1 / 2 )



(4.2.10)(4.2.10)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

>  >  

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

>  >  

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

>  >  

(5.3)(5.3)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

(5.2)(5.2)

>  >  

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

(5.1)(5.1)

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(4.2.11)(4.2.11)

>  >  

(4.3.2)(4.3.2)

(1.1.4)(1.1.4)

>  >  

#  By  the  t ransfer  theorems th is  is  enough to  conc lude  that  
#    E ( \ t i l d e Q n ( J ) - 3 \ t i l d e P n ( J ) )  =  O ( n ^ ( 1 / 4 )
#  and (more  impor tant ly  for  us)
#    E  [ (\ t i l d e Q n ( J ) - 3 \ t i l d e P n ( J ) ) ^ 2 ]  =  O ( n )

#  By  the  Chebyshev  inequa l i ty  the  las t  equat ion  impl ies  the  c la im (6 ) ,  and  Theorem 1 .3  is  
proved.

Details for example 1.11: height a marked point on a Dyck path.

#  Let  E  be  the  ser ies  o f  Dyck  paths ,  then  the  ser ies  f  o f  Dyck  path  wi th  a  marked  absc issa  and  
we ight  t^s ize  s^he ight  a t  tha t  absc issa  is  g iven  by
E=1+t *E^2 ,  f=E^2 / (1 -s* t *E^2) ;
#  indeed  th is  fo l lows  f rom per forming  a  las t  passage  decomposi t ion  to  the  r ight  and  to  the  le f t
o f  t h e  p a t h .

#  E l im ina t ing  E  we  obta in  an  a lgebra ic  equat ion  fo r  f
eqDyck:=el iminate( {%} ,E) [2 ,1 ] ;

#  And us ing  g fun  we get  a  recurrence  re la t ion  on  coef f ic ients :
factor(subs(s=r+1,eqDyck)) :
g f u n [ a l g e q t o d i f f e q ] ( % , f ( r ) ) :
g f u n [ d i f f e q t o r e c ] ( % , f ( r ) , c ( k ) ) [ 1 ] :
s u b s ( s e q ( c ( k - i ) = 1 / ( k - i ) ! * f ( k - i ) , i = 0 . . 2 ) , s u b s ( k = k - 2 , % ) ) :
#  We thus obta in  the  wanted recurrence to  compute  the der ivat i tes  f (k )  (denoted by LaTeX " f^{
( k ) } "  i n  t h e  p a p e r )
#  f (k )=RHS 
#  w i t h
RHS:=map( fac tor ,co l lec t (expand(so lve (%, f (k ) ) ) , f ) ) ;



(4.2.10)(4.2.10)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

>  >  

(2.2.1.2)(2.2.1.2)

>  >  

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

(5.4)(5.4)

>  >  

(3.1.9)(3.1.9)

>  >  

(4.1.9)(4.1.9)

(5.3)(5.3)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

(5.5)(5.5)

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(4.2.11)(4.2.11)

>  >  

(4.3.2)(4.3.2)

(1.1.4)(1.1.4)

>  >  

#  Therefore we have Hypothesis  ( i )  wi th  L=2 and
b e t a : = 1 / 2 ;
#  and the  constants  a_d(k)  are  g iven by
a 2 : = l i m i t ( c o e f f ( R H S , f ( k - 2 ) , 1 ) * ( 1 - 4 * t ) , t = 1 / 4 ) ;
a 1 : = l i m i t ( c o e f f ( R H S , f ( k - 1 ) , 1 ) * s q r t ( 1 - 4 * t ) , t = 1 / 4 ) ;

#  So the  main  recurrence is
r e c _ c k : =  - c ( k )  +  a 2 * c ( k - 2 ) ;

#  We de termine  c0  and  c1  by  look ing  a t  the  expans ion .  I t  i s  s impler  to  choose  \sqr t (1 -4 t )=R  as  
v a r i a b l e
e l i m i n a t e ( { e q D y c k ,  1 - 4 * t = R ^ 2 } , t ) [ 2 , 1 ] ;
dev:=algcurves[puiseux](RootOf(%,f ) ,s=1,2) [2] ;
c o e f f ( d e v , s - 1 , 0 ) :
va lc0:= l imi t (%*R,R=0) ;
c o e f f ( d e v , s - 1 , 1 ) :
valc1:=l imit (%*R^2,R=0);

#  Note that  we have
a l p h a : = - 1 / 2 ;



(4.2.10)(4.2.10)

(4.1.15)(4.1.15)

(1.1.2)(1.1.2)

(2.2.2.5)(2.2.2.5)

(3.1.3)(3.1.3)

>  >  

(4.2.1)(4.2.1)

(4.2.2)(4.2.2)

>  >  

(2.2.1.2)(2.2.1.2)

(3.1.17)(3.1.17)

(2.2.1.1)(2.2.1.1)

(4.2.8)(4.2.8)

>  >  

(4.2.5)(4.2.5)

(4.1.4)(4.1.4)

(5.7)(5.7)

>  >  

(3.1.9)(3.1.9)

(4.1.9)(4.1.9)

(5.3)(5.3)

(1.2.2)(1.2.2)

(4.1.7)(4.1.7)

(3.1.6)(3.1.6)

>  >  

(5.5)(5.5)

>  >  

>  >  

(4.1.13)(4.1.13)

(3.1.4)(3.1.4)

>  >  

>  >  

(4.1.12)(4.1.12)

(2.2.1.4)(2.2.1.4)

>  >  

>  >  

(2.1.2)(2.1.2)

>  >  

(4.1.2)(4.1.2)

(3.1.13)(3.1.13)

>  >  

>  >  

>  >  

(3.1.15)(3.1.15)

>  >  

(2.2.2.3)(2.2.2.3)

(3.1.10)(3.1.10)

>  >  

>  >  

(4.2.11)(4.2.11)

>  >  

(4.3.2)(4.3.2)

(5.6)(5.6)

(1.1.4)(1.1.4)

>  >  

# Given c0 and c1 we can now solve the recurrence:
s o l r e c : = r s o l v e ( { r e c _ c k , c ( 0 ) = v a l c 0 ,  c ( 1 ) = v a l c 1 } ,  c ( k ) ) ;

#  And  f ina l l y  app ly  Theorem 1 .4  to  ge t  the  l im i t  o f  the  k - th  moment :
solrec/valc0*GAMMA(-alpha)/GAMMA(beta*k-alpha);
#  wh ich  is  the  same as  th is :
GAMMA(k/2+1);
simplify(%/%%);

#  Th is  i s  the  k - th  moment  o f  a  Ray le igh  law!  (o f  parameter  s igma =  1 /sqr t (2 ) )

1


