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The quest for causality in rewriting theory

An important insight coming from Huet and Lévy:

In order to track the causality structure relating different g-redexes,
one needs to consider rewriting paths modulo permutations of the form

(Az.(\y.z))MQ ’ (Ay.M)@Q

(Az.(A\y.x)) M N



lllustration

Consider the term rewriting system on the signature with two letters:
a binary letter m : 2 a constant letter e: 0
together with the unique rewrite rule
r : m(e,x) —— X

which we depict as follows:




lllustration

The term

@)

@, ()
& ©© @ ©

admits exactly two redexes

m(e, m(e,e)) < red m(m(e,e), m(e, e)) blue > m(m(e,e),e)

which are independent and can be computed in parallel.



lllustration

The term

@)

@ @
OFSONIOFa0

admits exactly two redexes

m(e, m(e,e)) < red m(m(e,e), m(e, e)) blue > m(m(e,e),e)

which are independent and can be computed in parallel.



lllustration

One obtains a local confluence or permutation diagram

m(m(e, e), m(e, e))

% m

m(e, m(e, e)) m(m(e,e),e)

)

m(e, e

expressing that the blue redex and the red redex are independent.



Independence and permutation

S

()
the two redexes are independent @
Q@ and can be computed in parallel
7 (I

\/h/




lllustration

At the same time, rewriting the redex

m(m(e, e), m(e, e)) red > m(e, m(e,e))

in the same term



lllustration

rewrites to the term

which admits the redex

green

m(e, m(e, e)) >

m(e, e)



lllustration

rewrites to the term

which admits the redex

green

m(e, m(e, e))

g

m(e, e)



lllustration

Here, the red redex creates the green redex

m(m(e,e), m(e, e))
red
m(e, m(e, e))
m(e, e)

because the green redex cannot be permuted before the red redex.



Creation

the computation of the first redex
(m) (m) creates the second redex




Composing redexes in term rewriting

(m)
(&) (m)
- \
() idea: introduce
a new composite rule!
®f @ /l\
()7 & © e ©

SNS— e 4




Composing redexes in term rewriting

The term

@)

(@) )
g © @ ©

admits one composite redex obtained by composing red and green.

m(m(e, e), m(e, e)) red > m(e, m(e,e)) e > m(e,e)




Composing redexes in term rewriting

The term

@)

@ @
)7 &

admits one composite redex obtained by composing red and green.

m(m(e, e), m(e, e)) red > m(e, m(e,e)) e > m(e,e)




The quest for causality in rewriting theory

In the A-calculus and term rewriting systems

A well-established tradition based on optimality and residual theory
> the notion of Lévy families in the A-calculus (Lévy 1980)

> their generalisation to any CRS (Asperti, Laneve 1995)

> aresidual theory based on the notion of trek (PAM, 2002)

More recently, in categorical graph rewriting

> the notion of tracelet emerging in the work by Nicolas Behr.

Our ambition in this work is to initiate a convergence between these lines
by revisiting/categorifying the work on tracelets using double categories.



Double categories

A convenient framework for term and graph rewriting



Double categories
Definition. A (weak) double category ID consists of
> a category IDj of objects,
> acategory ID; of horizontal maps,

>  a pair of source and target functors

Dy ¢—F—— D, —> 3 D,
> a horizontal composition functor
op ¢ D1 Xp, Dy > 1Dy
> a horizontal identity functor
idh : IDg > IDq

satisfying a number of associativity and neutrality properties.



The category D, of vertical maps

A morphism in the category D is represented as a vertical map

A

A/

which may be composed vertically with other vertical maps.



The category D, of horizontal maps

An object in the category 1Dy is represented as a horizontal map
B+ — A
A morphism in the category 1D is represented as a double cell

B¢l A

B,%A’
r

which may be composed vertically with other double cells.



The category D, of horizontal maps

We often find convenient to use the pictorial notation




The category 1D, of paths of length 2

Every double category ID comes with
a category D, = D Xp, D1 of horizontal paths of length 2

defined as the limit of the diagram of functors

/\

/\/\

in the category Cat of categories and functors.



The category 1D, of paths of length 2

A typical morphism of 1D, has the shape

S

C < B < A

C [3 bJ/ a \Lﬂ

hd < N2 o < N2 )Y
s/ o

which we also like to depict as

(8 peti()



The category D3 of paths of length 3

Every double category 1D comes with
a category D3 of horizontal paths of length 3

defined as the limit of the diagram of functors

D3

D '/I[J)/ \ID
N 1\5%? 1\5@@? \iDO

in the category Cat of categories and functors.



The category D3 of paths of length 3

A typical morphism of D5 has the shape

t S

D < C < B < A
D — ' — B — A’

which we also like to depict as




The category D, of paths of length 4

Every double category 1D comes with
a category D, of horizontal paths of length 4

defined as the limit of the diagram of functors

//\\
/\/\/\/\

in the category Cat of categories and functors.



The category D, of paths of length 4

A typical morphism of D, has the shape

Diﬁtb

t
E ¢— D < C +— B ¢<—
\Vr \Vr \Vr \vr
B — D" ¢ B <—

which we also like to depict as




Unbiased presentation of a double category

Every double category ID comes equipped with a family of functors

hn . Dn > Dl

called the horizontal composition functors, and satisfying a number of
associativity and neutrality properties.

This leads to an alternative (unbiased) definition of (weak) double category.

Note that the functors /1, and /i coincide with the functors ¢, and idh

h2=<>h . ]Dz%lDl
ho = idh  : Dy —> Dy



The double category DPO of double pushouts

The double category ID = DPO on an adhesive category G

> whose objects are objects A, B, C of the adhesive category G,
>  whose horizontal maps M = (5,s,t) are spansin G,

> whose vertical maps A4 : A — A’ are monos in G,

> whose double cells 6 : M = M’ are monos Ay : S — 5’
making the pushout diagram commute:

M
B < | A Bel 55 yvoa
T
/\Bl H@ L\A /\B[ PO A¢ PO Aa
1
B/< I A/ B/ é t, S/ / ; A/
S

M/



The double category LTRS of linear term rewriting

The double category ID = LTRS on a first-order signature

Z:HZn

_ . nelN
IS defined as follows:

> its objects are sequences of closed linear A-terms
tH: A1 @ ... ® ty: Ay
whose types are generated by the grammar
A B 1= o|A-—oB

extended with the rule for each letter a € ;, of the signature:

Constant F 4 0o - =0 =00



The double category LTRS of linear term rewriting

> its vertical maps

A®..®f
U A ® ... ® uy: Ay "% v1:B; ® ... ® vy: By

are sequences of linear A-terms

separating the context linearly
AlllAP = rl,,rq

and satisfying the series of expected equations

o1 = frlug, ..., upl vg = fqluqg, ..., upl



The double category LTRS of linear term rewriting

> whose double cell are of the form

he®...0t 7 UL B ... QU
1®..8 fq ®.8 f
~N- N ~
/ / P/ /
t1®...®tq > u1®...®uq
where the horizontal morphism
t1®...®tp >u1®...®up

is a pair of sequences of closed linear A-terms with same types.



Rewriting rules as covariant presheaves

Key idea : every rewriting rule seen as a horizontal map in ID
r : A—>B
induces a representable presheaf
A, : DDy —> Set
which associates to every horizontal map
u : A —— B
the set 1D (r,u) of double cells

r

A > B
fl H@ lg
A/ ” > B/

which implement the transformation u as an instance of the rule r.



lllustration

The rewrite rule
r : m(e,x) —— X

Implements the red redex using the double cell:

Ax.m(e,x) : 0 — 0 ruler > Axx:0 o0
u:o—oo + m(u(e),m(ee)) : o u:o—oo + m(u(e),m(ee)) : o
m(m(e, e), m(e,e)) : o > m(e,m(e,e)) : o

red



lllustration

The rewrite rule
r : m(e,x) —— X

implements the Dblue redex using the double cell:

Ax.m(e,x) : 0 — 0 ruler > Axx:0 o0
u:o—oo + m(m(ee),u(e)) : o u:o—oo + m(m(ee),u(e)) : o
m(m(e, e), m(e,e)) : o > m(m(e,e),e): 0

blue



lllustration

The rewrite rule
r : m(e,x) —— x
implements the green redex using the double cell:

ruler

Ax.m(e,x) : 0 — © > Ax.x:0 —oo0
u:o—oo + u(m(ee)) : o u:o0—oo0 F u(mlee) : o
|2 v
m(e, m(e,e)) : © > m(e,e): o



Goal: composing rules using convolution

when the two redexes
are applied independently

when the first redex
creates the second one




Category of elements of a presheaf

The Grothendieck construction



Elements of a covariant presheaf

Recall that an element

(a,x) € Elts(F)
of a covariant presheaf
F : C — Set

is defined as a pair
( acC , x€F@ )

consisting of
> an object a of the underlying category C,

> an element x of the set F(a).



Elements of a covariant presheaf

We find enlightening to draw such a pair
( acC , x€F@) ) € Elts(F)

in the following way

S ————

with the intuition that the element
x € F(a)
provides a witness of the covariant presheaf F at instance a € C.



Covariant action of a presheaf

By definition of a covariant presheaf
F : C — Set
every element
( aeC , x€F@ ) € Elts (F)
and morphism of the category C

y : oa—a

induces an element

(@eC , yx=Fp)x)eF@) ) € Els()



Covariant action of a presheaf

This means that every diagram

F
/
/
X //
/
/
// 7/
a > a’
can be completed into the diagram
F
/ AN
x o~ SN ra=Ep) ()
/ N
/ AN
/ N

/ 7/ S
a S a’




The category of elements

The category Elts (F) of elements of a covariant presheaf
F : C —> Set
is defined in the following way:

> its objects are the elements (a,x) of the covariant presheaf F
> its morphisms
(frx) + @x) — @, %)
are the pairs consisting of a morphism
f + a——7ad
of the category C and an element x € F(a) such that

fox = FHE) = «



The category of elements

The category of elements
Elts (F)

associated to a covariant presheaf
F : C —> Set

comes equipped with a projection functor
ng : Elts(F) — C
which transports every element
(a,x) € Elts (F)
to the object a € C of the underlying category C.

Fact. The functor nir defines a discrete opfibration.



Grothendieck opfibrations

Definition. A functor

p : E > C

is an opfibration when there exists an opcartesian morphism

A

g
o)

for every object R € p~1(A) and every morphism u : A — B.



Opcartesian morphisms

A morphism f:R— S in E isopcartesian above u: A — B in C
when the following property holds:

foreverymap ¢:R—T

w
“:::1

foreverymap v:B — C f
suchthat p(g) =vou

there exists
auniqguemap h:5—-T

lp
suchthat o f=g /NC
and p(h) =w. %’




The Grothendieck correspondence

The projection functor
ng : Elts(F) — C

is a discrete opfibration. Indeed, every diagram

X
] f
a

can be completed with the opcartesian morphism ( f, x) as follows:

/

> a

(f,x)€Elts (F)

> fox

T TtF

N — =R

feC

/

> a



The Grothendieck correspondence

Moreover, every natural transformation

induces a commutative diagram of discrete opfibrations:

Elts (6
Elts (F) — " Elts (C)

C




The Grothendieck correspondence

Fact. This induces a categorical equivalence between

> The category [C, Ens]| of covariant presheaves
EG : C — Set

and natural transformations between them.

> The slice category DiscOpFib/C of discrete opfibrations above C.

Moreover, there is an adjunction

Free

/\

Cat/C 1 DiscOpFib/C

v

Inclusion



The Day convolution product

A construction on monoidal categories



The Day convolution product

Given two covariant presheaves
FEG : C — Set

on a monoidal category C with tensor product
® : CxC— C

the Day convolution product of F and G is the covariant presheaf
G®F : C —> Set

defined by the coend formula

(b,a) e CxC
G®F = ¢ & f C(b®a,c) x G(b) X F(a)



The Day convolution product

Equivalently, the convolution product
G®F : C — Set

may be defined as the left Kan extension of the functor

CxC —F \ Getx Set — =% Set

along the tensor product functor:

CxC y Set X Set Xy Set




What does the coend formula mean?

An element of the coend

(b,a) e CxC
G®F (c) = f C(h ®a,c) x G(b) x F(a)

consists of a morphism

b®a > C
together with a pair of elements
y € G(b) x € F(a)

considered modulo an equivalence relation ~.



What does the coend formula mean?

As we did before, we find enlightening to draw the two elements
y € G(b) x € F(a)

in the following way:

D)
S —---— T



What does the coend formula mean?

Accordingly, we like to draw the triple

( bea—Lwc , xeF@ , yeGO) )

in the following way:



What does the coend formula mean?

Suppose given a pair of elements
x € F(a) y € G(b)
a pair of morphisms
a:a—-a B:b—10
and a morphism

y ra' b — ¢



What does the coend formula mean?

The situation may be depicted as follows:




What does the coend formula mean?

The diagram may be completed as follows:

G F
IS Y x .7
| o pad |
\ ~ % l
\ |
. b®a )
\ | /
By 7 ax
\\ ﬁ@a //
\\~ \l/ //

b’ @a’



What does the coend formula mean?

This equivalence relation ~ defined by the coend

(b,a) e CxC
G®F (c) = f C(b®a,c) x G(b) x F(a)

identifies every triple of the form

pea Y
( b®a —— bV'®ad" ——> ¢ , x€F@ , yeG(@®) )

with the corresponding triple

( b’®a’$c , a-xe€F@) , B-yeG®d) )



What does the coend formula mean?

Diagrammatically, the equivalence relation ~ identifies the two triples:

G F
y\\\ ///x
b®a
G F
poa
~ ﬁy \\ // x-X
Y ®d b ®@a’
)4



The Day convolution product

Theorem [Day 1970] The convolution product
GF —» GO&®F

on a monoidal category C with tensor product ® defines a functor

A

® : [C,Set] X[C,Set] —— [C, Set]
which equips the category of covariant presheaves
[C, Set]

with the structure of a monoidal closed category.

In particular, the convolution product is associative:

H®(G®F) = (H®G)®F



Construction of the free discrete opfibration

Step 0. We start from the functor

RGXT(

Elts (G) x Elts (F) Ly CcxC s C

whose objects in the source category are pairs

( xeF@ ., yeGw) )

may be depicted in the following way:



Construction of the free discrete opfibration

Step 1. We replace the functor by its free split opfibration

TC
Elts (G, F) ol e

where the source category Elts (G, F) has objects defined as triples

( bea—L3c , xeF@ , yeGp) )
which may be depicted in the following way:
G F
b®a



Construction of the free discrete opfibration

Step 1. We replace the functor by its free split opfibration

TC
Elts (G, F) ol e

whose morphisms in each fiber above ¢ € C are of the form:

G F
y\\ //x
b®a G F
e — By \b’®a’/ ax
b ®@a’




Construction of the free discrete opfibration

Step 2. Replace each fiber category of the opfibration

TC
Elts (G, F) ol e

by its set of connected components, using the equivalence relation:

G F
y\\ //x
b®a G F
‘B®0( ~ . \\ //a.x
N IB / /
& b ®a




A key observation

From this follows that there exists a cofinal functor

Elts (G) x Elts (F) S Elts (G F)

making the diagram commute:

Elts (G) x Elts (F) — 21« ylis (Go D)

®o (g X 1F) TG&®F

C

in the category Cat of categories and functors.



A key observation

The category Cat/C inherits a tensor product
® : Cat/CxCat/C —> Cat/C

from the monoidal structure of the category C.

The Day tensor product

A

® : DiscOpFib/C X DiscOpFib/C —— DiscOpFib/C

is the monoidal structure obtained by transporting ® along the adjunction

Free
Cat/C 1 DiscOpFib/C

~N_

Inclusion



Construction of the free discrete opfibration
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RGXT(
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may be depicted in the following way:



Construction of the free discrete opfibration

Step 1. We replace the functor by its free split opfibration

TC
Elts (G, F) ol e

where the source category Elts (G, F) has objects defined as triples
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G F
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Construction of the free discrete opfibration

Step 1. We replace the functor by its free split opfibration
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G F
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b®a G F
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N IB / /
& b ®a
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~N_

Inclusion



The convolution product on double categories

Extending the Day construction



The convolution product on double categories

Given two covariant presheaves
EG : 1Dy — Set
on a double category D with horizontal composition
op + Dy=D;xp,Dj — Dy
the convolution product of F and G is the covariant presheaf
G+*F : DDy —> Set

defined by the coend formula:

(s,7) €Dy
G*F =t f D1(s oy 1,t) X G(s) X E(r)



The convolution product

Equivalently, the convolution product
G*F : 1Dy —> Set
may be defined as the left Kan extension of the functor

proj GxF X
][)1 X]Do Dl —_— lDl X]Dl — Set X Set —_ Set

along the tensor product functor:

oi
Dl X]DO IDl % D1XD1 CxF > Set X Set 4 Set

x H b

D




What does the coend formula mean?
An element of the coend

(s,r)elDy
G+F(t) = f D1(s o, 7, £) X G(s) X F(r)

consists of a double cell of the form

together with a pair of elements
y € G(s) x € F(r)

considered modulo an equivalence relation noted ~.



What does the coend formula mean?

We find enlightening to draw the triple

( sohr:y>t , xe€Fr) , yeG(s) )

in the following way:

G F




What does the coend formula mean?

Suppose given a pair of elements
x € F(r) y € G(s)
a pair of double cells
a r =1 B:s=—¥¢

and a double cell



What does the coend formula mean?

The five components may be depicted as follows:
F

N\




What does the coend formula mean?

The equivalence relation ~ defined by the coend

(s,r) €Dy
G=F (t) — f ]Dl(S ont, t) X G(S) X F(T)

identifies every triple of the form




Key observation

Theorem [Behr, PAM, Zeilberger]

The convolution product
G,F —» G=»F
on a double category ID defines a functor
+ : DxD— D
which equips the category of covariant presheaves

D = [Dl, Set]

with the structure of an oplax monoidal closed category.



What oplax monoidal means...

The category of covariant presheaves

—_—

D = []Dlr Set]

comes equipped with a family of convolution products

—_—

% ]D><~-><]]5H]]5
where we use the notation
(Fp*---*xFp) = #, (Fpn,...,Fp)
for the n-ary product of n covariant presheaves
Fn,...,Fl : Dl — Set.



The ternary convolution product

Typically, the ternary convolution product
H+G+F : C ——> Set
of three covariant presheaves H, G, F is defined by the coend formula
H+G+F = u o [P35 D(r 6,50 1,u) x H(t) x G(s) x F(r)

where D3 is the category of horizontal paths of length 3.



The ternary convolution product

The elements of the ternary convolution product are quadruples

( tohsohr:5>u , x€F@r) , yeG() , zeG() )

which may be depicted in the following way:

H G F




The ternary convolution product

The elements of the convolution product

( tohsohr:5>u , x€Fr) , yeG@) , zeG() )

are identified modulo the equivalence relation:

H G F




What oplax monoidal means...

The convolution products are related by associativity maps such as

assoc assoc

Hs+ (G=*F) <

(H+G=F)

> (H+G) = F

which are not reversible in general, for the following reason:

H G

assoc assoc




What oplax monoidal means...

In a general double category ID, not every composite shape of the form

defining an element of the presheaf H = (G = F) at instance u: A — A’



What oplax monoidal means...

is equivalent modulo ~ in ID to a ternary shape of the form

H G F

defining an element of H = G = F at the same instance u: A — A’.



Cylindrical decomposition property

A sufficient condition to ensure strong associativity



Towards strong associativity

We want to find a sufficient condition on a double category
(][), }1n :I[)n ‘——9’1[)1 )

ensuring that the associativity maps of the convolution product

assoc assoc

H=x* (G=*F) < (H=*G=*F) > (H =+ G) = F

are reversible.



Towards strong associativity

In particular, this requires to show that every composite shape

defining an element of the presheaf H * (G = F) at instance u: A — A’



Towards strong associativity

is equivalent modulo ~ in ID to a ternary shape of the form

H G F

defining an element of H = G = F at the same instance u: A — A’.



Towards strong associativity

Suppose that every double cell of the form

factors in the following way:

©



Towards strong associativity

In that case, one can rewrite the original composite shape




Towards strong associativity

We then into the shape where the cell  has been factored:

G F




Towards strong associativity

then into the equivalent shape using the equivalence relation ~




Towards strong associativity

then into the equal shape by vertical composition:




Towards strong associativity

and finally in the ternary shape we were looking for:

H G F




The cylinder categories

Every double category 1D comes equipped with a family of categories

Cylp [n]

called cylinder categories and defined in the following way:
> the objects of Cyl[n] are the tuples
o = (Su,...,81,5,0:8,0"-0,81 = S)

defining a globular cell of the form

n S S S
Ap <8 A, 4 o Ay o Ag 2 Ay 1 Ay

idl : lid

Ap < Al




The cylinder categories

given globular cells
o = (Su,..-,81,5,0:8,0 051 = S)
T = (tn,...,tl,t,TitnOh“-Ohtl:>t)

the morphisms of Cyl, [#] of the form

(@n,p1,9) 2 0 > T
are tuples consisting of a map in ID;,
(On,---»01) + (Sn,...,81)=>(ty, ..., 1)
and of a double cell

Q : s=t



The cylinder categories

such that the double cell ¢ o o depicted below

n S S S
AnS%An—l A3%3A2%2A1%1A0

id o J/id
N Vg
An < S A()
an © a0
h Ny N

s
=
A
s

-




The cylinder categories

is equal to the double cell 7o (¢, ¢}, ... ¢, @1) depicted below
Sn 53 52 51
Ap S Ay - A3 <—— Ay < A1) <— Ay

an Pn  ay—1 as Y3 ap P2 m 1 ap

~ , ~ ~ N|2 g , g , ~

+ Bz <—t3— By <—th— By <t — By

id T \Lid
Y

By




The cylinder categories

Typically, a map of the cylinder category Cylp[2] of the form

“

cylinder

map
w




The cylinder categories

is defined as a tuple of double cells ¢, ¢1, ¢, of double cells of the form




The cylinder categories

satisfying the equation:

This justifies to see every Cylp[n] as a cylinder category of ID.



The cylindrical decomposition property

Key observation: each composition functor

hn . Dn > ]Dl

of the double category ID factors as

Dy, > Cylp [n] » Dy
Definition. A double category ID satisfies

the n-cylindrical decomposition property (12-CDP)

when the functor

Cylp [1] > Dy

is an opfibration (not necessarily discrete).



Main theorem

Theorem [Behr, PAM, Zeilberger in this FSCD]

Suppose that a double category 1D satisfies
the n-cylindrical decomposition property (n-CDP)

for all n € IN.

In that case, the convolution product defines a functor

+ : DxD— D
which equips the category of covariant presheaves
D := [Dq,Set]

with the structure of an strong monoidal closed category.



Main theorem

In particular, the associativity maps are reversible in that case:

assoc assoc

H s+ (G=*F) <

(H=*G=*F)

> (H=+*G) = F

assoc assoc

Reversibility comes from the cylindrical decomposition property of ID.



llllustrations
The theorem applies to the following situations:
> every bicategory ID = W satisfies n-CDP,
> every framed bicategory D = ‘W satisfies n-CDP for n > 1,
> the double category ID = DPO satisfies n-CDP for n > 1.
> the double category ID = LTRS of term rewriting satisfies n-CDP.

More generally, the theorem enables us to use the convolution product
for a number of categorical graph and term rewriting frameworks.



Categorifying rule algebras

Composing representable presheaves by convolution



Categorification of rule algebras

One main ingredient of rule algebras is the following equation

o(r) x 6(s) = Z O(ru8)

where
> M,(s) is the set of admissible matches of rule r into rule s

> rus denotes one possible way to get a composite rule from r and s.

Similarly, we want to find sufficient conditions on ID such that
Ar * As = Z Arys
HEM;(s)
where the sum is now set-theoretic union.



Multi-sums
Suppose that A and B are objects in a category C.

Definition. A multi-sum of A and B is a family of cospans

aj; bi
(A — Ui <— B )iel
such that for any cospan

Aty xS g

there exists a unique i € [ and a unique morphism

[f, 8] UiLX

such that
f=1fgloa; and g=I[fglob;.



Categorification of rule algebras

Theorem. Assume D is a small double category satisfying
> the vertical category Dy has multi-sums,
> the source and target functors S, T : Dy — 1D are opfibrations.

In that case, the convolution product of two representable presheaves is
isomorphic to the sum of representables

Ar, Aﬁ = Z A7’2<Ci>°h<bi>7’1
i€l
where the multi-sum of B and C is given by a family of cospans
bi C;
(B——= U <— C)ie

and where r(c;) denotes the S-pushforward of », along c;
and (b;)r; denotes the T-pushforward of r; along b;.



Sketch of the proof
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lllustration

From this, we obtain that the convolution product with itself

Ar*Ar . Dl H Set

of the representable presheaf
Ar . ][)1 H Set
is isomorphic to the sum of two representable presheaves

12

Ar*Ar Arl + Arz

associated to the rewrite rules r; and r,

ruler,

2

Axx:0—o0, Ayy:0 oo

Ax.m(e,x): 0 — o, Ay.m(e,y): 0 — o

ruler, Arx 6 —0 o

A

Ax.m(m(e,e),x) : © — ©

in the double category ID = LTRS.



lllustration

when the two redexes
are applied independently

when the first redex
creates the second one




Conclusion and future works

What we have done in the FSCD paper:

> a categorification of tracelets and rule algebras
> an axiomatic and unified framework for term and graph rewriting
> a convolution product G,F — G = F for double categories

> a cylindrical decomposition property for strong associativity

A few topics we like to think about:

> make sure the framework works for higher-order rewrite systems
>  categorify the more quantitative and stochastic aspects of tracelets

> improve our understanding of causality in rewriting systems



Thank you!
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Probability generating functions

Key idea: given a chemical reaction described as a transition
Kio = 11X > 0X

4

where

> 1€ IN denotes the number of particles X entering the transition
> o€ IN denotes the number of particles X exiting the transition
> Kk;, € R,p denotes the base rate of the transition

the dynamics may be encoded using a probability generating function

Phx) = Y palhx"

n>0

where p;(t) > 0 Is the probability at time ¢ that the system is in a state with
n particles.



Probability generating functions

Delbruck’s formulation of the evolution of the system

d
gp(t, x) = HP(; x)



The Heisenberg-Weyl algebra



