
HW4MPRI 1.24Randomized
algorithms &
andom
structures

Tue. Nov. 29, 2016 - Due on Tue. Dec. 6

A
You are asked to complete the exercise(s) marked with a [⋆] and to send me your solutions at:

nicolas.schabanel@cnrs.fr
using subject ”1.24-HW4” for your email and naming your file ”1-24-HW4-your_name.pdf”.

(or drop it in my mail box at the 4th floor of Sophie Germain) on Tue. Dec. 6.

■ Exercise 1 (Streaming algorithm for counting triangles). Wewant to estimate the num-
ber of triangles in a graph given as a stream of its edges. Let us consider the following algorithm
(we assume that the number of vertices and edges, n andm resp., are known).

Algorithm 1 Counting triangles

Pick an edge uv uniformly at random in the stream
Pick a vertexw ∈ [n]∖ {u, v} at uniformly at random
if edges uw and vw appear after edge uv in the stream then

outputm(n− 2)
else

output 0

▶Question1.1) ShowthatE[output] = #T whereT denotes the set of triangles in thegraph:
T = {{u, v, w} ⊂ [n] : uv, vw,wu ∈ edges(G)}.
▷ Hint.What is the probability that the algorithm outputsm(n− 2)?

Assume that we know a lower bound t on #T .

▶ Question 1.2) Design an one-pass (ε, δ)-estimator for counting the number of triangles in
the graph given as a stream usingO( 1

ε2
log 1

δ ·
mn
t ) bits of memory.

▷ Hint. Compute the variance for the output of the previous algorithm.

Note that it can be shown that there is no o(n2)-space algorithm that approximates multi-
plicatively the number of triangles in a graph unless some lower bound is known on the number
of triangles.

■ Exercise 2 (Occurences of small subgraphs inGn,p). [⋆]
LetH be a small fixed graph with v vertices and e edges. We call ρ(H) = e/v the density

ofH . We callH balanced if every subgraphH ′ ofH has ρ(H ′) ⩽ ρ(H). We callH strictly
balanced if every proper subgraphH ′ ofH has ρ(H ′) < ρ(H).

▶Question 2.1) Show that all cliques, cycles and trees are strictly balanced. Give an example
ofabalancedbutnot strictlybalancedconnectedgraph, andofanunbalancedconnectedgraph.

Wewill prove the following theorem:

Theorem 1 (Occurrences of subgraphs inGn,p). LetH be a balanced graphwithv vertices and
e edges. LetAn(H) be the event thatH is a subgraph ofGn,p then:

1

mailto:nicolas.schabanel@cnrs.fr


• if p ≪ n−v/e, then limn→∞ PrAn(H) = 0.

• if p ≫ n−v/e, then limn→∞ PrAn(H) = 1.

For this purpose, let us first develop a powerful tool to deal with correlations. LetXn be a
sequence of non-negative integer random variables such thatE[Xn] → ∞ as n → ∞.

▶Question 2.2) Show that ifVar[Xn] = o(E[Xn]
2), then limn→∞ Pr{Xn > 0} = 1.

▶Question 2.3) Show that ifVar[Xn] = o(E[Xn]
2) asn → ∞, then for all ε > 0,

Pr

{∣∣∣∣ Xn

E[Xn]
− 1

∣∣∣∣ < ε

}
= 1− o(1),

which we will state as «Xn ∼ E[Xn] almost surely ».

Consider a sequence of events A1,1, A1,2, . . . , A1,m1 , . . . , An,1, An,2, . . . , An,mn , . . .
and their indicator random variablesXn,i = 1An,i . LetXn = Xn,1 + · · ·+Xn,mn .

Fix somen. From now on, we will omitn in the indices. For indices i, j wewrite i ∼ j (atn)
if the eventsAi andAj (i.e.An,i andAn,j ) are not independent. In this setup, we define:

∆ =
∑
i∼j

Pr(Ai ∩Aj).

Let Cov[Y,Z] = E[Y Z] − E[Y ]E[Z] for any pair of random variables Y and Z . Note
thatCov[Y,Z] = 0 if Y andZ are independent.

▶Question 2.4) Show that: Cov[Xi, Xj ] ⩽ Pr(Ai ∩Aj)when i ∼ j and i ̸= j.

▶Question 2.5) Show that: Cov[Xi, Xi] ⩽ E[Xi] for all i.

▶Question 2.6) Show that: Var[X] ⩽ E[X] + ∆.
▷ Hint. Show thatVar[X] =

∑
i,j Cov[Xi, Xj ].

For the next three questions, we assume thatE[X] → ∞when n tends to∞.

▶ Question 2.7) Show that if ∆ = o(E[X]2), then limn→∞ Pr{X > 0} = 1 and
X ∼ E[X] a.s.

In many cases where there is more symmetry, the value of the following quantity∑
j:j∼i

Pr(Aj |Ai)

is independent of i and shall be denoted by∆∗.

▶ Question 2.8) Show that if ∆∗ =
∑

j:j∼i Pr(Aj |Ai) is independent of i, then one can
express∆ =

∑
i∼j Pr(Ai ∩Aj) as:

∆ = E[X] ·∆∗.

▶ Question 2.9) Conclude that if ∆∗ = o(E[X]), then limn→∞ Pr{X > 0} = 1 and
X ∼ E[X] a.s.

Let us now go back to ourmain concern and letH be a fixed balanced graphwith v vertices
and e edges. Recall thatAn(H) denotes the event thatH is a subgraph ofGn,p.

For any fixed subsetS ofv vertices ofGn,p, let us denote byAS the event that the subgraph
induced by S inGn,p containsH as a subgraph.
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▶Question 2.10) Show that: pe ⩽ PrAS ⩽ v! pe.

LetXS be the indicator random variable forAS . LetX =
∑

S:#S=v

XS .

▶ Question 2.11) Show that E[X] = Θ(nvpe) (as n → ∞). What does this imply on
limn→∞ Pr{X > 0}when p ≪ n−v/e?

Let us now assume that p ≫ n−v/e.

▶ Question 2.12) Show that for any subsets S and T with v vertices each and sharing i ver-
tices:

Pr{AT |AS} = O(pe−
i·e
v ).

▷Hint.Howmany edges at least share the subgraphs inducedbyT andbyS conditioned toAS?

▶Question 2.13) Show that∆∗ = o(E[X]).

▶Question 2.14) Prove the theorem.

▶ Question 2.15) In the case ofH = K4, the clique with 4 vertices, what is the threshold for
the phase transition? Explicit the asymptotic behavior ofX asαnβpγ for suitableα, β, γ > 0.

▶Question 2.16) Same question withH = Ck, the cycle with k vertices.
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