Polymorphic Functions with Set-Theoretic Types
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Abstract. This article is the first part of a two articles series about
a calculus with higher-order polymorphic functions, recursive types
with arrow and product type constructors and set-theoretic type
connectives (union, intersection, and negation). In this first part
we define and study the explicitly-typed version of the calculus in
which type instantiation is driven by explicit instantiation annota-
tions. In particular, we define an explicitly-typed A-calculus with
intersection types and an efficient evaluation model for it. In the
second part, presented in a companion paper, we define a local
type inference system that allows the programmer to omit explicit
instantiation annotations, and a type reconstruction system that al-
lows the programmer to omit explicit type annotations. The work
presented in the two articles provides the theoretical foundations
and technical machinery needed to design and implement higher-
order polymorphic functional languages for semi-structured data.

Categories and Subject Descriptors D.3.3 [Programming Lan-
guages]: Language Constructs and Features—Polymorphism

Keywords Types, polymorphism, XML, intersection types

1. Introduction

The extensible markup language XML is a current standard for-
mat for exchanging structured data. Many recent XML processing
languages, such as XDuce [14], CDuce [2], XQuery [3], Ocaml-
Duce [11], XHaskell [17], XACT [15], are statically-typed func-
tional languages. However, parametric polymorphism, an essential
feature of such languages, is still missing, or when present it is in
a limited form (no higher-order functions, no polymorphism for
XML types, and so on). Polymorphism for XML has repeatedly
been requested to and discussed in various working groups of stan-
dards (eg, RELAX NG [7]) and higher-order functions have been
recently proposed in the W3C draft for XQuery 3.0 [10]. Despite
all this interest, spurs, and motivations, a comprehensive polymor-
phic type system for XML was still missing for the simple reason
that, until recently, it was deemed unfeasible. A major stumbling
block to this research —ie, the definition of a subtyping relation
for regular tree types with type variables— has been recently lifted
by Castagna and Xu [6], who defined and studied a polymorphic
subtyping relation for a type system with recursive, product, and
arrow types and set-theoretic type connectives (union, intersection,
and negation).

In this work we present the next logical step of that research, that
is, the definition of a higher-order functional language that takes
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full advantage of the new capabilities of Castagna and Xu’s system.
In other words, we define and study a calculus with higher-order
polymorphic functions and recursive types with union, intersection,
and negation connectives. The approach is thus general and, as
such, goes well beyond the simple application to XML processing
languages. As a matter of facts, our motivating example developed
all along this paper does not involve XML, but looks like a rather
classic display of functional programming specimens:

map :: (a->f)->[ad->[5]
map £ 1 = case 1 of

I 0O ->1

| (x : xs) => (f x : map f xs)
even :: (Int->Bool) A ((a\Int)->(a\Int))
even x = case x of

| Int -> (x ‘mod‘ 2) ==

| _ > x

The first function is the classic map function defined in Haskell (we
just used Greek letters to denote type variables). The second would
be an Haskell function were it not for two oddities: its type contains
type connectives (type intersection “A” and type difference “\”);
and the pattern in the case expression is a type, meaning that it
matches all values returned by the matched expression that have
that type. So what does the even function do? It checks whether
its argument is an integer; if it is so it returns whether the integer
is even or not, otherwise it returns its argument as it received it
(although the definition ofeven may be considered weird, itis a
perfect minimal example to illustrate all the aspects of our system).

The goal of this work is to define a calculus and a type system
that can pass three tests. The first test is that it can define the two
functions above. The second, harder, test is that the type system
must be able to verify that these functions have the types declared
in their signatures. That map has the declared type will come as no
surprise (in practice, in the second part of this work we show that
in the absence of a signature given by the programmer the system
can reconstruct a type slightly more precise than this [5]). That
even was given an intersection type means that it must have all the
types that form the intersection. So it must be a function that when
applied to an integer it returns a Boolean and that when applied to
an argument of a type that does not contain any integer, it returns
a result of the same type. In other terms, even is a polymorphic
(dynamically bounded) overloaded function.

The third test, the hardest one, is that the type system must be
able to infer the type of the partial application of map to even, and
the inferred type must be equivalent to the following one'

([Int] -> [Booll) A

(La\Int] -> [a\Int]) A (1)
([aVInt] -> [(a\Int)VBool])

map even ::

! This type is redundant since the first type of the intersection is an instance
(eg, for a=1Int) of the third. We included it for the sake of the presentation.



since map even returns a function that when applied to a list of
integers it returns a list of Booleans; when applied to a list that
does not contain any integer then it returns a list of the same type
(actually, the same list); and when it is applied to a list that may
contain some integers (eg, a list of reals), then it returns a list of the
same type, without the integers but with some Booleans instead (in
the case of reals, a list with Booleans and reals that are not integers).

Technically speaking, the definition of such a calculus and its
type system is difficult for two distinct reasons. First, for the reasons
we explain in the next section, it demands to define an explicitly
typed A-calculus with intersection types, a task that, despite many
attempts in the last 20 years, still lacked a satisfactory definition.
Second, even if working with an explicitly typed setting may seem
simpler, the system needs to solve “local type inference’™, namely,
the problem of checking whether the types of a function and of
its argument can be made compatible and, if so, of inferring the
type of their result as we did for (1). The difficulty, once more,
mainly resides in the presence of the intersection types: a term can
be given different types either by subsumption (the term is coerced
into a super-type of its type) or by instantiation (the term is used as
a particular instance of its polymorphic type) and it is typed by
the intersection of all these types. Therefore, in this setting, the
problem is not just to find a substitution that unifies the domain
type of the function with the type of its argument but, rather, a set
of substitutions that produce instances whose intersections are in
the right subtyping relation: our map even example should already
have given a rough idea of how difficult this is.

The presentation of our work is split in two parts, accordingly:
in the first part (this paper) we show how to solve the problem of
defining an explicitly-typed A-calculus with intersection types and
how to efficiently evaluate it; in the second part (the companion
paper [5]) we will show how to solve the problem of “local type
inference” for a calculus with intersection types. In the next section
we outline the various problems we met (focusing on those that
concern the part of the work presented in this paper) and how they
were solved.

2. Problems and overview of the solution

The driver of this work is the definition of an XML processing
functional language with high-order polymorphic functions, that is,
in particular, a polymorphic version of the language CDuce [2].
CDuce in a nutshell. The essence of CDuce is a A-calculus with
pairs, explicitly-typed recursive functions, and a type-case expres-
sion. Types can be recursively defined and include the arrow and
product type constructors and the intersection, union, and negation
type connectives. In summary, they are the regular trees coinduc-
tively generated by the following productions:
tu=blt—ot|txt|tAt|tVE|-t]|0]1 (2)
where b ranges over basic types (eg, Int, Bool) and O and 1
respectively denote the empty (that types no value) and top (that
types all values) types. We use possibly indexed meta-variables
s and t to range over types. Coinduction accounts for recursive
types. We use the standard convention that infix connectives have a
priority higher than constructors and lower than prefix connectives.
From a strictly practical viewpoint, recursive types, products,
and type connectives are used to encode regular tree types, which
subsume existing XML schema/types while, for what concerns ex-
pressions, the type-case is an abstraction of CDuce pattern match-

2There are different definitions for local type inference. Here we use it
with the meaning of finding the type of an expression in which not all
type annotations are specified. This is the acceptation used in Scala where
type parameters for polymorphic methods can be omitted. In our specific
problem, we will omit —and, thus, infer— the annotations that specify how
function and argument types can be made compatible.

ing (this uses regular expression patterns on types to define pow-
erful and highly optimized capture primitives for XML data). We
initially focus on the functional core and disregard products and re-
cursive functions since the results presented here can be easily ex-
tended to them (we show it in the Appendix), though we will freely
use them for our examples. So we initially consider the following
“CoreCDuce” terms:

en=cl|z|ee| \Ni€i T ige|ectre: e 3)
where c ranges over constants (eg, true, false, 1, 2, ...) which
are values of basic types (we use b. to denote the basic type of
the constant c); x ranges over expression variables; e€t ?e; : ez
denotes the type-case expression that evaluates either e; or es
according to whether the value returned by e (if any) is of type ¢
or not; A\\i€I%i 7t g e ig a value of type Nicrsi — t; that denotes
the function of parameter x and body e.

In this work we show how to define the polymorphic extension
of this calculus, which can then be easily extended to a full-fledged
polymorphic functional language for processing XML documents.
But before let us explain the two specificities of the terms in
(3), namely, why a type-case expression is included and why we
explicitly annotate whole A-abstractions (with an intersection of
arrow types) rather than just their parameters.

The reason of inclusion of a type-case is twofold. First, a nat-
ural application of intersection types is to type overloaded func-
tions, and without a type-case only “coherent overloading” a la
Forsythe [21] can be defined (which, for example, precludes in
our setting the definition of a —non diverging— function of type,
say, (Int—Bool) A (Bool—Int)). The second motivation derives
from the way arrow types are interpreted in [6, 12]. In particular,
for any types s1, s2, t1, t2 the following containment is, in general,
strict:

S1V Sy —t1 At <

< (81 —t1) A (s2 — t2) “4)
so there is a function in the type on the right that is not in the
type of the left. Notice that from a typing viewpoint the functions
on the left do not distinguish inputs of s; and sz types, while
the ones on the right do. So the interpretation of types naturally
induces the definition of functions that can distinguish inputs of
two different types s1 and s2 whatever s; and sz are. Actually this
second motivation is just a different facet of the full-fledged vs.
only “coherent” overloading motivation, since the functions that are
in the difference of the two types in (4) are also those that make
the difference between coherent and non coherent overloading.
Both arguments, thus, advocate for “real” overloaded functions, that
execute different code according to the type of their input, whence
the need of type-case. Therefore our terms include a type-case.

The need of explicitly typed functions is a direct consequence
of the introduction of the type-case, because without explicit typing
we can run into paradoxes such as the following recursively defined
(constant) function

ufdx.fe(l — Int) ?true: 42 5)

This function has type 1—Int if and only if it does not have type
1—Int. In order to decide whether the function above is well-
typed or not, we must explicitly give a type to it. For instance,
the function in (5) is well-typed if it is explicitly assigned the type
1 — IntVBool. This shows both that functions must be explicitly
typed and that specifying not only the type of parameters but also
the type of the result is strictly more expressive, as more terms can
be typed. As a matter of fact, if we provide just the type of the
parameter = (not used in the body), then there is no type (apart
from the useless O type) that makes (5) typeable.

In summary, we need to define an explicitly typed language with
intersection types. This is a difficult problem for which no full-
fledged solution existed, yet: there exist only few intersection type
systems with explicitly typed terms, and none of them is completely



satisfactory (see Section 7 on related work). To give an idea of
why this is difficult, imagine we adopt for functions a Church-style
notation as Az’.e and consider the following “switch” function

Azt (z€Int ? true : 42) 6)

that when applied to an Int returns true and returns 42 oth-
erwise. Intuitively, we want to assign to this function the type
(Int—Bool) A (—Int—Int), the type of a function that when
applied to an Int, returns a Bool, and when applied to a value
which is not an Int, returns an Int. For the sake of presentation,
let us say that we are happy to deduce for the function above the
less precise type (Int—Bool) A (Bool—Int) (which is a super-
type of the former since if a function maps anything that is not an
Int into an Int—it has type -Int—Int—, then in particular it
maps Booleans to integers —ie, it has also type Bool—Int). The
problem is to determine which type we should use for ¢ in equa-
tion (6). If we use, say, IntVBool, then under the hypothesis that
z : IntVBool the type deduced for the body of the function is
IntVBool. So the best type we can give to the function in (6) is
IntVBool — IntVBool which is far less precise than the sought
intersection type, insofar as it does not make any distinction be-
tween arguments of type Int and those of type Bool.

The solution, which was introduced by CDuce, is to explicitly
type —by an intersection type— whole A-abstractions instead of
just their parameters:

A(Int%Bool)/\(Bool%Int)m ) (mGInt ? true : 42)

In doing so we also explicitly define the result type of functions
which, as we have just seen, increases the expressiveness of the
calculus. Thus the general form of A-abstractions is, as stated by
the grammar in (3), A" €75 %y ¢ Such a term is well typed if for
all ¢ € I from the hypothesis that = has type s; it is possible to
deduce that e has type ¢;. Unfortunately, with polymorphic types,
this simple solution introduced by CDuce no longer suffices.

Polymorphic extension. The novelty of this work is to allow type
variables (ranged over by lower-case Greek letters: «, 3, ...) to oc-
cur in the types in (2) and, thus, in the types labeling A-abstractions
in (3). It becomes thus possible to define the polymorphic identity
function as A* 7 *x.z, while classic “auto-application” term can be
written as A((®7A =84 20 The intended meaning of using a
type variable, such as «, is that a (well-typed) A-abstraction not
only has the type specified in its label (and by subsumption all its
super-types) but also all the types obtained by instantiating the type
variables occurring in the label. So A*7“z.x has not only type
a—a but also, for example, by subsumption the types 0—1 (the
type of all functions, which is a super-type of a—a) and —Int
(since every well-typed A-abstraction is not an integer, then —Int
contains —ie, is a super-type of— all function types), and by in-
stantiation the types Int—Int, Bool—Bool, etc.

The use of instantiation in combination with intersection types
has nasty consequences, for if a term has two distinct types,
then it has also their intersection type (eg, A~ “z.z has type
(Int—Int) A (Bool—Bool) A —Int). In the monomorphic case
a term can have distinct types only by subsumption and, thus, inter-
section types are transparently assigned to terms via subsumption.
But in the polymorphic case this is no longer possible: a term can
be typed by the intersection of two distinct instances of its polymor-
phic type which, in general, are not in any subtyping relation with
the latter: for instance, a—« is neither a subtype of Int—Int nor
vice versa, since the subtyping relation must hold for all possible
instantiations of « and there are infinitely many instances of a—«
that are neither a subtype nor a super-type of Int—Int.

Explicit instantiation. Concretely, if we want to apply the poly-
morphic identity A* 7 *z.z to, say, 42, then the particular instance
obtained by the type-substitution {Int/,} (denoting the replace-
ment of every occurrence of o by Int) must be used, that is

(ATt )42, We have thus to relabel the type decorations of

A-abstractions before applying them. In implicitly typed languages,
such as ML, the relabeling is meaningless (no type decoration is
used in terms) while in their explicitly-typed counterparts relabel-
ing can be seen as a logically meaningful but computationally use-
less operation, insofar as execution takes place on type erasures (ie,
the terms obtained by erasing all type decorations). In the presence
of type-case expressions, however, relabeling is necessary since the
label of a A-abstraction determines its type: testing whether an ex-
pression has type, say, Int—Int should succeed for the application
of A7 7Y A\ 7%y, to 42 and fail for its application to true.
In practice, we have that

(AT N\ T %y 2)42€Int—Int 70 : 1

must reduce to .42cInt—Int?70:1 and thus to O,
d A= Ity 40cT Int?70:1 and th 0
while

(AT T Yy ) true€Int—Int 70 : 1

must reduce to A1 7Ly true€Int—Int 70 : 1 and thus to
1. This means that, in Reynolds’ terminology, our terms have an
intrinsic meaning [22], that is to say, the semantics of a term
depends on its typing.

If we need to relabel some function, then it may be necessary
to relabel also its body as witnessed by the following “dafty” —
though well-typed— definition of the identity function:

A7 (AT Y2 ) (7
If we want to apply this function to, say, 3, then we have first to
relabel it by applying the substitution {Int/,}. However, applying
the relabeling only to the outer “\” does not suffice since the
application of (7) to 3 reduces to (A*~“y.3)3 which is not well-
typed (it is not possible to deduce the type a—a for A*7%y.3,
which is the constant function that always returns 3) although it is
the reductum of a well-typed application.’

The solution is to apply the relabeling also to the body of the
function. Here what “to relabel the body” means is straightforward:
apply the same type-substitution {Int/,} to the body. This yields a
reductum (A™* 7%y 3)3 which is well typed. In general, however,
the way to perform a relabeling of the body of a function is not so
straightforward and clearly defined, since two different problems
may arise: (i) it may be necessary to apply more than a single
type-substitution and (77) the relabeling of the body may depend
on the dynamic type of the actual argument of the function (both
problems are better known as —or are instances of— the problem
of determining expansions for intersection type systems [8]). Next,
we discuss each problem in detail.

Multiple substitutions. First of all, notice that we may need to re-
label/instantiate functions not only when they are applied but also
when they are used as arguments. For instance, consider a func-
tion that expects arguments of type Int—Int. It is clear that we
can apply it to the identity function A~ “z.x, since the iden-
tity function has type Int—Int (feed it by an integer and it will
return an integer). Before, though, we have to relabel the latter
by the substitution {Int/,} yielding A™* 7™ z.2. As the identity
A7 %z.x has type Int—Int, so it has type Bool—Bool and,
therefore, the intersection of the two: (Int—Int)A(Bool—Bool).
So we can apply a function that expects an argument of this inter-
section type to our identity function. The problem is now how to
relabel A*7“z.x. Intuitively, we have to apply two distinct type-
substitutions {Int/, } and {Bool/,} to the label of the A-abstraction

3 By convention a type variable is introduced by the outermost X in which
it occurs and this A\ implicitly binds all inner occurrences of the variable.
For instance, all the o’s in the term (7) are the same while in a term
such as (A7 %z.z)(A* 7 *z.z) the variables in the function are distinct
from those in its argument and, thus, can be a-converted separately, as
WY 2.z) (A0 ).



and replace it by the intersection of the two instances. This cor-
responds to relabel the polymorphic identity from A* 7 ®z.z into
NIzt Int)A(Bool=Bool) . 0. " This is the solution adopted by this
work, where we manipulate sets of type-substitutions —delimited
by square brackets. The application of such a set (eg, in the previous
example [{Int/,}, {Bool/,}]) to a type ¢ returns the intersection of
all types obtained by applying each substitution in the set to ¢ (eg,
in the example ¢{Int/,} A ¢t{Bool/,}). Thus the first problem has
an easy solution.

Relabeling of function bodies. The second problem is much harder
and concerns the relabeling of the body of a function. While the
naive solution consisting of propagating the application of type-
substitutions to the bodies of functions works for single type-
substitutions, in general, it fails for sets of type-substitutions. This
can be seen by considering the relabeling via the set of type-
substitutions [{Int/,}, {Bool/,}] of the daffy function in (7). If
we apply the naive solution, this yields

()\(Intﬁlnt)/\(BoolHBool)J:' ()\(Intﬁlnt)/\(BoolﬂBool) ’yl’)l‘) (8)

which is not well typed. That this term is not well typed is clear
if we try applying it to, say, 3: the application of a function of
type (Int—Int) A (Bool—Bool) to an Int should have type Int,
but here it reduces to (ATt~ In¢)A(Beel=Beol)y, 3)3 and there is no
way to deduce the intersection type (Int—Int) A (Bool—Bool)
for the constant function \y.3. But we can also directly verify
that it is not well typed, by trying typing the function in (8).
This corresponds to prove that under the hypothesis x : Int the
term (ARt Int)A(Bool—Bool)y, 4y hag type Int, and that under
the hypothesis = : Bool this same term has type Bool. Both
checks fail because, in both cases, A1t/ (Bool=Bool), . g 7).
typed (it neither has type Int—Int when z:Bool, nor has it type
Bool—Bool when z:Int). This example shows that in order to
ensure that relabeling yields well-typed terms, the relabeling of the
body must change according to the type of the value the parameter
x is bound to. More precisely, (A7 “y.z) should be relabeled as
APeInty, 2 when x is of type Int, and as AP B°°Ly 2 when z is
of type Bool. An example of this same problem less artificial than
our daffy function is given by the classic apply function Af.Az. fz
which, with our polymorphic type annotations, is written as:

A(a—>ﬁ)—>a—>ﬁf.)\a—>ﬁm.fx )

The apply function in (9) has type (Int—Int)—Int—Int,
obtained by instantiating its type annotation by the substitution
{Int/,, Int/g}, as well as type (Bool—Bool)—Bool—Bool, ob-
tained by the substitution {Bool/, Bool/g}. If we want to feed this
function to another function that expects arguments whose type is
the intersections of these two types, then we have to relabel it by us-
ing the set of type-substitutions [{Int/,, Int/g}, {Bool/, Bool/g}].
But, once more, it is easy to verify that the naive solution that con-
sists in propagating the application of the set of type-substitutions
down to the body of the function yields an ill-typed expression.

This second problem is the showstopper for the definition of
an explicitly typed A-calculus with intersection types. Most of the
solutions found in the literature [4, 16, 23, 26] rely on the dupli-
cation of lambda terms and/or typing derivations, while other cal-
culi such as [27] that aim at avoiding such duplication obtain it by
adding new expressions and new syntax for types (see related work
in Section 7); but none of them is able to produce an explicitly-
typed A-calculus with intersection types, as we do, by just adding
annotations to A-abstractions.

Our solution. Here we introduce a new technique that consists in
performing a “lazy” relabeling of the bodies. This is obtained by
decorating A-abstractions by (sets of) type-substitutions. For exam-
ple, in order to pass our daffy identity function (7) to a function that
expects arguments of type (Int—Int) A (Bool—Bool), we first

“lazily” relabel it as follows:

(A[fmay, o1y 2. (AY 7 Y y.z) ). (10)
The new annotation in the outer “\” indicates that the function must
be relabeled and, therefore, that we are using the particular instance
whose type is the one in the interface (ie, a—«) to which we apply
the set of type-substitutions. The relabeling will be actually prop-
agated to the body of the function at the moment of the reduction,
only if and when the function is applied (relabeling is thus lazy).
However, the new annotation is statically used by the type system to
check soundness. Notice that, unlike existing solutions, we preserve
the structure of A-terms (at the expenses of some extra annotation
that is propagated during the reduction) which is of the uttermost
importance in a language-oriented study.

In this paper we focus on the study of the calculus with these
“lazy” type-substitutions annotations. We temporarily avoid the
problem of local type inference by defining a calculus with explicit
sets of type substitutions: expressions will be explicitly annotated
with appropriate sets of type-substitutions.

Polymorphic CDuce. From a practical point of view, however,
it is important to stress that, at the end, these annotations will
be invisible to the programmer and, as we show in the second
part presented in the companion paper [5], all the necessary type-
substitutions will be inferred statically. In practice, the programmer
will program in the language defined by grammar (3), but where
the types that annotate \’s may contain type variables, that is, the
polymorphic version of CDuce. The problem of inferring explicit
sets of type-substitutions to annotate the polymorphic version of
the expressions in (3) is the topic of the second part of this work
presented in the companion paper [5]. For the time being, simply
notice that the language defined by (3) and extended with type
variables passes our first test inasmuch as the even function can
be defined as follows (where s\t is syntactic sugar for sA—t):

A(ImeBoo)AfeAInt = oInt) 3. e Tng ? (zmod 2) =0: 2 (11)

while —with the products and recursive functions described in the
Appendix— map is defined as (see also discussion in Appendix E)
(a—pB)—=[al—1[8]

A= penil 7nil : (f(mil), mf(m2f))

12)
where the type nil tested in the type-case denotes the singleton
type that contains just the constant nil, and [a] denotes the regu-
lar type that is the (least) solution of X = (o, X') V nil.

When fed by any expression of this language, the type infer-
ence system defined in the companion paper [5] will infer sets of
type-substitutions and insert them into the expression to make it
well typed (if possible, of course). For example, for the application
(of the terms defining) map to even, the inference system of the
companion paper [5] infers the following set of type-substitutions
[{(a\Int)/w (a\Int)/6}7 {aVInt/, (a\Int)VBool/B}] and textu-
ally inserts it between the two terms (so that the type-substitutions
apply to the type variables of map) yielding the typing in (1). Fi-
nally, as we explain in Section 5.3 later on, the compiler will com-
pile the expression into an expression of an intermediate language
that can be evaluated as efficiently as the monomorphic calculus.

wm

Outline. The rest of the presentation proceeds as follows. In
Section 3 we define and study our calculus with explicit type-
substitutions: we define its syntax, its operational semantics, and
its type system; we prove that the type system is sound and sub-
sumes classic intersection type systems. In Section 4 we define
an algorithm for type inference and prove that it is sound, com-
plete, and terminating. In Section 5 we show that the addition of
type-substitutions has in practice no impact on the efficiency of the
evaluation since the calculus can be compiled into an intermedi-
ate language that executes as efficiently as monomorphic CDuce.



Section 7 presents related work and in Section 8 we conclude our
presentation.

In the rest of the presentation we will focus on the intuition and
try to avoid as many technical details as possible. We dot the i’s
and cross the t’s in the Appendix, where all formal definitions and
complete proofs of properties can be found (n.b.: references in the
text starting by capital letters —eg, Definition A.7— refer to this
appendix). All these as well as other details can also be found in the
third author’s PhD thesis manuscript [28].

Contributions. The overall contribution of our work is the def-
inition of a statically-typed core language with () polymorphic
higher-order functions for a type system with recursive types and
union, intersection, and negation type connectives, (i7) an efficient
evaluation model, (#4¢) local type inference for application, and
(7v) a limited form of type reconstruction.

The main contribution of this first part of the work is the defini-
tion of an explicitly-typed A-calculus (actually, a family of calculi)
with intersection (and union and negation) types and of its efficient
evaluation via the compilation into an intermediate language. From
a syntactic viewpoint our solution is a minimal extension since it
just requires to add annotations to A-abstractions of the untyped
A-calculus (cf. Section 3.5). Although this problem has been stud-
ied for over 20 years, no existing solution proposes such a minimal
extension, which is of paramount importance in a programming
language-oriented study (see related works in Section 7).

The technical contributions are the definition of an explicitly
typed calculus with intersection types; the proof that it subsumes
existing intersection type systems; the soundness of its type system,
the definition of a sound, complete and terminating algorithm for
type inference (which as byproduct yields an intersection type proof
system satisfying the Curry-Howard isomorphism); the definition
of a compilation technique into an intermediate language that can
be evaluated as efficiently as the monomorphic one; its extension
to the so called 1et-polymorphism and the proof of the adequacy
of the compilation. Local type inference for application and type
reconstruction are studied in the second part of this work presented
in the companion paper [5].

3. A calculus with explicit type-substitutions

The types of the calculus are those in the grammar (2) to which
we add type variables (ranged over by «) and, for the sake of
presentation, stripped of product types. In summary, types are the
regular trees coinductively generated by

tuo=al|b|t—t|tAt|tVEt|—=t]|0]1 (13)
and such that every infinite branch contains infinitely many occur-
rences of type constructors. We use .7 to denote the set of all types.
The condition on infinite branches bars out ill-formed types such
as t = t V t (which does not carry any information about the
set denoted by the type) or ¢ = —t (which cannot represent any
set). It also ensures that the binary relation > C 72 defined by
t1 Vita > t;, t1 Ata > t;, ot > tis Noetherian (that is, strongly
normalizing). This gives an induction principle on .7 that we will
use without any further explicit reference to the relation. We use
var(t) to denote the set of type variables occurring in a type t (see
Definition A.2). A type t is said to be ground or closed if and only
if var(t) is empty.

The subtyping relation for the types in .7 is the one defined
by Castagna and Xu [6]. For this work it suffices to consider that
ground types are interpreted as sets of values (n.b., just values, not
expressions) that have that type and subtyping is set containment
(ie, a ground type s is a subtype of a ground type t if and only if ¢
contains all the values of type s). In particular, s—¢ contains all \-
abstractions that when applied to a value of type s, if they return a
result, then this result is of type ¢ (so 0—1 is the set of all functions

and 1—0 is the set of functions that diverge on all arguments).
Type connectives (union, intersection, negation) are interpreted
as the corresponding set-theoretic operators and subtyping is set
containment. For what concerns non-ground types (ie, types with
variables occurring in them) all the reader needs to know for this
work is that the subtyping relation of Castagna and Xu is preserved
by type-substitutions. Namely, if s < ¢, then so < to for every
type-substitution o (the converse does not hold in general, while
it holds for semantic type-substitutions in convex models: see [6]).
Two types are equivalent if they denote the same set of values, that
is, if they are subtype one of each other (type equivalence is denoted
by ~). An important property of this system we will often use is
that every type is equivalent to (and can be effectively transformed
into) a type in disjunctive normal form, that is, a union of uniform
intersections of literals. A literal is either an arrow, or a basic type,
or a type variable, or their negations. An intersection is uniform
if all the literals have the same constructor, that is, either it is an
intersection of arrows, type variables, and their negations or it is
an intersection of basic types, type variables, and their negations.
In summary, a disjunctive normal form is a union of summands
whose form is either

/\pr/\ﬁbnA/\an/\ﬁar (14)

peEP nenN qeP’ reN’
or
/\(sp—nfp)/\ /\ “(sn—tn) A /\ ag A /\ —ar (15)
pEP neN qeP’ reN’

When either P’ or N’ is not empty, we call the variables c,’s and
a;’s the top-level variables of the normal form.

3.1 Expressions

Expressions are derived from those of CoreCDuce (with type
variables in types) with the addition that sets of explicit type-
substitutions (ranged over by [o;];es) may be applied to terms
and decorate A-abstractions
Nigrsi—ti
lojljes
and with the restriction that the type tested in type-case expressions
is closed. Henceforth, given a A-abstraction )‘[A;f]j Zfﬁt"x.e we
call the type A, si—t; the interface of the function and the set
of type-substitutions [0;];cs the decoration of the function. We
write \"i€1%i iz e for short when the decoration is a singleton
containing the empty substitution. Let e be an expression. We use
fv(e) and bv(e) respectively to denote the sets of free expression
variables and bound expressions variables of the expression e; we
use tv(e) to denote the set of rype variables occurring in e (see
Definition A.8).

As customary, we assume bound expression variables to be pair-
wise distinct and distinct from any free expression variable occur-
ring in the expressions under consideration. We equate expressions
up to the a-renaming of their bound expression variables. In partic-
ular, when substituting an expression e for a variable y in an expres-
sion e’ (see Definition A.10), we assume that the bound variables
of €’ are distinct from the bound and free variables of e, to avoid
unwanted captures. For example, (A® 7 “z.x)y is a-equivalent to
(A 7%2z.2)y.

The situation is a bit more complex for type variables, as we do
not have an explicit binder for them. Intuitively, a type variable can
be a-converted if it is a polymorphic one, that is, if it can be instan-
tiated. For example, (A\*~“x.z)y is a-equivalent to (A\* 7P z.z)y,

and (Xﬁ{ﬁi‘/g}]m.:p)y is a-equivalent to ()\*f{?nf/ﬁ}]w.x)y. Poly-

morphic variables can be bound by interfaces, but also by dec-
orations: for example, in )\[B{Z/g}]m.()\o‘_’ay.y)x, the « occur-

ex=claz|ee| A z.e|ect?e: el eojljes (16)

ring in the interface of the inner abstraction is “bound” by the
decoration [{®/g}], and the whole expression is c-equivalent to
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Figure 1. Static semantics

(Aﬁ;}g}]x.(kvﬁ"’y.y)x). If a type variable is bound by an outer

abstraction, it cannot be instantiated; such a variable is called
monomorphic. For example, the following expression

A5 a0y (00 2 [{Int),y)

is not sound (ie, it cannot be typed), because « is bound at the
level of the outer abstraction, not at level of the inner one. Con-
sequently, in this expression, « is monomorphic for the inner ab-
straction, but polymorphic for the outer one (strictly speaking, thus,
the monomorphic and polymorphic adjectives apply to occurrences
of variables rather than variables themselves). Monomorphic type
variables cannot be a-converted: A(@ @) (@=a)y (yaay 4y,
is not a-equivalent to \(@ )= (@=e)y, (AF=B4 )y (but it is a-
equivalent to AF=A ==y (\E=By 1)y). Note that the scope
of polymorphic variables may include some type-substitutions
[oi]icr: for example, (A7 “z.x)y)[Int/,] is a-equivalent to
((A\°7Pz.2)y)[Int/g]. Finally, we have to be careful when per-
forming expression substitutions and type-substitutions to avoid
clashes of polymorphic variable namespaces. For example, substi-
tuting A* 7 %z.z for y in A*7%x.z y would lead to an unwanted
capture of « (assuming « is polymorphic, that is, not bound by a
A-abstraction placed above these two expressions), so we have to
a-convert one of them, so that the result of the substitution is, for
instance, \* 7 %z.x (\* 7P 2.2).

To resume, we assume polymorphic variables to be pairwise
distinct and distinct from any monomorphic variable in the expres-
sions under consideration. We equate expressions up to a-renaming
of their polymorphic variables. In particular, when substituting an
expression ¢’ for a variable x in an expression e, we suppose the
polymorphic type variables of e to be distinct from the monomor-
phic and polymorphic type variables of €’ thus avoiding unwanted
captures. Detailed definitions are given in Appendix A.2.

In order to define both static and dynamic semantics for the
expressions above, we need to define the relabeling operation “@”
which takes an expression e and a set of type-substitutions [o;]jcs
and pushes [o}]jecs to all outermost A-abstractions occurring in
e (and collects and composes with the sets of type-substitutions
it meets). Precisely, e@Q[o;];c is defined for A-abstractions and
(inductively) for applications of type-substitutions as:

Nicrti—sq def Nierti—s;
xr.e)Qo;]; = zT.e
( loklkek ) [ J]]EJ lojljeroloklrex
def

(e[oi]ier)@Qlojljes = eQ([ojljes o [oi]ier)

where o denotes the pairwise composition of all substitutions of the
two sets (see Definition 3.1). It erases the set of type-substitutions
when e is a variable and it is homomorphically applied on the
remaining expressions (see Definition A.11).

Formally the composition of two sets of type-substitutions is
defined as follows:

Definition 3.1. Given two sets of type-substitutions [o;)ic1 and
[0]ic, we define their composition as

[ilicr o [05]jes = [0i 0 05licr, et

where
(0j(@))oi if a € dom(c;)
o 00j(a) =X gi(a) if a € dom(o;) \ dom(o;)
« otherwise

Next, we formally define the relabeling of an expression e with
a set of type substitutions [0;];es, which consists in propagating
the o; to the A-abstractions in e if needed. We suppose that the
polymorphic type variables in e are distinct from the type variables
in the range of o; (this is always possible by using a-conversion).

Definition 3.2 (Relabeling). Given an expression e and a set
of type-substitutions [0;]jc, we define the relabeling of e with
[0;]ju, written eQloj]je, as e if tv(e) N ;¢ , dom(o;) = 0,
and otherwise as follows:

(e1 €2)Qojljes = (e1Q[oj]jer) (e2Q[oj]jer)
(66t?61 : 62)@[0']'}]'6] = 6@[0']'}]'€J€t?€1@[0j}jej : 62@[0’j]]’€J
. gekn]iez)@[oj]jg = 69([Ug}ieJ°[0i]ieI)
ierti—s; 1. _ ierti—s;
( lorlkek z.e)Qlojljes = [f’j]jeJO[ffk]ker'e

The substitutions are not propagated if they do not affect the
variables of e (e, if tv(e) N |J;c;dom(c;) = 0). In particular,
constants and variables are left unchanged, as they do not contain
any type variable.

3.2 Operational semantics

The dynamic semantics is given by the following three notions of
reduction (where v ranges over values, that is, constants and A-
abstractions), applied by a leftmost-outermost strategy:

elojlies ~ eQlojljes a7

Apgi e~ (Ololer) (e} ()
. er if Fu:t

vEt?er tex { e; otherwise (19)

where in (18) we have P = {jeJ | Jicl,F v : t;0;}.

The first rule (17) performs relabeling, that is, it propagates
the sets of type-substitutions down into the decorations of the
outermost A-abstractions. The second rule (18) states the semantics
of applications: this is standard call-by-value S-reduction, with the
difference that the substitution of the argument for the parameter
is performed on the relabeled body of the function. Notice that
relabeling depends on the type of the argument and keeps only
those substitutions that make the type of the argument v match
(at least one of) the input types defined in the interface of the
function (ie, the set P which contains all substitutions o; such that
the argument v has type ¢;0; for some ¢ in I: the type system
will ensure that P is never empty). For instance, take the daffy
identity function, instantiate it as in (10) by both Int and Bool, and
apply it to 42 —ie, (A{jme) 3 (moor, 1) T-(A* 7 “y.7)x)42—, then it
reduces to (Afms, ;y-42)42, (which is observationally equivalent

to (A™*71%.42)42) since the reduction discards the {Bool/,}



substitution. Finally, the third rule (19) checks whether the value
returned by the expression in the type-case matches the specified
type and selects the branch accordingly.

The reader may think that defining a functional language in
which each -reduction must perform an involved relabeling op-
eration, theoretically interesting though it may be, will result in
practice too costly and therefore unrealistic. This is not so. In Sec-
tion 5 we show that this reduction can be implemented as effi-
ciently as in CDuce. By a smart definition of closures it is pos-
sible to compute relabeling in a lazy way and materialize it only
in a very specific case for the reduction of the type-case (ie, to
perform a type-case reduction (19) where the value v is a func-
tion whose interface contains monomorphic type variables and it
is the result of the partial application of a polymorphic function)
while all other reductions for applications can be implemented as
plain classic S-reduction. For instance, to evaluate the expressions
(Affmmey 3 o1y, T- (A% “y.x)x)42 above, we can completely dis-
regard all type annotations and decorations and perform a couple
of standard (3 reductions that yield the result 42.

3.3 Type system

As expected in a calculus with a type-case expression, the dynamic
semantics depends on the static semantics —precisely, on the typ-
ing of values. The static semantics of our calculus is defined in
Figure 1. The judgments are of the form A ;T I e : ¢, where e is
an expression, ¢ a type, I a type environment (e, a finite mapping
from expression variables to types), and A a finite set of type vari-
ables. The latter is the set of all monomorphic type variables, that
is, the variables that occur in the type of some outer A-abstraction
and, as such, cannot be instantiated; it must contain all the type
variables occurring in I'.

The rules for application and subsumption are standard. In the
latter, the subtyping relation is the one defined in [6]. We just
omitted the rule for constants (which states that ¢ has type b.).

The rule for abstractions applies each substitution specified in
the decoration to each arrow type in the interface, adds all the
variables occurring in these types to the set of monomorphic type
variables A, and checks whether the function has all the resulting
types. Namely, it checks that for every possible input type, the
(relabeled) body has the corresponding output type. To that end,
it applies each substitution o in the decoration to each input type
t; of the interface and checks that, under the hypothesis that  has
type t;0;, the function body relabeled with the substitution o; at
issue has type s;o; (notice that all these checks are performed
under the same updated set of monomorphic type variables, that
is, A U var(Aier,jestioj—sio;)). If the test succeeds, then the
rule infers for the function the type obtained by applying the set
of substitutions of the decoration to the type of the interface. For
example, in the case of the instance of the daffy identity function
given in (10), the A is always empty and the rule checks whether
under the hypothesis « : a{Int/,} (ie, x : Int), it is possible
to deduce that (A7 *y.z)z@[{Int/,}] has type af{Int/,} (ie,
that (A\™* 7™y z)x : Int), and similarly for the substitution
{Bool/,}. The type deduced for the function is then (Int —
Int) A (Bool — Bool). The relabeling of the body in the premises
of the rule (abstr) is a key mechanism of the type system: had we
used e[o;] instead of e@[o;] in the premises of the (abstr) rule,
the expression (10) could not be typed. The reason is that e[o;] is
more demanding on typing than e@[o;], since the well typing of e
is necessary to the well-typing of the former but not to that of the
latter. Indeed while under the hypothesis  : Int we just showed
that (\*7*y.x)x)Q[{Int/y}] —ie, (A7 ™y.2)z)— is well-
typed, the term (A~ %y.x)z)[{Int/y}] is not, for (A*7*y.x)
does not have type a—«. The rule for abstractions also justifies
the need for an explicit set A for monomorphic type variables

while, for instance, in ML it suffices to consider monomorphic type
variables that occur in the image of I" [20]: when checking an arrow
of the interface of a function, the variables occurring in the other
arrows must be considered monomorphic, too.

To type the applications of a set of type-substitutions to an ex-
pression, two different rules are used according to whether the set
contains one or more than one substitution. When a single substi-
tution is specified, the rule (insr) instantiates the type according to
the specified substitution, provided that o does not substitute vari-
ables in A (ie, dom(o) N A = &, noted offA). This condition is
necessary to the soundness of the system. Without it an expression
such as \“7 2 2[{B/,}] could be typed as follows:

{,8}{(z: )} Fx:a
{o, B} {(x: )} F 2[{Bla}] : B
FACDa (o] o — B

which is unsound (by applying the above functions to any value it
is possible to create polymorphic values of type 3, for every 3). If
more than one substitution is specified, then the rule (inter) com-
poses them by an intersection. Notice that the type system com-
poses by intersection only different types of a same term obtained
by instantiation. This is not restrictive since different types obtained
by subsumption can be composed by intersection by applying just
subsumption (see Lemma B.2).

Finally, the (case) rule first infers the type t’ of the expression
whose type is tested. Then the type of each branch e; is checked
only if there is a chance that the branch can be selected. Here the
use of “£” is subtle but crucial (it allows us to existentially quantify
over type-substitutions). The branch, say, e; can be selected (and
therefore its well-typedness must be checked) only if e can return
a value that is in ¢. But in order to cover all possible cases we
must also consider the case in which the type of e is instantiated
as a consequence of an outer application. A typical usage pattern
(followed also by our even function) is A* 7 z. z€Int 7 e; : e2:
the branch e; is selected only if the function is applied to a value
of type Int, that is, if the type a of x is instantiated to Int (notice
that when typing the body of the function A contains only o). More
generally, the branch e; in e€t ?e; : e2 can be selected only if e
can return a value in ¢, that is to say, if there exists a substitution
o for any type variables even those in A such as the intersection
of t'o and t is not empty (¢ is a closed, so to = t). Therefore,
in order to achieve maximum precision the rule (case) must check
AT + ep : s only if there exists o such that oAt # 0. Since
t'< —t (strictly) implies that for all substitutions o, t'oc<-t (recall
that ¢ is a closed type), then by the contrapositive the existence
of a substitution ¢ such that t'c £ —t implies ¢’ £—t. The latter is
equivalent to t' A t # O: the intersection of ¢ and ¢’ is not empty.
So we slightly over-approximate the test of selection and check the
type of e; under the weaker hypothesis At # O which ensures that
the typing will hold also under the stronger (and sought) hypothesis
that there exists o such that t'o At # O (the difference only matters
with some specific cases involving indivisible types: see [6]).

Notice that explicit type-substitutions are only needed to type
applications of polymorphic functions. Since no such application
occurs in the bodies of map and even as defined in Section 2 (the
m and f inside the body of map are abstracted variables and, thus,
have monomorphic types), then they can be typed by this system
as they are (as long as they are not applied one to the other there
is no need to infer any set of type-substitutions). So we can al-
ready see that our language passes the second test, namely, that map
and even have the types declared in their signatures. Let us detail
just the most interesting case, that is, the typing of the term even
defined in equation (11) (even though the typing of the type-case
in (12), the term defining map, is interesting, as well). According to




the rule (abstr) we have to check that under the hypothesis x:Int
the expression z€Int ? (z mod 2) = 0: z has type Bool, and
that under the hypothesis = : &\ Int the same expression has type
a\Int. So we have two distinct applications of the (case) rule. In
one z is of type Int, thus the check Int ¥ Int fails, and therefore
only the first branch, (x mod 2) = 0, is type checked (the sec-
ond is skipped). Since under the hypothesis = : Int the expression
(z mod 2) = 0 has type Bool, then so has the whole type-case
expression. In the other application of (case), x is of type o\ Int,
so the test &\ Int £ —Int clearly fails, and only the second branch
is checked (the first is skipped). Since this second branch is x, then
the whole type-case expression has type o\ Int, as expected. This
example shows two important aspects of our typing rules. First, it
shows the importance of A to record monomorphic variables, since
it may contain some variables that do not occur in I'. For instance,
when typing the first branch of even, the type environment con-
tains only = : Int but A is {«a} and this forbids to consider « as
polymorphic (if we allowed to instantiate any variable that does not
occur in I', then the term obtained from the even function (11) by
replacing the first branch by (A“7“y.y)[{Bo01/,}]true would be
well-typed, which is wrong since « is monomorphic in the body of
even). Second, this example shows why if in some application of
the (case) rule a branch is not checked, then the type checking of
the whole type-case expression must not necessarily fail: the well-
typing of this branch may be checked under different hypothesis
(typically when occurring in the body of an overloaded function).*
The reader can refer to Section 3.3 of [12] for a more detailed dis-
cussion on this point.

We conclude the presentation of the type system with two ob-
servations.

First, we said at the beginning that we consider only judgments
A ;T F e : t where the type variables occurring in I" are contained
in A. The intuition is that the types in I" are the types of the formal
parameters of some outer functions and therefore any type variable
occurring in them must be considered monomorphic —ie, must be
contained in A. Without such a requirement it would be possible to
have a derivation such as the following one:

fali@:B) a8 {ys}t{a}
{a}i(z:B) F=[{vsH : v
which states that by assuming that z has (any) type 3, we can infer
that it has also (any other) type 7y, which is unsound. The condition
var(I') C A is preserved by the typing rules (see Lemma B.1) and
we always start with I" and A satisfying the condition (typically,
when we type a closed expression we start by A = T' = (),
therefore, henceforth, we implicitly assume the condition var(I") C
A to hold in all judgments we consider.

Second, the rule (subsum) makes the type system dependent
on the subtyping relation < defined in [6]. It is important not to
confuse the subtyping relation < of our system, which denotes
semantic subtyping (e, set-theoretic inclusion of denotations), with
the one typically used in the type reconstruction systems for ML,
which stands for type variable instantiation. For example, in ML we
have @ —+ a < Int — Int (because Int — Int is an instance
of @ — «). But this is not true in our system, as the relation must
hold for every possible instantiation of «, thus in particular for o
equal to Bool. In the companion paper [5] we define the preorder
C A which includes the type variable instantiation of the preorder
typically used for ML, so any direct comparison with constraint

4From a programming language point of view it is important to check
that during type checking every branch of a given type-case expression
is checked —ie, it can be selected— at least once. This corresponds to
checking the absence of redundant cases in pattern matching. We omitted
this check since it is not necessary for formal development.

systems for ML types should focus on C A rather than < and it can
be found in the companion paper [5].

3.4 Type soundness
Subject reduction and progress properties hold for this system.

Theorem 3.3 (Subject Reduction). For every term e and type t, if
The:tande ~ €', thenT ¢’ :t.

Theorem 3.4 (Progress). Let e be a well-typed closed term. If e is
not a value, then there exists a term €' such that e ~ ¢€’.

The proofs of both theorems, though unsurprising, are rather
long and technical and can be found in Appendix B.2. They allow
us to conclude that the type system is sound.

Corollary 3.5 (Type soundness). Let e be a well-typed closed
expression, that is, = e : t for some t. Then either e diverges or
it returns a value of type t.

3.5 Expressing intersection type systems

We can now state the first stand-alone theoretical contribution of
our work. Consider the sub-calculus of our calculus in which type-
substitutions occur only in decorations and without constants and
type-case expressions, that is,

Nier18i—t;
[03];e0 x.e (20)
and whose types are inductively produced by the grammar

tu=a|t—=t | tAt

This calculus is closed with respect to S-reduction as defined by
the reduction rule (18) (without type-cases, union and negation
types are not needed). It constitutes an explicitly-typed A-calculus
with intersection types whose expressive power subsumes that of
classic intersection type systems (without an universal element w,
of course), as expressed by the following theorem.

ex=2x | ee | A

Theorem 3.6. Let Fpcp denote provability in the Barendregt,
Coppo, and Dezani system [1], and [e] be the pure A-calculus
term obtained from e by erasing all types occurring in it.

IfFpep m: t, then Je such that b e : t and [e] = m.

Therefore, this sub-calculus solves a longstanding open problem,
that is the definition of explicit type annotations for A-terms in in-
tersection type systems, without any further syntactic modification.
See Section 7 on related work for an extensive comparison.

The proof of Theorem 3.6 is constructive (cf., Appendix B.3).
Therefore we can transpose decidability results of intersection
type systems to our system. In particular, type reconstruction’
for the subcalculus (20) is undecidable and this implies the un-
decidability of type reconstruction for the whole calculus without
recursive types (with recursive types type reconstruction is triv-
ially decidable since every A-term can be typed by the recursive
type uX.(X—X)Vx). In Section 4 we prove that type inference
for our system is decidable. The problem of reconstructing type-
substitutions (ie, given a term of grammar (3), deciding whether it
is possible to add sets of type-substitutions in it so that it becomes
a well-typed term of our calculus) is dealt with in the companion
paper [5].

3.6 Elimination of sets of type-substitutions

To compare with existing intersection type systems, the calculus
in (20) includes neither type-cases nor expressions of the form

5 We recall that type reconstruction is the problem of finding whether there
exists a type-annotation that makes a given expression well-typed; type
inference is the problem of checking whether an expression is well-typed,
and type checking is the problem of checking whether an expression has a
given type.
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Figure 2. Typing algorithm

elo;]jes. While it is clear that type-cases increase the expressive
power of the calculus, one may wonder whether the same is true
for e[oj]jes. In this section, we prove that the terms of the form
e[oj]jes are redundant insofar as their presence in the calculus
does not increase its expressive power. Consider the subcalculus
whose terms are

Niersi—tq
lojlies
that is, the calculus in which sets of type-substitutions appear only
in decorations. Consider the embedding [.] of our calculus (16) into
this subcalculus, defined as

ex=x | ee | A z.e|ect?e:e (1)

[elojljes] = eQlojljes
as the identity for variables, and as its homomorphic propagation

for all the other expressions. Then it is easy to prove the following
theorem

Theorem 3.7. For every well-typed expression e:
1.e~"v=[e] ~ [v]
2.[e] »" v=e~" v andv = [v']

meaning that the subcalculus defined above is equivalent to the full
calculus. Although expressions of the form e[o;];cs do not bring
any further expressive power, they play a crucial role in local type
inference, which is why we included them in our calculus. As we
explain in details in the companion paper, for local type inference
we need to reconstruct sets of type-substitutions that are applied to
expressions but we must not reconstruct sets of type-substitutions
that are decorations of A-expressions. The reason is pragmatic and
can be shown by considering the following two terms: (A*~“z.x)3
and (A*7“z.4)3. Every functional programmer will agree that
the first expression must be considered well-typed while the sec-
ond must not, for the simple reason that the constant function
(A7 *z.4) does not have type @ — «. Indeed in the first case it
is possible to apply a set of type-substitutions that makes the term
well typed, namely (A\*~“z.z)[{Int/,}]3, while no such applica-
tion exists for the second term. However, if we allowed reconstruc-
tion also for decorations, then the second term could be made well
typed by adding the following decoration ( F{ﬁi‘/a}]xA)B. In con-
clusion, for type inference it is important to keep the expression
e[oj]je, since well-typing of e@[o;]jcs does not imply that of
elojlje.

4. Typing algorithm

The rules in Figure 1 do not describe a typing algorithm since they
are not syntax directed. As customary the problem is the subsump-
tion rule, and the way to go is to eliminate this rule by embedding
appropriate checks of the subtyping relation into the rules that need
it. This results in the system formed by the rules of Figure 2. This
system is algorithmic (as stressed by I-.,): in every case at most one
rule applies, either because of the syntax of the term or because
of mutually exclusive side conditions. Subsumption is no longer

present and, instead, subtype checking has been pushed in all the
remaining rules.

The rule for type-cases has been split in three rules (plus a fourth
uninteresting rule we omitted that states that when e : 0 —ie, it
is the provably diverging expression— then the whole type-case
expression has type 0) according to whether one or both branches
can be selected. Here the only modification is in the case where
both branches can be selected: in the rule (case) in Figurel the types
of the two branches were subsumed to a common type s, while
(ALG-CASE-BOTH) returns the least upper bound (7e, the union) of
the two types.

The rule for abstractions underwent a minor modification with
respect to the types returned for the body, which before were sub-
sumed to the type declared in the interface while now the subtyping
relation séj < s;0; is explicitly checked.

The elimination of the subsumption yields a simplification in
typing the application of type-substitutions, since in the system of
Figure 1 without subsumption every premise of an (inter) rule is
the consequence of an (inst) rule. The two rules can thus be merged
into a single one, yielding the (ALG-INST) rule (see Appendix C.1
and in particular Theorem C.1).

As expected, the core of the typing algorithm is the rule for
application. In the system of Figure 1, in order to apply the (appl)
rule, the type of the function had to be subsumed to an arrow type,
and the type of the argument had to be subsumed to the domain
of that arrow type; then the co-domain of the arrow is taken to
type the application. In the algorithmic rule (ALG-APPL), this is
done by the type meta-operator “-” which is formally defined as
follows: ¢ - s & min{u | ¢ < s—u}. In words, if ¢ is the type
of the function and s the type of the argument, this operator looks
for the smallest arrow type larger than ¢ and with domain s, and it
returns its co-domain. More precisely, when typing e;e2, the rule
(ALG-APPL) checks that the type t of e; is a functional one (ie,
t < 0—1). It also checks that the type s of ez is a subtype of
the domain of ¢ (denoted by dom(t)). Because ¢ is not necessarily
an arrow type (in general, it is equivalent to a disjunctive normal
form like the one of equation (15) in Section 3), the definition of
the domain is not immediate. The domain of a function whose type
is an intersection of arrows and negation of arrows is the union
of the domains of all positive literals. For instance the domain of
a function of type (Int—Int) A (Bool—Bool) is Int V Bool,
since it can be equally applied to integer or Boolean arguments,
while the domain of even as defined in (11) is Int V (a\Int),
that is Int V «. The domain of a union of functional types is the
intersection of each domain. For instance an expression of type
(s1—s2) V (t1—t2) will return either a function of type s1—s2
or a function of type t1—t2, so this expression can be applied
only to arguments that fit both cases, that is, to arguments in
s1 A t1. Formally, if ¢ < 0—1, thent =~ \/, (A cp, (sp—tp) A
Anen, 7(sn=tn) A Njeo, % N Nper,~Br) (with all the P;’s

def

not empty), and therefore dom(t) = A,c; V cp, sp (here type



variables do not count since they are intersected and universally
quantified so the definition of the domain must hold also when their
intersection is 1). Finally, the type returned in (ALG-APP) is ¢ - s,
which we recall is the smallest result type that can be obtained by
subsuming ¢ to an arrow type compatible with s. We can prove
that for every type ¢ such that ¢ < O0—1 and type s such that
s < dom(t), the type ¢ - s exists and can be effectively computed
(see Lemma C.12).

The algorithmic system is sound and complete with respect
to the type system of Figure 1 and satisfies the minimum typing
property (see Appendix C for the proofs).

Theorem 4.1 (Soundness). If A;T'Fy e:t, then A;TFe:t.

Theorem 4.2 (Completeness). If A; ' - e : t, then there exists a
type s such that A ;T o e : sand s < t.

Corollary 4.3 (Minimum typing). If A;T' by e : &, then t =
min{s | A;TFe: s}

Finally, it is quite easy to prove that type inference is decidable.
It suffices to define the size of an expression as follows:

size(z) =1
size(erez) = size(e1) + size(ez) + 1
. icrti—s; .
s1ze()\[AUﬁj€: z.e) =size(e) +1
size(e€t 7ey : ex) = size(e) + size(e1) + size(e2) + 1
size(e[oj]jes) = size(e) +1

and show that the expressions occurring in the premises of every
rule of the algorithm are strictly smaller than the expression in
its conclusion. We can then deduce the termination of the type
inference algorithm.

Theorem 4.4 (Termination). Let e be an expression. Then the type
inference algorithm for e terminates.

This system constitutes a further theoretical contribution of our
work since with this type system the language defined by gram-
mar (16), the one by grammar (21), and a fortiori the one by gram-
mar (20) are intersection type systems that all satisfy the Curry-
Howard isomorphism since there is a one-to-one correspondence
between terms and proofs of the algorithmic system.

5. Evaluation

In this section we define an efficient execution model for the
polymorphic calculus as a conservative extension of the execu-
tion model of the monomorphic calculus: by “efficient” we mean
that monomorphic expressions will be evaluated as efficiently as
in the original CDuce runtime. In fact, even polymorphic expres-
sions will be evaluated as efficiently as well (as if type variables
were basic monomorphic types) despite the fact that the formal re-
duction semantics of polymorphic expressions includes a run-time
relabeling operation. The key observation that allows us to define
an efficient execution model for the polymorphic calculus is that
relabeling can be implemented lazily so that the only case in which
relabeling is computed at run-time will correspond to testing the
type of a partial application of a polymorphic function. In practice,
this case is so rare —at least in the XML setting— that there is no
difference between monomorphic and polymorphic evaluation.

5.1 Monomorphic Language

Let us start by recalling the execution model of monomorphic
CDuce, which is a classic closure-based evaluation. Expressions
and values are defined as

e u= clx|MNze|ee|lecs?e:e

v = cl|{\ze &)
where ¢ denotes an intersection of arrow types, s denotes a closed
type, and & denotes an environment, that is, a substitution mapping

expression variables into values. The big step semantics is:
(ME-CONST) (ME-VAR) (ME-CLOSURE)
Ermclc Etmazl| &(z) EFm Nxel MNix.e &)

(ME-APPLY)
Etmerd (Maxe, &) & Fmea vy
& tmeres v
(ME-TYPE CASE T)
& Fmerdvo Vo Em t EFmex v

Etmel Et?es ez v

(ME-TYPE CASE F)
& Fmer Jvo vo €m t Ermes v

Etmel €Et?es ez v

& x—vobmelv

To complete the definition we define the relation v €y, t, that is,

membership of a (monomorphic) value to a (monomorphic) type:
def

CEmt <— b.<t
def

Nz.e &) eEmt — s<t
where < is the subtyping relation of CDuce [12].

5.2 Polymorphic Language

In the naive extension of this semantics to the explicitly-typed
polymorphic calculus of Section 3, we deal with type-substitutions
as we do for environments, that is, by storing them in closures. This
is reflected by the following definition where, for brevity, we write
o7 to denote the set of type-substitutions [o;];e1:

e u= clz|M,ze|eelect?e:e|eq

v ou= c| (\y,ze &, 01)
The big-step semantics is then defined as follows, where each ex-
pression is evaluated with respect to an environment & determining
the current value substitutions and a set of type-substitutions or:

(PE-CONST) (PE-VAR)
or;&kpele or; 8 Fpzl &(x)

(PE-INSTANCE)

(PE-CLOSURE) orocy & bpelv

. t t .
o1; & p )\UJac.eU(AoJa:.e,zop,al) ey

(PE-APPLY)
or;&tper | <A;\Il<€le%tlx.e, &' o) or;6 bFpea vg
oj=ogoox P={jeJ|3leL:v&psi0;5}
op; &,z — v Foelwv

o1;8 Fperea v
(PE-TYPE CASE T)
or; 8 Fper v vy €pt or; & Fpea v
or;8tper €t7ex i ez v
(PE-TYPE CASE F)
or; & Fpe1 v vo &p t or; 8 Fpesdv
or;8tper €t7ez ez v

The membership relation v €, ¢ for polymorphic values is induc-
tively defined as: w

ceEpt = b.<t

(A5, me, & 01) Ept <

where < is the subtyping relation of Castagna and Xu [6]. It is not

difficult to show that this big-step semantics is equivalent to the

small-step one of Section 3. Let (.) be the transformation that maps

values of the polymorphic language into corresponding values of
the calculus, that is

(c)=c and (Ao, ze,8,01)) = Ajoo, z-(e(£)) (22)
where (&) applies (.) to all the values in the range of &. Let
i denote the singleton set containing the empty type-substitution

[{ }], which is the neutral element of the composition of sets of
type-substitutions. Then we have:

s(ocrooy) <t



Theorem 5.1. Let e be a well-typed closed explicitly-typed expres-
sion (ko e : t). Then:

EOkpellv < e~" (v)

This implementation has a significant computational burden
compared to that of the monomorphic language: first of all, each ap-
plication of (PE-APPLY) computes the set P, which requires to im-
plement several type-substitutions and membership tests; second,
each application of (PE-INSTANCE) computes the composition of
two sets of type-substitutions. In the next section we describe a dif-
ferent solution consisting in the compilation of the explicitly typed
calculus into an intermediate language so that these computations
are postponed as much as possible and are performed only if and
when they are really necessary.

5.3 Intermediate Language

The intermediate language into which we compile the explicitly-
typed polymorphic language is very similar to the monomorphic
version. The only difference is that A-abstractions (both in expres-
sions and closures) may contain type variables in their interface
and have an extra decoration 3 which is a term denoting a set of
type-substitutions.

e u= clxz|Xze|lee|lectre:e
v == c|(ize &)
Y u= o7 |comp(%,Y) | sel(w,t,X)

Intuitively, a comp(3, X’) term corresponds to an application of
the o composition operator to the sets of type substitutions denoted
by ¥ and X', while a sel(x,t, ) term selects the subset of type
substitutions o denoted by X that are compatible with the fact that
(the value instantiating) « belongs to the domain of to.

The big step semantics for this intermediate language is:

(OE-CONST) (OE-VAR) (OE-CLOSURE)
Etoclc Erox &)  Etodozel Moz, &)
(OE-APPLY)
Eroer | Nozee, &)
& o ez vo g,x»—)mhellv
& o erex v

(OE-TYPE CASE T)
& o e1dvo Vo Eo t Etoex v

Etroer €Et?ex ez v

(OE-TYPE CASE F)
& o e1dvo vo €o t EFoes v

Elroer €t?ex ez v

Notice that this semantics is structurally the same as that of the
monomorphic language. There are only two minor differences: (7)
A-abstractions have an extra decoration 3 (which has no impact
on efficiency since it corresponds in the implementation to manip-
ulate descriptors with an extra field) and (i¢) the corresponding
(_E-TYPE CASE) rules use a slightly different relation: €, instead
of €n. It is thus easy to see that in terms of steps of reduction the
two semantics have the same complexity. More precisely, if you
take a term of the monomorphic calculus and a term of the inter-
mediate language with the same erasure and that select the same
branches of the typecases, then they perform exactly the same re-
duction. What changes is the test of the membership relation (&,
rather than €p,) since, when the value to be tested is a closure, we
need to materialize relabelings. In other words, we have to evaluate
the 3 expression decorating the function and apply the resulting set

of substitutions to the interface of the function. Formally:

cEt L b <t

Aze, &) €t <= seval(&, %)) <t

where the evaluation of the symbolic set of type-substitutions is
inductively defined as
eval(&,01) =07
eval(&, comp(X, X)) = eval(&,X) o eval(£,Y)
eval(&,sel(z, \,.; ti—si, X)) =
[o; €eval(&,X) | i€l : &(x) € tioy |
Notice in the last rule the crucial role played by = and &: by
using an expression variable x in the symbolic representation of
type-substitutions and relying on its interpretation through &, we
have transposed to type-substitutions the same benefits that clo-
sures bring to value substitutions: just as closures allow value-
substitutions to be materialized only when a formal parameter is
used rather than at the moment of the reduction, so our technique
allows type-substitutions to be materialized only when a type vari-
able is effectively tested, rather than at the moment of the reduction.
It is easy to see that the only case in which the computation of
€, is more expensive than that of €, is when the value whose type
is tested is a closure (\sz.e, &) in which ¢ is not closed and X is
not i.° The ¥ decoration is different from i only if the closure is the
result of a partial application of a curried function. The type ¢ is not
closed only if such partial application yielded a polymorphic func-
tion. In conclusion, the evaluation of an expression in the polymor-
phic language is more expensive than the evaluation of a similar’
expression of the monomorphic language only if it tests the type
of a polymorphic function resulting from the partial application of
a polymorphic curried function. The additional overhead is limited
only to this particular test and in all the other cases the evaluation
is as efficient as in the monomorphic case. Finally, it is important
to stress that this holds true also if we add product types: the test
of a pair of values in the polymorphic case is as expensive as in the
monomorphic case and so is the rest of the evaluation. Since in the
XML setting the vast majority of the computation time is spent in
testing products (since they encode sequences, trees, and XML el-
ements), then the overhead brought by adding polymorphism —ie,
the overhead due to testing the type of a polymorphic partial appli-
cation of a polymorphic curried function— is negligible in practice.
All that remains to do is to define the compilation of the
explicitly-typed language into the intermediate language:
[z]ls = =
[[)\tUI m.eﬂ % Azomp(z,a])w' [[eﬂ sel(z,t,comp(X,07))
[erez]s = [eils[ez]s
leorls = [elcomp(s.0)
[er€t?ex:es]s = [ei]s €t?[ex]s : [es]s
Given a closed program e we compile it in the intermediate lan-
guage as [e]s. In practice, the compilation will be even simpler
since we apply it only to expressions generated by local type in-
ference algorithm described in the companion paper where all \’s
are decorated by i (¢f. discussion at the end of Section 3.6). So the
second case of the definition simplifies to:

Nzels = Aew[e]serat,s)
The compilation is adequate:

iel

Theorem 5.2. Let e be a well-typed closed explicitly-typed expres-
sion (Fg e : t). Then
Ok, elv <= Fo[eli 4o
with (v) = (V').
where ((A5x.e, &)) evaluates all the symbolic expressions and

type-substitutions in the term (see (22)). By combining Theo-
rems 5.1 and 5.2 we obtain the adequacy of the compilation:

6To be more precise, when there exists a substitution o € eval(&, 2) such
that var(¢) N dom(c) # @. Notice that the tests of the subtyping relation
for monomorphic and polymorphic types have the same complexity [6].

7 By similar we intend with the same syntax tree but only closed types.



Corollary 5.3. Let e be a well-typed closed explicitly-typed expres-
sion (ko e : t). Then

Folehlv < e~" (v)

Finally, let us come back to the membership relation for function

types, namely:
Dgze, &) et <5 s(eval(&, X)) <t

In Footnote 6 we signalled that the only case in which this test is
more expensive than in the monomorphic case is when we have to
evaluate eval(&, ) and that this may be necessary only if there ex-
ists o € eval(&, X) such that var(s) N'dom(c) # & (this includes
the case of functions that are result of a partial application of a poly-
morphic function). Of course we cannot perform this test without
evaluating the eval expression. We can however overapproximate
the domains of the various o produced by eval(&, X)) by using the
domain of X (the difference being that we consider also the sub-
stitutions o that would be discarded by a selection). Notice that all
the expressions X denoting sets of substitutions are statically gen-
erated by our compilation and are not modified at run-time. This
means that for every function value we can statically decide whether
the condition var(s) N dom(X) # @ is satisfied or not. This test
soundly approximates for every & the condition whether there ex-
ists o € eval(&, 2) such that var(s)Ndom(o) # & where dom(X)
is defined as follows:

dom(or) U;er dom(ai)
dom(comp(%,¥")) = dom(¥)Udom(X")
sel(z,t,2)) = dom(X)

In practice, we can modify our compilation technique to flag (eg,
by “X”) the functions which may require the evaluation of eval(, ),
as follows:

Aoz [e]ser:
Mz.e = = sel(w,t,%)
[Niz.e]ls { Xz [elser(a,e,m)
and then evaluate the symbolic substitutions only for marked func-
tions:

ifvar(t) Ndom(X) = @
otherwise

Dgze, &) €t < s<t
(Agze, &) et <5 s(eval(&,x)) <t

5.4 Let-polymorphism

A function is polymorphic if it can be safely applied to arguments
of different types. The calculus presented supports a varied palette
of different forms of polymorphism: it uses subtype polymorphism
(a function can be applied to arguments whose types are subtypes
of its domain type), the combination of intersection types and type-
case expressions yields “ad hoc” polymorphism (aka overloading),
and finally the use of type variables in function interfaces provides
parametric polymorphism. Polymorphism is interesting when used
with bindings: instead of repeating the definition of a function ev-
ery time we need to apply it, it is more convenient to define the
function once, bind it to an expression variable, and use the vari-
able every time we need to apply the function. In the current system
it is possible to combine binding only with the first two kinds of
polymorphism: different occurrences of a variable bound to a func-
tion can be given different types —thus, be applied to arguments
of different types—, either by subsumption (ie, by assigning to the
variable a super-type of the type of the function it denotes) or by in-
tersection elimination (ie, by assigning to a variable one of the types
that form the intersection type of the function it denotes). However,
as it is well known in the languages of the ML-family, in the cur-
rent setting it is not possible to combine binding and parametric
polymorphism. Distinct occurrences of a variable cannot be given
different types by instantiation (ie, by assigning to the variable a
type which is an instance of the type of the function it denotes).

In other terms, all A-abstracted variables have monomorphic types
(with respect to parametric polymorphism), which is why in ML
auto-application Az.xx is not typeable.

The solution is well known and consists in introducing let
bindings. This amounts to defining a new class of expression vari-
ables so that variables introduced by a 1et have polymorphic types,
that is, types that have been generalized at the moment of the def-
inition and can be instantiated in the body of the let. To sum up,
A-abstracted variables have monomorphic types, while let-bound
variables (may) have polymorphic types and, thus, be given differ-
ent types obtained by instantiation. For short we call the former \-
abstracted variables ‘“monomorphic (expression) variables” and the
latter 1let-bound variables “polymorphic (expression) variables”.

In the explicitly-typed calculi of the previous sections we had
just A-abstracted variables. That these variables have monomorphic
types is clearly witnessed by the fact that, operationally, xor is
equivalent to (ie, reduces to) z. Clearly this property must not hold
for polymorphic type variables since

let x = (A\*7“y.y) in (z[{e—q/y}])z (23)
is, intuitively, well typed, while the same term obtained by replac-
ing x[{® = o/, }] with z is not (see the extension of the definition
of relabeling for polymorphic variables later on).

To enable the definition of polymorphic functions to our calcu-
lus we add a let expression. To ease the presentation and to stress
that the addition of 1et-bindings is a conservative extension of the
previous system, we syntactically distinguish the current monomor-
phic variables (ie, those abstracted by a \) from polymorphic vari-
ables by underlining the latter ones.

ex=---|z|letx=ecine
Reduction is as usual:
let x =vine ~ e{Vy}
Relabeling is extended by the following definitions

2Qoj]jes = zloj]jes
(Let z=¢'ine)Q[oj]jes & olet z=(€'Q[o;]jc7)in(e@Q[o;]ec7)

and the (algorithmic) typing rule is as expected:
;FF(QQ et A;F,(Q:tl) }—((Q{) es : ta

A
let
(let) A;Fl—(g{)letg=elinez:tz

Type environments I now map also polymorphic expression vari-
ables into types. Notice that for a polymorphic expression variable
x it is no longer true that var(I'(z)) C A (not adding var(I'(z)) to
A corresponds to generalizing the type of x before typing ez as in
the GEN rule of the Damas-Milner algorithm: ¢f. [20]). As before
we assume that polymorphic type variables of a 1et-expression (in
particular those generalized for let-polymorphism) are distinct from
monomorphic and polymorphic type variables of the context that
the let-expression occurs in.

Likewise, environments now map both monomorphic and poly-
morphic expression variables into values so that the rules for eval-
uation in Section 5.2 are extended with the following ones:

(PE-PVAR,) (PE-PVAR )
&(z)=c E(z) = Ny.e, & 05)
o kpxlc af;éangUO\ty.e,é"',moaJ)
(PE-LET)

(o2 éa |—p €1 U Vo
or; 8 Fpletxz=e1inex v
To compile 1et-expressions we have to extend the intermediate lan-
guage likewise: we will distinguish polymorphic expression vari-
ables by decorating them with sets of type-substitution formule 3
that apply to that particular occurrence of the variable. So we add
to the productions of Section 5.3 the following ones:

or;&,x—wvobkpea v

ex=---|zx|letz=eine



while the big-step semantics of the new added expressions is

(OE-PVAR,) (OE-PVARy)
Ex)=c &E(z) = VNoy.e &)
& Fo xx U' c & Fo s ‘U’ <)‘f:omp(2,2')y'e7 ér>,>
(OE-LET)
& o e vo E,x—>voboea v

EFoletz=e1inex v
Notice how rule (OE-PVAR ¢) uses the X decoration on the variable
to construct the closure. The final step is the extension of the
compiler for the newly added terms:
[z]ls = ==
[letz=e1ines]s = 1letz=[ei]s in [ez2]x
As an example, the let-expression (23) is compiled into
let z = (A7 y.y) in wjfa—ay, 1T

where the substitution [{ @/, }] that is applied to the leftmost oc-
currence of z is recorded in the variable and will be used to instanti-
ate the closure associated with x by the environment; the rightmost
occurrence of x is decorated by i and therefore the value bound to it
will not be instantiated. Theorems 5.1, 5.2, and Corollary 5.3 hold
also for these extensions (see Appendix D for the proofs).

In an actual programming language there will not be any syn-
tactic distinction between the two kinds of expression variables and
compilation can be optimized by transforming variables that are
let-bound to monomorphic values into monomorphic variables.
So, whenever e; has a monomorphic type ¢1, the let-expression
should be compiled as

[letz=erinex]s = [(A"72z.e2{7/})er]s
where 5 is the type deduced for e under the hypothesis that x has
type t1. Notice that this optimization is compositional.

6. Design choices and extensions

For the sake of concision we omitted two key features in the pre-
sentation: recursive functions and pairs. Recursive functions can be
straightforwardly added with minor modifications. In particular, for
recursive functions, whose syntax is p f[g iﬁj]:;mix.e, it suffices to
add in the type environment I the recursion variable f associated
with the type obtained by applying the decoration to the interface,
that is, f : Aier,jestio; — sio0;: the reader can refer to Section
7.5 in [12] for a discussion on how and why recursion is restricted
to functions.

The extension with product types, instead, is less straightfor-
ward but can be mostly done by using existing techniques. Syntac-
tically, we add pairs (e, e) and projections ;e (for i=1, 2) to terms
and the product type constructor ¢ Xt to types. Reduction semantics
is standard: two notions of reduction 7;(v1, v2)~wv; (for i=1,2)
plus the usual context reduction rules. Typing rules are standard,
as well: a pair is typed by the product of the types of its compo-
nents and if e is of type ¢1 X t2, then its ¢-th projection ;e has type
ti. The rule for pairs in the algorithmic system ., is the same as
in the static semantics, while the rules for projections 7;e become
more difficult because the type inferred for e may not be of the
form t; Xt but, in general, is (equivalent to) a union of intersec-
tions of types. We already met the latter problem for application
(where the function type may be different from an arrow) and there
we checked that the type deduced for the function in an application
is a functional type (ie, a subtype of 0—1). Similarly, for products
we must check that the type of e is a product type (ie, a subtype of
1x1). If the constraint is satisfied, then it is possible to define the
type of the projection (in a way akin to the definition of the domain
dom() for function types) using standard techniques of semantic
subtyping (see Section 6.11 in [12]). This is explained in details in
Appendix C.

Another concession to the sake of concision is the use of the re-
labeling operation ‘@’ in the premises of both “abstr” rules in Fig-
ures 1 and 2. A slightly different but better formulation would have
been to use as premises ... . ed; : s;0; instead of ... F, eQ[o;] :
s;0;, where eo denotes the application of a substitution o to a term
e and is roughly defined as the term obtained by applying o to all in-
terfaces in e and by composing ¢ within the outermost sets of type-
substitutions in e. Both formulations are sound and the differences
are really minimalist, but this second formulation rules out few
anomalies of the current system. For instance, with the current for-
mulation A7y (AfT*2.42) [{Int/, }]y) is well-typed if and
only if the decoration D is a non empty set of types-substitutions
(whatever they are). Indeed a non empty D triggers the use of ‘@Q’
in the premises of the “abstr” rule, and this “pushes” the type sub-
stitution [{Int/,}] into the decoration of the body, thus making

—

the body well typed (taken in isolation,)\ﬁlni‘/a}]x.@ is well typed

while (Af]”?z.42)[{Int/y }] is not). Although the second formula-
tion rules out such kind of anomalies, we preferred to present the
first one since it does not need the introduction of such technically-
motivated new definitions.

For what concerns future extensions, in this work we dodged
the problem of the negation of arrow types. Notice indeed that
a value can have as type the negation of an arrow type just by
subsumption. This implies that no A-abstraction can have a negated
arrow type. So while the type —(Bool—Bool) can be inferred
for, say, (3,42), it is not possible to infer it for A™* 7™z (z+1).
This problem was dealt in CDuce by deducing for a A-abstraction
the type in its interface intersected with any negations of arrow
types that did not make the type empty. Technically, this was dealt
with “type schemas™: a function such as A™* ™. + 1 has
type schema {{Int—Int}}, that is, it has every non empty type
of the form (Int—Int) A A, ,—(si—t;) (thus, in particular,
(Int—Int) A —(Bool—Bool)) [12]. In our context, however,
the presence of type variables makes a definition such as that of
schemas more difficult since a type schema should probably denote
only types that are not empty for every possible instantiation of
their variables (and it should probably be given at semantic level).
Dealing with this aspect is mainly of theoretical interest (it allows to
interpret types as sets of values, for instance in our case one could
study as a possible interpretation [t] = {v |F v : s,s Cg t},
where C A is defined in the companion paper) as witnessed by the
fact that the CDuce compiler does not use type schemas. We prefer
to leave this study for future work.

For the semantics of the calculus we made few choices that re-
strict its generality. One of these, the use of a call-by-value reduc-
tion, is directly inherited from CDuce and it is required to ensure
subject reduction. If e is an expression of type IntVBool, then the
application ()\(Intalnt><Int)/\(Bool~>BoolXBool)xh(x’ IE))@ has type
(IntxInt)A(BoolxBool). If we use call-by-name, then this re-
dex reduces to (e, e) whose type (IntVBool X IntVBool) is larger
than the type of the redex. Although the use of call-by-name would
not hinder the soundness of the type system (expressed in terms of
progress) we preferred to ensure subject reduction since it greatly
simplifies the theoretical development.

A second choice, to restrict type-cases to closed types, was
made by practical considerations: using open types in a type-case
would have been computationally prohibitive insofar as it demands
to solve at run-time the problem whether for two given types s and
t there exists a type-substitution ¢ such that so < to (we study
this problem, that we call the tallying problems, in the companion
paper [5]). Our choice, instead, is compatible with the highly op-
timized (and provably optimal) pattern matching compilation tech-
nique of CDuce. We leave for future work the study of type-cases
on types with monomorphic variables (ie, those in A). This does
not require dynamic type tallying resolution and would allow the



programmer to test capabilities of arguments bound to polymorphic
type variables.

7. Related work

We focus on work related to this specific part of our work, namely,
existing explicitly-typed calculi with intersection types, and func-
tional languages to process XML data. Comparison with work on
local type inference and type reconstruction is done in the second
part of this work presented in the companion paper [5].

To compare the differences between the existing explicitly-typed
calculi for intersection type systems, we discuss how the term of our
daffy identity (A{jmae) y (sooy, 3;7-(A% 7 “y.7)z) is rendered.

In [23, 26], typing derivations are written as terms: different
typed representatives of the same untyped term are joined together
with an intersection A. In such systems, the function in (7) relabeled
with [{Int/,}, {Bool/,}] is written (AT* 7120 (AT I28y 2)2) A

\Bool—rBool g, (\Boel=Booly 4)x). Type checking verifies that both
)\Int%Intx‘ ()\Iﬂt—)lnty.m)m and )\Bool%Boolx‘ ()\BOOI—)Booly.x)m are
well typed separately, which generates two very similar typing
derivations. The proposal of [16] follows the same idea, except that
a separation is kept between the computational and the logical con-
tents of terms. A term consists in the association of a marked term
and a proof term. The marked term is just an untyped term where
term variables are marked with integers. The proof term encodes
the structure of the typing derivation and relates marks to types.
The aforementioned example is written in this system as (A\z :
0.0z @ 1L.o)x)@((A0™*.(A1™*.0)0) A (A0P°°.(A1P°°1.0)0)). In
general, different occurrences of a same mark can be paired with
different types in the proof term. In [4], terms are duplicated (as in
[23, 26]), but the type checking of terms does not generate copies of
almost identical proofs. The type checking derivation for the term
(()\IntHIntw. (Alntﬁlnty.x)x) H)\Bool~>B001x' ()\Bool%Boolva)x) ver-
ifies in parallel that the two copies are well typed.

The duplication of terms and proofs makes the definition of
beta reduction (and other transformations on terms) more diffi-
cult in the calculi presented so far, because it has to be performed
in parallel on all the typed instances that correspond to the same
untyped term. Branching types have been proposed in [27] to cir-
cumvent this issue. The idea is to represent different typing deriva-
tions for a same term into a compact piece of syntax. To this
end, the branching type which corresponds to a given intersection
type t records the branching shape (ie, the uses of the intersec-
tion introduction typing rule) of the typing derivation correspond-
ing to t. For example, the type (Int—Int) A (Bool—Bool) has
only two branches, which is represented in [27] by the branching
shape join{i=#, j=x}. Our running example is then written as
Ajoin{i=x, j=x} \gli=Int.d=Bool} (\, {i=Int,j=Bool} 2., Note
that the lambda term itself is not copied, and no duplication of
proofs happens during type checking either: the branches labeled ¢
and j are verified in parallel.

In [9], the authors propose an expressive refinement type sys-
tem with intersection, union, but also (a form of) dependent types,
making possible to define, eg, the type of integer lists of length n,
written [Int]". The variable n can be quantified over either uni-
versally or existentially (using respectively II and X). Thanks to
this it is possible to consider different instantiations of a depen-
dent type and, thus to type our daffy function by different instances
of [Int]™ (rather than with any type, as for Int and Bool in our
example). Type checking requires type annotations to be decid-
able: to check that Az.(Ay.x)x has type ITn.(([Int]*" —[Int]*") A
([Int]>" ' —[Int]*")), the subterm A\y.x has to be annotated.
This problem is similar to finding appropriate annotations for the
daffy function (7) in our language. In [9], terms are annotated with
a list of typings: for example, Ay.z can be annotated with A =

(z : [Int]*™ F 1-[Int]*",z : [Int]>"T! F 1—[Int]>" 1),
which says that if z : [Int]®", then \y.z has type 1—[Int]?"
(and similarly if = : [Int]*"T'). The above annotation A is not
sound because when checking that Az.(Ay.z : A)x has result type
n.(([Int]*" —[Int]*™) A ([Int]*" T —[Int]?>" ")), one can see
that the occurrences of n in A escape their scope: they should be
bound by the quantifier II in the result type. To fix this, typing
environments in annotations are extended with universally quanti-
fied variables, that can be instantiated at type checking. For exam-
ple, Ay.z : (m : Nat,z : [Int]™ F 1 — [Int]™) means that
Ay.x has type 1 — [Int]™, assuming x : [Int]™, where m can
be instantiated with any natural number. With this annotation, the
daffy function can be checked against TIn.(([Int]*" —[Int]*") A
([Int]*" T —[Int]?>" ")), by instantiating m with respectively 2n
and 2n+-1. Itis possible to find a similarity between the annotations
of [9] (the lists of typings) and our annotations (ie, the combination
of interface and decoration) although instantiation in the former is
much more harnessed. There is however a fundamental difference
between the two systems and it is that [9] does not include a type
case. Because of that annotations need not to be propagated at run-
time: in [9] they are just used statically to check soundness and then
erased at run-time. Without type-cases we could do the same, but it
is precisely the presence of type-cases that justifies our formalism.
For what concerns XML programming, let us cite polymorphic
XDuce [13] and the work by Vouillon [25]. In both, pattern match-
ing is designed so as not to break polymorphism, but both have to
give up something: higher-order functions for [13] and intersection,
negation, and local type inference in [25] (the type of function ar-
guments must be explicitly given). Furthermore, Vouillon’s work
suffers from the original sin of starting from a subtyping relation
that is given axiomatically by a deduction system. This makes the
intuition underlying subtyping very difficult to grasp (at least, for
us). Another route taken is the one of OCamlDuce [11], which jux-
taposes OCaml and CDuce’s type systems in the same language,
keeping them separated. This practical approach yields little theo-
retical problems but forces a value to be of one kind of type or an-
other, preventing the programmer from writing polymorphic XML
transformations. Lastly, XHaskell by Sulzmann et al. [24] mixes
Haskell type classes with XDuce regular expression types but has
two main drawbacks. First, every polymorphic variable must be
annotated wherever it is instantiated with an XML type. Second,
even without inference of explicit annotations (which they do not
address), their system requires several restrictions to be decidable
(while our system with explicit type-substitutions is decidable).

8. Conclusion

The work presented in this and in its companion paper [5] pro-
vides the theoretical basis and all the algorithmic tools needed to
design and implement polymorphic functional languages for semi-
structured data and, more generally, for functional languages with
recursive types and set-theoretic unions, intersections, and nega-
tions. In particular, our results pave the way to the polymorphic
extension of CDuce [2] and to the definition of a real type system
for XQuery 3.0 [10] (not just one in which all higher-order func-
tions have type “function()”). Thanks to local type inference and
type reconstruction defined in the second part of this work, these
languages can have a syntax and semantics very close to those of
OCaml or Haskell, but will include primitives (in particular, com-
plex patterns) to exploit the great expressive power of full-fledged
set-theoretic types.

Some problems are still open, notably the decidability of type-
substitution inference defined in the second part of this work, but
these are of theoretical nature and should not have any impact in
practice (as a matter of facts people program in Java and Scala even



though the decidability of their type systems is still an open ques-
tion). On the practical side, the most interesting directions of re-
search is to couple the efficient compilation of the polymorphic
calculus with techniques of static analysis that would perform par-
tial evaluation of relabeling so as to improve the efficiency of type-
case of functional values even in the rare cases in which it is more
expensive than in the monomorphic version of CDuce.
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A. Explicitly-Typed Calculus

In this section, we define our explicitly-typed A-calculus with sets of type-substitutions that we outlined in
Section 3.

A.1 Types

Definition A.1 (Types). Let ¥ be a countable set of type variables ranged over by Greek letters o, 3,7,. . .,
and A a finite set of basic (or constant) types ranged over by b. A type is a term co-inductively produced by
the following grammar

Types t = « type variable
|b basic
|t xt product
|t =t arrow
[tVt  union
| =t negation
X——

that satisfies two additional requirements:

® (regularity) the term must have a finite number of different sub-terms.
® (contractivity) every infinite branch must contain an infinite number of occurrences of atoms (ie, either
a type variable or the immediate application of a type constructor: basic, product, arrow).

We use 7 to denote the set of all types.

We write ¢1\t2, t1At2, and 1 respectively as an abbreviation for ¢1A—t2, =(—t1V—t2), and —0. The
condition on infinite branches bars out ill-formed types such as ¢ = ¢ V ¢ (which does not carry any
information about the set denoted by the type) or t = —¢ (which cannot represent any set). It also ensures
that the binary relation >C .72 defined by ¢1 Vt2 > t;, =t > t is Noetherian (that is, strongly normalizing).
This gives an induction principle on .7 that we will use without any further explicit reference to the relation.

Since types are infinite, the accessory definitions on them will be given either by using memoization
(eg, the definition of var(), the variables occurring in a type: Definition A.2), by co-inductive techniques
(eg, the definition or the application of type-substitutions: Definition A.5), or by induction on the relation
>, but only when induction does not traverse a type constructor (eg, the definition of tlv(), the variables
occurring at top-level of a type: Definition A.3).

Definition A.2 (Type variables). Ler varg and vary be two functions from T x P () to P (V) defined

as:
o ifted
varo(t,3) = {varl(t,:lU {t}) otherwise

vari(a,3) = {a}
var1(b,3) = 0
vari(t1 X t2,3) = varo(t1,3) Uvarg(tz,3)
vari(t1 — t2,3) = varo(t1,3) Uvarg(tz,3)
vari(t1 V t2,3) = vari(t1,3) Uvari(tz,3)
Var1(‘|t1, ) = varl(tl,:l)

var1(0,3) = @

The set of type variables occurring in a type t, written var(t), is defined as varo(t,0). A type t is said to be
ground or closed if and only if var(t) is empty. We write  to denote the set of all the ground types.

Definition A.3 (Top-level variables). Let t be a type. The set tlv(t) of type variables that occur at top level
in t, that is, all the variables of t that have at least one occurrence not under a constructor, is defined as:

thfa) = {a}
tiv(ib) = 0
tlv(t1 X tz) =10
thity — t2) = 0
t/V tl V tz) = tlv(h) U t/V(tQ)
t/V(—\tl) = t/V(tl)
thv(0) = 0

Definition A.4 (Type substitution). A type-substitution o is a total mapping of type variables to types
that is the identity everywhere but on a finite subset of V', which is called the domain of o and denoted by
dom(o). We use the notation {t1/n,,, . .. ,tn/,, } to denote the type-substitution that maps «; to t; for i =
1..n. Given a substitution o, the range of o is defined as the set of types ran(c) = {o(a) | « € dom(o)},
and the set of type variables occurring in the range is defined as tvran(c) = | ,cgom(o) Var(o(a)).



Definition A.5. Given a type t € 7 and a type-substitution o, the application of o to t is co-inductively
defined as follows:

bo = b
(tl X t2)0‘ = (tla) X (tzo’)
(t1 = t2)o = (t10) — (t20)
(tl V t2)0‘ = (tla) Vv (tzo’)
(mt)e = —(to)
Oc =0
aoc = o(a) if « € dom(o)
ac = « if o & dom(o)

Definition A.6. Let o1 and o2 be two substitutions such that dom(o1) Ndom(o2) = 0 (o1 § o2 for short).
Their union o1 U o2 is defined as

o1(a) o € dom(o1)

(01 Uo2)(a) =14 o2(a) « € dom(oz)
a otherwise

A.2 Expressions

Definition A.7 (Expressions). Let € be a set of constants ranged over by ¢ and 2" a countable set
of expression variables ranged over by x,y,z,.... An expression e is a term inductively generated by the
following grammar:

Expressions e = ¢ constant
T expression variable
(e, e) pair
mi(e) projection(i € {1,2})
| f;le]l “i%ige  abstraction
jlied
ee application
ect?e:e type case
elojljer instantiation

where t;, s; range over types, t € 9 is a ground type and o ranges over type-substitutions. We write & to
denote the set of all expressions.

A \-abstraction comes with a non-empty sequence of arrow types (called its interface) and a possibly
empty set of type-substitutions (called its decorations). When the decoration is an empty set, we write
Aierti=si) g e for short.

Since expressions are inductively generated, the accessory definitions on them can be given by induction.

Given a set of type variables A and a set of type-substitutions [o;] ¢ .7, for simplicity, we use the notation
Aloj]je to denote the set of type variables occurring in the applications aoj forall o« € A, 5 € J, that is:

Alojljes = U( U var(o;(a)))
JEJ aeA

Definition A.8. Let e be an expression. The set fv(e) of free variables of the expression e is defined by
induction as:

120
fV(f(th.?;; = ;vge;) U fv(ez)
v f:;ﬁj?fsf .e) = fvie) \ {z}
fv(er e2) = fv(e1) U fv(ea)
fve€t?er 1 e2) = fv(e) U fv(er) U fr(ez)
fv(elojlies) = ful(e)

The set bv(e) of bound variables of the expression e is defined by induction as:
bv(z) = 0

bv(e€t?e : e2
bv(e[o;]jcs



The set tv(e) of type variables occurring in e is defined by induction as:

tv(z) = 0
0

= tv(e1) U tv(ez)
v(e)
V(E[G'j]je]) @] var(/\iel’je, tio; — SiO'j)
= tv(e1) U tv(ez)
tv(e€t7er : ez tv(e) U tv(er) U tv(e2)
tvelos]ies) = (tv(e))lojlier
An expression e is closed if fv(e) is empty.
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Note that the set of type variables in e[o;] ¢ is the set returned by the “application” of [0;];e to the
set tv(e).

Next, we define expression substitutions. Recall that, as stated in Section 3.1, when substituting an
expression e for a variable y in an expression e’, we suppose the polymorphic type variables of e’ to be
distinct from the monomorphic and polymorphic type variables of e to avoid unwanted captures. In the
discussion in Section 3.1, the definitions of the notions of polymorphic and monomorphic variables remain
informal. To make them more formal, we would have to distinguish between the two by carrying around a set
of type variables A which would contain the monomorphic variables that cannot be c-converted. Then all
definitions (such as expression substitutions, for example) would have to be parameterized with A, making
the definitions and technical developments difficult to read just because of a-conversion. Therefore, for the
sake of readability, we decided to keep the distinction between polymorphic and monomorphic variables
informal.

Definition A.9 (Expression substitution). An expression substitution g is a fotal mapping of expression
variables to expressions that is the identity everywhere but on a finite subset of 2, which is called the
domain of ¢ and denoted by dom(g). We use the notation {€1/y,,...,en/y } to denote the expression
substitution that maps x; into e; fori = 1..n.

The definitions of free variables, bound variables, and type variables are extended to expression
substitutions as follows.

Mo = U Me@) be)= [J bve@) w= | tve@)
zedom(p) zedom(p) xedom(p)

Next, we define the application of an expression substitution o to an expression e. To avoid unwanted
captures, we remind that we assume that the bound variables of e do not occur in the domain of o and that
the polymorphic type variables of e are distinct from the type variables occurring in o (using a-conversion
if necessary).

Definition A.10. Given an expression e € & and an expression substitution o, the application of ¢ to e is
defined as follows:

co= ¢
(e1,e2)0 = (e10,e20)
o D8 =
ielli Sq _ ielti Sq
( lojljes z-e)e = lojljes x.(ee)
(erez)o = (e10) (e20)
(e€t?e1:e2)0 = ep€Et?e1p: e2p
zo = o(x) if x € dom(p)
0 = = if x & dom(p)
(eloslien)o = (eo)lojlies

In the case for instantiation (e[oj]jecs)0, the o; operate on the polymorphic type variables, which
we assume distinct from the variables in o (using a-conversion if necessary). As a result, we have
tv(e) N, ¢, dom(o;) = (. Similarly, in the abstraction case, we have x ¢ dom(o).

Next, we define the relabeling of an expression e with a set of type-substitutions [o;] <7, which consists
in propagating the o; to the A-abstractions in e if needed. We suppose that the polymorphic type variables
in e are distinct from the type variables in the range of o; (this is always possible using a-conversion).

Definition A.11 (Relabeling). Given an expression e € & and a set of type-substitutions [0 ;] jc j, we define
the relabeling of e with (0] ;e s, written eQ[a;]jc, as e if tv(e) N U, ; dom(o;) = 0, and otherwise as
Jollows:

(e1,€2)Qoj]jes = (e1Q[oj]jcs, e2Qoj]5e)
(mi(e)Qlojljes = mi(eQloj]jes
(e1€2)Qloj]jer = (e1@[o;]jes) (e2Q[o;]je)
(eet?el : 62)@[0’j]jgj = 6@[0’j]jgj€t?61@[a'j]jgj : 62@[0’j]j5J
. ge[Ui]lel)@[O'j]jeJ = 69([05']3'@0[01']1'61)
icIti =S4 _ i€Iti =S4
( [U:]keK z.e)Qlojljes = [UjjeJO[%]keKm €



The substitutions are not propagated if they do not affect the variables of e (i.e., if tv(e)NJ, ; dom(c;) =

(). In particular, constants and variables are left unchanged, as they do not contain any type variable. Sup-
pose now that tv(e) N (J;c;dom(c;) # 0. In the abstraction case, the propagated substitutions are
composed with the decorations of the abstraction, without propagating them further down in the body.
Propagation in the body occurs, whenever is needed, that is, during either reduction (see (Rappl) in Section
A.4) or type-checking (see (abstr) in Section A.3). In the instantiation case e[o;];c1, we propagate the result
of the composition of [o;];er with [0}]jes in e. The remaining cases are simple inductive cases. Finally
notice that in a type case e€t ? e; : e2, we do not apply [o];e to ¢, simply because ¢ is ground.

A.3 Type System

Because of the type directed nature of our calculus (ie, the presence of the type-case expression), its dynamic
semantics is defined only for well-typed expressions. Therefore, we introduce the type system before giving
the reduction rules.

Definition A.12 (Typing environment). A typing environment I' is a finite mapping from expression
variables & to types 7, and written as a finite set of pairs {(x1 : t1), ..., (zn : tn)}. The set of expression
variables defined in T is called the domain of T, denoted by dom(I"). The set of type variables occurring
in T, that is, U(a::t)el" var(t), is denoted by var(T"). If T is a type environment, then T', (x : t) is the type
environment defined as

<n<x:t>><y>={t vy =

I'(y) otherwise

We extend the definition of type-substitution application to type environments by applying the type-
substitution to each type in the type environment as follows:

Fo={(z:to)|(z:t)el}
The typing judgment for expressions has the form A;I" F e : ¢, which states that under the set A of
(monomorphic) type variables and the typing environment I" the expression e has type ¢t. When A and I"
are both empty, we write - e : t for short. We assume that there is a basic type b. for each constant c. We

write o §f A as abbreviation for dom (o) N A = . The typing rules are given in Figure 3 which are the same
as in Section 3 except for the rules for products.

(‘ t) ( ) A;FF61Zt1 A;Pl—egttg )
A;TkFc:be cons A;THz:T(z) var AT E (e1,e2) 1t X to (pair
A;F}—e:tlxtg ) A;Fl—elltl—>t2 A:Fl—ezttl( l)
AT Em(e): ¢ (proj AT+ eres:ts app

A’:AUvar( /\ tiO'j*)SiO'j)
i€l jeg
Viel,je J AT, (x: tio;) - eQloy] : si0;
VpTT—y (abstr)
A;Fl—)\[d’j]ja z.e: /\ tio; — Si0;
i€l je
. . 'Lt = A;Tke:s
AlFe:t {t’gt = Ailbes o0 Ailbert o3
A;TF (ect?er:ez): s case AT Felo]:to ns
Vj e J ATk e[oj] : t; [J|>1 | A;TFe:s s<t
(inter) - (subsum)
A;F}—C[Uj]jeJl/\tj A'er:t
JeJ
Figure 3. Typing rules

A.4 Operational Semantics

Definition A.13 (Values). An expression e is a value if it is closed, well-typed (ie, - e : t for some type t),
and produced by the following grammar:
(Aielti—*Si)x e

Values vi=c| (v,v)] /\[cr_;']jeJ



We write ¥V to denote the set of all values.

Definition A.14 (Context). Let the symbol [_] denote a hole. A context C[_] is an expression with a hole:
Contexts Cl] ==

[
(€L e) [ (e, CL)

|
| ClleleCl]
| Clletre:e|ect?Cl_]:e|ect?e: C[]
| m(CL)
An evaluation context E[_] is a context that implements outermost leftmost reduction:
Evaluation Contexts El] == []
| (Ble) | (v, EL])
| El]elvE[]
| El Jet7e:e
| m(ELD)

We use Cle] and Ele] to denote the expressions obtained by replacing e for the hole in C[_] and E[_],
respectively.

We define a small-step call-by-value operational semantics for the calculus. The semantics is given by
the relation ~~», which is shown in Figure 4. There are four notions of reduction: one for projections, one
for applications, one for type cases, and one for instantiations, plus context closure. Henceforth we will
establish all the properties for the reduction using generic contexts but, of course, these holds also when the
more restrictive evaluation contexts are used.

Notions of reduction:
(Rproj) TFi(U1>U2) ~ U
Rapph) (5! ey~ (€' @loglier) (V)
where P = {jeJ | Hel. Fv:to;}

er if Fou:t

? .
(Rease)  (vEt?er:ez) ~ { es otherwise

(Rinst)  e[oj]jes ~ eQloj]jes

Context closure:
!
~ e

e
(RCIX) m

Figure 4. Operational semantics of the calculus

The (Rproj) rule is the standard projection rule while the other notions of reduction have already been
explained in Section 3.3.

We used a call-by-value semantics for application to ensure the type soundness property: subject
reduction (or type preservation) and progress (closed and well-typed expressions which are not values can
be reduced), which are discussed in Section B.2. To understand why, consider each basic reduction rule in
turn.

The requirement that the argument of a projection must be a value is imposed to ensure that the property
of subject reduction holds. Consider the expression e = 71 (e1, e2) where ey is an expression of type ¢1
(different from O) and ey is a (diverging) expression of type O. Clearly, the type system assigns the type
t1 x 0to (e1, e2). In our system, a product type with an empty component is itself empty, and thus e has
type 0. Therefore the type of the projection as well has type O (since 0 < 0 x O, then by subsumption
(e1,e2) : 0 x O and the result follows from the (proj) typing rule). If it were possible to reduce a projection
when the argument is not a value, then e could be reduced to e, which has type ¢1: type preservation would
be violated.

Likewise, the reduction rule for applications requires the argument to be a value. Let us consider the
application (\*t*DA (=X g (12 7)) (e), where - e : ¢ V s. The type system assigns to the abstraction
the type (t — ¢t X t) A (s — s X s), which is a subtype of (t V s) — ((t X t) V (s x s)). By subsumption,
the abstraction has type (¢t s) — ((¢ X t) V (s X s)), and thus, the application has type (¢ x t) V (s X s). If
the semantics permits to reduce an application when the argument is not a value, then this application could
be reduced to the expression (e, e), which has type (¢t V s) x (¢t V s) butnot (¢ x t) V (s X s).



Finally, if we allowed (e€t 7 e1 : e2) to reduce to e; when = e : ¢ but e is not a value, we could break
type preservation. For example, assume that |- e : 0. Then the type system would not check anything about
the branches e; and ez (see the typing rule (case) in Figure 3) and so e; could be ill-typed.

Notice that in all these cases the usage of values ensures subject reduction but it is not a necessary
condition: in some cases weaker constraints could be used. For instance, in order to check whether an
expression is a list of integers, in general it is not necessary to fully evaluate the whole list: the head and
the type of the tail are all that is needed. Studying weaker conditions for the reduction rules is an interesting
topic, which we leave for future work, in particular, in the view of adapting our framework to lazy languages.

B. Properties of the Type System

In this section we present some properties of our type system. First, we study its syntactic meta-theory:
in particular, we prove admissibility of the intersection rule, a generation lemma for values, and that
substitutions preserve typing. These properties are needed to prove soundness, the fundamental property
which links every type system of a calculus with its operational counterpart: well-typed expressions do not
go wrong [18]. Next, we prove that the explicitly-typed calculus is able to derive the same typing judgments
as the BCD intersection type system defined by Barendregt, Coppo, and Dezani [1]. Finally, we prove that
the expressions of the form e[o;] ;e s are redundant insofar as their presence in the calculus does not increase
its expressive power.

B.1 Syntactic meta-theory

LemmaB.1. IfA;T e : tand var(T') C A, then var(T') C A’ holds for every judgment A" ;T - e’ : t'
in the derivation of AT e : t.

Proof. By induction on the derivation of A;T' F e : ¢t. O

Lemma B.2 (Admissibility of intersection introduction). Let e be an expression. If A;T' F e : t and
A:TkFe:t then A;TFHe:tAt.

Proof. The proof proceeds by induction on the two typing derivations. First, assume that these two
derivations end with an instance of the same rule corresponding to the top-level constructor of e.

(const): both derivations end with an instance of (const):

(const) (const)

A T'Fc:be A;TFec:be
Trivially, we have b. A be =~ b., by subsumption, the result follows.
(var): both derivations end with an instance of (var):

A;THz:T(z) (var) A;THz:T(z)
Trivially, we have I'(z) A T'(z) ~ I'(z), by subsumption, the result follows.
(pair): both derivations end with an instance of (pair):

(var)

A:TkFer:ty A;Fl—egztg( ir) ATher :t) A;Tkes:th
air
A;Fl_(e1,€2):(t1 ><t2) P A;FF(€1,€2)Z(t/1><t/2)
By induction, we have A ;' e; : (¢; At}). Then the rule (pair) givesus A ;T F (e1, e2) @ (t1 At]) X
(t2 A t). Moreover, because intersection distributes over products, we have (t1 A 1) X (t2 A t5) ~
(t1 X t2) A (t] X t5). Then by (subsum), we have A ;T I (e1,e2) : (t1 X t2) A (#] X t5).
(proj): both derivations end with an instance of (proj):

(pair)

ATHe 1t Xt ) AT Re th xth
~t o (o)
AT Em(e): AT Em(e): ¢
By induction, we have A ;T F e’ @ (t1 X t2) A (] X t5). Since (£1 Aty) X (L2 Ath) = (t1 X t2) A(t] X t5)
(see the case of (pair)), by (subsum), we have A ;T €’ : (t1 At1) X (t2 A t3). Then the rule (proj)
givesus A;T (€)1t At
(appl): both derivations end with an instance of (appl):

(proj)

ATke :t1 =2t A;T'Fex:ty
A;PF€162:t2

(appl)

A;TkFer:th =th ATkes:t]
A T'Feies: t’z
By induction, we have A;T  e1 : (t1 — t2) A (t] — t5) and A;T F ea : t1 A ). Because
intersection distributes over arrows, we have (t1 — t2) A (£] — t3) < (t1 At)) — (t2 A t). Then
by the rule (subsum), we get A;T F eq : (81 Aty) — (t2 A t5). Finally, by applying (appl), we get
AT | eq ez : ta Ath as expected.

(appl)



(abstr): both derivations end with an instance of (abstr):

Viel,jeJ A";T, (z: tioy) F 6/@[0']'] 18,05
A':AUvar(/\ tiaj ‘)&;O’j)

. Nierti—s; /., e e
AT )\[Uj]je', z.e : /\iel,jeJtla] — 8i0;

iel,jes

Viel,jeJ AT, (z: tioj) F Qo] : sio)
A" = AUvar(A\ tio; — si05)

. Nierti—s; /. Jp s
AT+ /\[aj]ng z.e : /\ieLjeJth'] — 807

i€l,jed

It is clear that
( /\ tiO'j—>5i0'j)/\( /\ tiO'j—>8i0'j)2 /\ t;o; — 8i0;
iel,jeJ iel,jeJ iel,jed
By subsumption, the result follows.
(case): both derivations end with an instance of (case):

to Lt = A;T'kei:s

AT Feg:to
to £t = A;T'ktexy:s
A;TH (eg€t7er tea): s (case)
e taﬁ_\t = A;Fl—el:s/
A;FFEoita
to £t = A;Tley:s
(case)

A;TF (eg€t?er s e2): s
By induction, we have A ;T I eg : to A t(. Suppose to Aty £ —t; then tg £ —t and t;, £ —t.
Consequently, the branch e; has been type-checked in both cases, and we have A ;T I~ e; : s A s" by
the induction hypothesis. Similarly, if o A ¢y £ t, then we have A ;T I ez : s A s’. Consequently, we
have A ;T F (eg€t 7 e : e2) : s A s by the rule (case).
(inst): both derivations end with an instance of (inst):

A;TrHe it oA . A;TRe:t ofA
ATk éo]: to (inst) A;Tkéo]:to
By induction, we have A ;T ¢’ : t At'. Since o § A, the rule (inst) givesus A;T €' [o] : (tAL)o,
thatis A;T F e'[o] : (to) A (H'0).
(inter): both derivations end with an instance of (inter):

(inst)

(inter)

Vj €L AT o] VjeJ A TkFeéloy:t] (inter)
’

A;Fl—e'[aj]jeJ:/\jEth A;Fl—e,[dj}jgjl/\jeth
where |J| > 1. By induction, we have A;T" = ¢'[o;] : t; At} for all j € J. Then the rule (infer) gives
us AT E€fojljer : Njes(t AL5), thatis, AT Eeloglies + (Njesti) A (Njes ts)-

Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), for
instance,

ATFe:s s<

; (subsum) —_—

A;T'kFe :t A TkHe:t
By induction, we have A;T' ¢’ : s At'. Since s < t, we have s At' < t A t'. Then the rule (subsum)
givesus A; T e’ : ¢t At as expected. O

Lemma B.3 (Generation for values). Letf v be a value. Then

1. If AT F o : b, then v is a constant ¢ and b < b.

2. If AT vty X tg, then v has the form of (v1,v2) with AT F v, : t.

3 IfAT v :t— s, thenv has the form of)\f;iﬁ;::“x.eo with /\ierjeJ(tiO'j — 5,05) <t —s.
Proof. By a simple examination of the rules it is easy to see that a derivation for A;T" - v : t is always
formed by an instance of the rule corresponding to the kind of v (i.e., (const) for constants, (pair) for pairs,
and (abstr) for abstractions), followed by zero or more instances of (subsum). By induction on the depth of
the derivation it is then easy to prove that if A ;" - v : ¢ is derivable, then ¢ # 0. The lemma then follows



by induction on the number of the instances of the subsumption rule that end the derivation of A ;' F v : ¢.
The base cases are straightforward, while the inductive cases are:

A ;T v : b: vis by induction a constant ¢ such that b. < b.

A ;T Fov:t; X te: vis by induction a pair (v1,v2) and ¢’ is form of (¢} X t5) such that A;T F v; : ¢;.

Here we use the fact that the type of a value cannot be 0: since 0 2 (] x t5) < (t1 X t2), then we have
t; < t,. Finally, by (subsum), we have A ;T - v; : t;.

AT Fv:t—s s:vis by induction an abstraction A/ 1§/ 7%

loj]e7 x.eg such that /\ieI,jeJ(tin — 87;0'j) <
t—s.

O

Lemma B.4. Let e be an expression and [0} e, [0k|kek two sets of type substitutions. Then
(eQ[oj]je)Qok]kex = eQ([ok]rek © [0]5e)

Proof. By induction on the structure of e.

o (c@loslses)Blonlkex =  c@lorlkex
B = cQ([ok]rex ©[oj]5e)
(2Q[o]jes)Qok]kex = xQok]rek

2Q([ok]kex o oj]je)

e = (e1,e2):

(e1Q[oj]e s, €2Q[0]je.)Qlok]ke K _ .
((e1@[o;]jes)Qlok]rex, (e2Q[o;]je5)Qlok]rer) (by induction)
Eel@([;fk](TEK] ° [UJ]J[EJ]) ;e2Q([ok]kex o [o]jer)

((e1, 62)@[Uj]jeJ)@[0k]keK

e =me):
(mi(e")Q@oj]jer)Q@oklrex = (mi(e'Qloj]jes))Qlor]kex
= mi((€Q[oj]jes)Q[ok]ker) (by induction)
= mi(e'Q([ok]rek o [05]jes))
- = mi(e")Q([orlrex o o5]jes)

((ere2)Q[o;]jes)Qlok]ker

((e1@loj]je)(e2@loj]je))@ok]kex o
((e1@[o]jes)Qlok]ker)((e2@lo;]es)Q@ok]kek) (by induction)
Eel@()[a'k]kel( o [oj]es))(e2Q([ok]ker o [ojljes))

e1e2)Q([ok]kex o [0)]jer)
_ yNierti—s; /.
e = )\[oj’]j’eJ/ x.e':
Nierti—s; Nigrti 4
(( [Uz;fj/lgJ/SZx'e/)@[aj]jGJ)@[Uk]kEK = [UL_EEEZJ_O)[SC;J'/]J'/EJ/w'el)@[ak}keK
_ ( Nicrti—sq xe')
loklkekolojljerolojljre

= (AT e)Q([ok]kex o [05]5e)

lojr]rer
e = epEt ?e; : ex: similarto e = (e1, e2)
e = €'|oilier:
((¢'[oi]ien)Qloslies)Qlorlrer = (¢'Q[ojlses o [oilier))@orlkex
= ¢

([ok]kek © [oj]jes 0 [oilicr) (by induction)
(¢'loilier)@Q([ox]ker © [0)]je7)

O

Lemma B.5. Let e be an expression, ¢ an expression substitution and [o;];c a set of type substitutions
such that tv(o) N ;¢ ; dom(;) = 0. Then (e0)@lo;]jes = (eQoj]jes)0.

Proof. By induction on the structure of e.

e=c

cQlojljers

c

co
(cQloj]jer)e

(co)Qlojljes



e =x: if x ¢ dom(p), then

(z0)Q[ojljer = zQloj]jes
= z
= (zQ[ojljer)e

Otherwise, let o() = ¢’. As tv(e) N, , dom(a;) = 0, we have tv(e’) N{J; ., dom(c;) = 0. Then

(z0)8[oj]jer = €Qloyljes
= e
= (zQ[ojljer)e

e = (e1,e2):
((e1, e2)0)@lo;]jes €10, €20)@o;]jes

(e10)@

([ [ T T
A~

[o5]ie7, (e20)@[oj]je1)
(e1Q[oj]jer)0, (e2Qloj]je)0)
e1Q[o;]cs, e2@[o]je)0
(e1,e2)@Q[oy]jeq)0

(by induction)

e=m(e)
(mi(e)o)Qojlies = (mi(e'0))Qlo;]jes
= mi((¢'0)Qlojljer)
= mi((e1Q[oj]jes)0) (by induction)
= mi(e'Qojlier)o
_ . = (m(e'))@[gj]]eJ)Q
- ((ere2)0)Q[ojljes =  ((er0)(e20))Qo;ljes
= ((ex ) [UJ]JeJ)((ezg)@[Uj}jEJ)
= ((e1Q[oj]je)0)((e2@[o;]jes)0) (by induction)
= ((e1@[ojljes)(e2Q[oj]je7))0
= ((e1e2)@[oj]jes)o
(( [A;f];te;js e)o)Qojljes = ( [of];;sl z.(¢'0))Qo;] e
_ ["iﬁjiz’."i"lﬁ]kex”(e/g)
= ()\[Glje]gl'ezJO[é;k]kEK‘r'el)‘Q (because tv(g) N UjeJ dom(o;) = 0)
(Moo “@e)alojlier)e
e=eo€t%e; : €3t

ep€Et?er : e
e00)EL? (€10

[05]jes
(e20))Q[oj]jes
t

€2)0)@
)

((eo€t?er : e2)Qloj]jer)o

e0@Qlojljes)o)Et ? ((e1Q[oj]je0)0)

((

((

Egeoe)@[ffj]jeIE ? ((e10)Qloj]jes) :
((eo@laj]jes)€t ? (€1@[oj] e) = (

((e20)Q[oj]5e)
: ((e2@loy]jer)0)
e2@[oj]jeq))e

(by induction)

e = €'[ok]keK: using a-conversion on the polymorphic type variables of e, we can assume tv(g) N

Usex dom(ox) =

((e'[or]rer)0)@[oj]es

(). Consequently we have tv(o)
(e
e/@)
e'0)@
e/
e

!

(
(
(
(
(

Lemma B.6 ([Expression] substitution lemma). Lef e,eq, ...
(X s

variables, and t,t1, . ..
AT Feferfy,, ...

Jtn types. IFAG T (21 : 1), ...
,en/xn} L.

Proof. By induction on the typing derivations for A ; T’
a copy of the derivation for A;T" - e;
in what follows, we write I for I, (3
case analysis on the last applied rule.

2751)7...7

Sz t),. ., (z

: t; wherever the rule (var) is used for variable x;. For simplicity,
(zn : tn) and p for {e1/z, ...,

N Ujcsrer dom(oj 0 or) = 0, and we deduce

0)oklkex)Qloj]jes

([ojlje o loklker)
[0j © Okljesker

Q[0 o ok]jeskek)o (by induction)

Q([oj]ies o [oklrer))e
(e'[o

klkerx)Qojljer)eo
O

, en be expressions, x1,...,Ty distinct
tn)Fe:tand AT & e; : t; forall i, then

n :tn) e t. We simply “plug”

en/, +. We proceed by a



(const): straightforward.

(var): e =zand A;T' -z : TV ().
If £ = x;, then F'(m) = t; and xp = e;. From the premise, we have A ;T" I ¢; : ¢;. The result follows.
Otherwise, I (x) = I'(z) and z¢ = =. Clearly, we have A ;T - z : T'(z). Thus the result follows as
well.

(pair): consider the following derivation:

A;F/I—el:tl A;F/I—el:tl
A;F, [ (61762) : (t1 X tz)
By applying the induction hypothesis twice, we have A;T" + e;o : t;. By (pair), we get A;T"
(e10,€20) : (t1 X t2), thatis, A;T'F (e1,e2)0: (t1 X t2).
(proj): consider the following derivation:

(pair)

A;Fl}—el:tl X to
AT (el
By induction, we have A ;T F €'p : t1 X t2. Then the rule (proj) gives us A ;T + m; (€' o) : t;, that is
AT Fmi(e)o: ti.
(abstr): consider the following derivation:

(proj)

Viel,jeJ AT, (z: tio;) b eQloy] : si05

A" = AUvar(\,c; e tio — si0;5) )
AT )\/\ielii—mi /. t (CL St?‘)
) [f’j]jeJ xT.e : /\iEI,]’EJ i0j —> 8;0;

By a-conversion, we can ensure that tv(e) N U, , dom(o;) = 0. By induction, we have A"; T, (z :
tioj) F (e'Q[oj])o : sioj foralli € I and j € J. Because tv(g) N dom(o;) = 0, by Lemma B.5,
we get A";T,(z : tio;) F (¢'0)@[oj] : sioj. Then by applying (abstr), we obtain A;T +
f;Zﬁ;;iJHéim.(e'g)  Nierjestios — sioj. Thatis, AT + ()\[/::ﬁ;?‘f”x.e)g * Nierjes tios —
s;0j (because tv(g) N, ; dom(a;) = 0).
(case): consider the following derivation:

e tlg—'t = A;F’I—elzs

A X '+ €ep : t/

t' Lt = A;I'ley:s

AT F (eo€t?er te2) @ s

By induction, we have A ;T F egp : ' and A;T | e;0 : s (for i such that A ;T I e; : s has been

type-checked in the original derivation). Then the rule (case) gives us A; T (ego€t7e10: €20) : s
thatis A; T F (eg€t7e1 : e2)p: s.

(inst):

(case)

AT'Fe s oA
AT Féo]: so
Using a-conversion on the polymorphic type variables of e, we can assume tv(g) N dom(o) = 0. By
induction, we have A;T I €'p : s. Since o § A, by applying (inst) we obtain A ;T + (¢'g)[o] : so,
thatis, A; T + (e’[o])o : so because tv(g) N dom(c) =0
(inter):

(inst)

V] e J A,Fl F 6’[0']'] : t]'
A;F/ + e'[aj]jEJ : /\jeth
By induction, for all j € J we have A;T F (¢'[o;])o : t;, thatis A;T F (e'0)[oj] : t;. Then by
applying (inter) we get A;T' = (e'0)[oj]jer = N\ t)» thatis AT (e'[os]ser)0: Ny ti-
(subsum): consider the following derivation:

(inter)

AT Fe:s s<t
AT e it
By induction, we have A ;T' - €’ g : s. Then the rule (subsum) givesus A ;T - ¢e'p : t.

(subsum)



Definition B.7. Given two typing environments I'1, I'2, we define their intersection as

(T1 AT,)(z) = {Fl(«’”) ATs(x) ifx € dom(I'y) N dom(Ts)

undefined otherwise
We deﬁne FQ S Fl lfFQ(LE) S F1(:]3)f()r allx € dom(Fl), and Fl ~ FQ lfl—‘l S FQ and FQ S Fl.

Given an expression e and a set A of (monomorphic) type variables, we write e ff A if o; § A for all the
type substitution o; that occur in a subterm of e of the form €’[0;];ec (in other terms, we do not consider
the substitutions that occur in the decorations of A-abstractions).

Lemma B.8 (Weakening). Let e be an expression, I', T’ two typing environments and A’ a set of type
variables. IF AT Fe:t, T/ <Tandef A, then AUA";T' Fe:t.
Proof. By induction on the derivation of A ;T - e : t. We perform a case analysis on the last applied rule.

(const): straightforward.

(var): AT Fz: T(x). Itis clear that AUA" ;T - x : T(z) by (var). Since IV (z) < T'(z), by (subsum),
weget AUA ;T Fz: ().

(pair): consider the following derivation:

A;FFelltl A;FFEQZtQ( )
alr
A;Fl_(€17€2)1t1><t2 P

By applying the induction hypothesis twice, we have A U A";T”  e; : t;. Then by (pair), we get
AUA,;P/ [ (61,62) 11 X ta.
(proj): consider the following derivation:

A;FF@':tl X to
A;F [ 7[’1‘(6/) 7
By the induction hypothesis, we have A U A’ ;T - ¢’ : t; X to. Then by (proj), we get AU A’ ; TV -
71'7;(6/) : ti.
(abstr): consider the following derivation:

(proj)

Viel,jeJ AT, (x:to;) - eQloj]: sioj
A'=AU var(/\ielijJ tio; — S¢O'j)
. Nigrti—sq .
A:TE )\[Uﬁjej z.e : /\ierjeJticrj — $i0;
By induction, we have A” U A";T”, (z : t;0;) + € @[o;] : s;o; foralli € I and j € J. Then by
(abstr), we get AU A" ;T - )\[@i ]Itiﬁsiac.e' A t;oj — 8;0;j.

jlier i€l,jeJ
(case): consider the following derivation:

(abstr)

'Lt = A;Tke:s
A I'keg: t L
'Lt = A:Thley:s
A;TFE (eg€t?er:e2): s
By induction, we have A U A";TV - ep : to and A U A";T” I~ e; : s (for 4 such that e; has been
type-checked in the original derivation). Then by (case), we get AU A’ ;T - (eg€t 7 eq : €2) : s.
(inst): consider the following derivation:

(case)

ATke:s ofA
A;TFéo]: so
By induction, we have A U A";TY + ¢’ : s. Since e ff A'(i.e., €'[o] § A’), we have o  A’. Then
o #A U A’. Therefore, by applying (inst) we get AU A’ ;T I €'[o] : so.
(inter): consider the following derivation:

(inst)

Vj e J.A;Fl—e'[aj] 1ty
A;TH el[Uj}jej : /\jGJ t;
By induction, we have A U A";T” + ¢€'[o] : t; for all j € J. Then the rule (inst) gives us
AUA ;F/ [ e/[O'j]jeJ : /\jEth'
(subsum): there exists a type s such that

(inter)

ATFe :s s<t

A:THe :t

(subsum)



By induction, we have A U A’ ;T’ I ¢’ : 5. Then by applying the rule (subsum) we get AU A’ ;T
et

O

The next two lemmas are used to simplify sets of type-substitutions applied to expressions when they
are redundant or they work on variables that are not in the expressions.

Lemma B.9 (Useless Substitutions). Let e be an expression and [0k ke K, [0 ke two sets of substitu-
tions such that dom(o},) N dom(cy) = 0 and dom(oy,) N tv(e) = 0 for all k € K. Then

AT 6@[0’]€}ke}( 1t A;T'+ 6@[O'k Ua;c]keK 0t
Proof. Straightforward. |

Henceforth we use “&” to denote the union of multi-sets (e.g., {1,2} W {1,3} = {1,2,1,3}).

Lemma B.10 (Redundant Substitutions). Let [0;];cs and [0;];c s be two sets of substitutions such that
J' C J. Then

A;Pl—e@[()‘j}jel]w‘]l t<— A;T'+ 6@[Jj]jgj ot
Proof. Similar to Lemma B.9. O

Lemma B.9 states that if a type variable « in the domain of a type substitution o does not occur in the
applied expression e, namely, & € dom(o) \ tv(e), then that part of the substitution is useless and can be
safely eliminated. Lemma B.10 states that although our [0 ;] ;¢ are formally multisets of type-substitutions,
in practice they behave as sets, since repeated entries of type substitutions can be safely removed. Therefore,
to simplify an expression without altering its type (and semantics), we first eliminate the useless type
variables, yielding concise type substitutions, and then remove the redundant type substitutions. It explains
why we do not apply relabeling when the domains of the type substitutions do not contain type variables in
expressions in Definition A.11.

Moreover, Lemma B.10 also indicates that it is safe to keep only the type substitutions which are different
from each other when we merge two sets of substitutions (e.g. Lemmas B.13 and B.14). In what follows,
without explicit mention, we assume that there are no useless type variables in the domain of any type
substitution and no redundant type substitutions in any set of type substitutions.

Lemma B.11 (Relabeling). Let e be an expression, [oj]jc s a set of type substitutions and A a set of type
variables such that o; § A forallj € J. IfA;T e :t, then

A,F = 6@[0’j]jej : /\ tO'j
jeJ
Proof. The proof proceeds by induction and case analysis on the structure of e. For each case we use an

auxiliary internal induction on the typing derivation. We label E the main (external) induction and I the
internal induction in what follows.

e = c: the typing derivation A;T" I e : ¢ should end with either (consf) or (subsum). Assume that the
typing derivation ends with (consr). Trivially, we have A ;T F ¢ : b.. Since cQ[o;]jcs = ¢ and
be = A jc s beoj, by subsumption, we have A;I' F c@[o;] e 0 \jc 5 beos.

Otherwise, the typing derivation ends with an instance of (subsum):

A;TFe:s s<t
ATke:t
Then by I-induction, we have AT = e@[o;]jes @ \jc;s0;. Since s < ¢, we get A\, ;505 <
A\je s to;. Then by applying the rule (subsum), we have AT = eQ[o;]jes = ¢, to;.

e = x: the typing derivation A;T" + e : ¢ should end with either (var) or (subsum). Assume that
the typing derivation ends with (var). Trivially, by (var), we get A;T + x : I'(xz). Moreover, we
have 2Qo;]je; = z and I'(z) = A;_;'(z)o; (as var(I') C A). Therefore, we deduce that
AT 2Qlojljes : N\ T(@)0;

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

e = (e1, e2): the typing derivation A;T" - e : ¢ should end with either (pair) or (subsum). Assume that
the typing derivation ends with (pair):

A Tke:t1 AT Fes:ts
A;Fl—(el,eg):tl X to

By E-induction, we have AT F e;@[oj]jes : A,c;tio;. Then by (pair), we get AT
(61@[0']‘}j€],62@[0'j}jej) : (/\jEJtlaj X /\jeJtQO'j), that iS, A;F [ (61,62)@[03]]'6]

(subsum)

(pair)



/\jEJ(tl X tQ)Uj.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

e = m;(e’): the typing derivation A ;T I e : ¢ should end with either (proj) or (subsum). Assume that the
typing derivation ends with (proj):

A;FF(i,:h X to
A;F [ 71'1(8’) 7
By E-induction, we have A;T' = €'@[o]jes @ Ao, (t1 X t2)oy, that is, AT F €Qoj]jer :
(Ajestios X \,c;t20;). Then the rule (proj) gives us that A;I" i (€' Q[oj]ier) : Nje s tio;, that
is, A I'H m(e/)@[aj}jej : /\jEJ tio']'.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

e = ejea: the typing derivation A ;" - e : ¢ should end with either (appl) or (subsum). Assume that the
typing derivation ends with (appl):

(proj)

AT'ker:t—s A;T'kex:t .
A;T'Fejes:s pair)
By E-induction, we have A;I' = e1@[oj]jes © \jc;(t = s)oj and AT F e2@[o;] + A, ;Lo
Since A\ ;(t = s)o; < (Njestos) = (Njey505), by (subsum), we have A;I' = e1@[o]jes :
(Ajestos) = (s 805). Then by (appl), we get
AT F (e1Q[oj]jeq)(e2Qoj]e0) /\ 505

jeJ

thatis, AT+ (e1e2)@[oj]jes 1 Aje s 505
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e = NMETti iy ofy the typing derivation A ;' e : t should end with either (abstr) or (subsum).

loklke K
Assume that the typing derivation ends with (abstr):

Vi € I,/ﬂ c K. A/;F, (ZL‘ : tiO'k) [ 6’@[0’k] IS0k
A" = AUvar(A;c; pek tior = siox)

Nicrti—>s; !, . .
A:TH )\[aA er  T€ ./\ieI’keK tior — SiOk

Using a-conversion, we can assume that o § (var(A;c; ,cx tiox — siox) \ A) for j € J. Hence
oj § A’. By E-induction, we have
A" T, (z: (tiog)) F (e'Q[ox])Q[o;] : (siok)o;
foralli € I,k € K and j € J. By Lemma B.4, (¢'@Q[o%])@[c;] = €'Q([o;] o [ok]). So
A" T, (z: (tiok)) F e'@Q([oj] o [ox]) : (si0%)0;
Finally, by (abstr), we get
AT b \ertims z.e : /\ ti(ojook) — si(oj 0 ok)

l[ojo0kljcrkek
icl,jeJ k€K

(abstr)

that is,
ierti—s;
AT H ( UljigK s a’;.e,)@[o'j]jgj : /\( /\ tior — SiUk)U]
jeJ iel,keK

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

e = e €t ?e; : ea: the typing derivation A ;T I e : ¢ should end with either (case) or (subsum). Assume
that the typing derivation ends with (case):

.. P4t = ATFes
A:THe .
Lt = A;T'tex:s

A;TF (e'et?er:e2): s
By E-induction, we have A;T' = €'Q[o;]jes : A\, t'0;. Suppose A, t'o; £ —t; then we must
have ¢ £ —t, and the branch for e; has been type-checked. By the E-induction hypothesis, we have

AT F e@[ogljes = N\jeyso;. Similarly, if A, t'0; £ ¢, then the second branch ez has been
type-checked, and we have A;I' - e2@[o;]jecs 1 /\;c; s0; by the E-induction hypothesis. By (case),

(case)



we have
AT H (6’@[0’j]jejet ? 61@[Uj]jej : 62@[0']']]‘6]) : /\ S0
JjEJ
thatis AT = (e'€t7er @ e2)Qoj]jecs : N\je s 505
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.
e = ¢€[o]: the typing derivation A ;T | e : t should end with either (inst) or (subsum). Assume that the
typing derivation ends with (ins?):

ATHe:t otA
A;TFé[o]:to

Consider the set of substitutions [0 0 o];es. Itis clear that o; o o §f A for all j € J. By E-induction,
we have

(inst)

AT F€Q[ojo0]jer: /\ t(oj 0 0)
jeJ
thatis, AT = (e'[o])Qoj]jer = A\, e, (to)o;.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.
e = €'[ok]kex: the typing derivation A ;T I e : ¢ should end with either (inter) or (subsum). Assume that
the typing derivation ends with (inter):

VkGK.A;Fl—e/[Gk] ttk

AT H el[Uk]keK : /\keK tr
As an intermediary result, we first prove that the derivation can be rewritten as

(inter)

ATkFe:s optA .
- (inst)
Vke K. A;T'Feéelok]:sor .
y (inter)
AT Felok)rex : /\keK S0k /\keK sox < /\keK 122
AT+ el[Uk}keK : /\keK tr

We proceed by induction on the original derivation. It is clear that each sub-derivation A ;T = €[] :
ty, ends with either (inst) or (subsum). If all the sub-derivations end with an instance of (inst), then for
all k € K, we have

(subsum)

ATFEe s oA
AT F e ok] : skok
By Lemma B.2, we have A;T" F e : A, sk Let s = A, sk. Then by (inst), we get
A;T & €'[ok] : so. Finally, by (inter) and (subsum), the intermediary result holds. Otherwise, at
least one of the sub-derivations ends with an instance of (subsum); the intermediary result also holds by
induction.
Now that the intermediary result is proved, we go back to the proof of the lemma. Consider the set of
substitutions [0 © ok |;jc ke k- Itis clear that o o o), § A forall j € J, k € K. By E-induction on €’
(i.e., A;T €' : s), we have
AT 6,@[0']‘ 0 Ok)jeskek : /\ s(oj o ow)
jeJkeK

that is, AT = (€'[onlrer)@ojljer + Njes(Npex 508)05 AS Nycke 506 < Apexe ths We get
Njer(Niex 501)5 < Njes(Arer te)o. Then by (subsum), the result follows.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

(inst)

O
Corollary B.12. If AT+ e[oj]jes : t, then AT F eQ[oj]jeq : ¢
Proof. Immediate consequence of Lemma B.11. O

Lemma B.13. If A;T + eQ[ojljcs : ¢t and A';T' + eQojljes : t', then A UA ;T AT F
e@[Uj]jEJUJ/ ttA t/

Proof. The proof proceeds by induction and case analysis on the structure of e. For each case we use an
auxiliary internal induction on both typing derivations. We label E the main (external) induction and I the
internal induction in what follows.



e =c: eQloj]jes = eQ[oj]cr = c. Clearly, both typing derivations should end with either (const) or
(subsum). Assume that both derivations end with (const):

const) (const)

A;Fl—c:bc( AT Fe:be
Trivially, by (const) we have AU A" ;T AT’ = c: b, thatis AUA’ ;T AT I eQlojljcgu @ be. As
be >~ be A be, by (subsum), the result follows.
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), for
instance,

A;Fl—e@[aj]jejzs s<t
A ’ '+ 6@[0'3'13'6] ot
Then by I-induction on A ;' - e@[o;] e : sand A" ;T - e@[o;] ¢ 5 : t/, we have
AUA";T AT F eQ[ojljequg i s AL
Since s < t, we have s At' < t At'. By (subsum), the result follows as well.
e=ax: eQ[o;]jes = eQ[o;];cr = x. Clearly, both typing derivations should end with either (var) or
(subsum). Assume that both derivations end with an instance of (var):
(var)

(subsum)

- —— (var

ATEz:T() AT T (x) (var)
Since z € dom(T") and z € dom(I’), x € dom(I' AT”). By (var), we have AUA";T AT  x :
(T AT)(z), thatis, AUA";T AT b eQ[oj] e 0 : T(z) AT (2).
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.

€ = (617 62): 6@[0']'}]'6] = (61@[0’j]jej, 62@[0’j}jej) and
€Qlojljey = (e1Q[oj]jey,€2Q[o;];e ). Clearly, both typing derivations should end with either
(pair) or (subsum). Assume that both derivations end with an instance of (pair):

A;F [ 61@[0']']]'6] : 81 A;F = 62@[Uj]jej D)
AT+ (61@[0'j]jej,€2@[0'j]jeJ) 1 (s1 % 52)

(pair)

AT ¢ e1Qlojlicy : 81 AT F ex@[oj]jer : sh
AT F (e1Qo]jesr, e2Q[0;]je0) ¢ (81 X s2)

By E-induction, we have A U A";T ATV b e;Q[o;] ;5000 ¢ si A s;. Then by (pair), we get
AUA ;T AT F (e1Q[oj] e 07, €2Q[05]e5057) 1 (51 As1) X (s2 A sh), thatis AUA"; T AT
(e1,€2)Q[oj]cq007 : (51 A s1) X (s2 A s5). Moreover, because intersection distributes over product,
we have (s1 A sh) X (s2 A sh) = (s1 X s2) A (s] X sb). Finally, by applying (subsum), we have
AUA" ;T AT F (e1,e2)@Q[oj]jequs : (51 X s2) A (8] X s5).
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = c, the result follows by I-induction.

e =mi(e'): eQo;]jes = mi(e'Qoj]jes) and eQ[o;]c 5 = mi(€'Qloj]c57), where i = 1,2. Clearly,
both typing derivations should end with either (proj) or (subsum). Assume that both derivations end
with an instance of (proj):

(pair)

A;Fl—e/@[o'j}jejzsl X S2 ( ) A/;Fl}_el@[()'j]je‘]/ ISll XSIQ
ro
AT Fmi(e'Qlojljes) @ si . AT o (e Qlojljer) : s
By E-induction, we have A U A";T A IV + €'@oj];equr @ (81 X s2) A (85 x sb). Since
(s1 X s2) A (81 x s5) =~ (s1 A s1) X (s2 A s5) (See the case of e = (e1,e2)), by (subsum), we
have AUA;T AT + €'Q[oj]jequ0 t (s1 A s1) x (s2 A s3). Finally, by applying (proj), we get
AUA";T AT Fmi(eQoj]iesusr) @ si Asi, thatis AUA ;T AT Fmi(e)Qloj]iequ @ Si A S
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.
e = eiez: €Qloj]jcs = (e1@[o;] c)(e2@[o;]je) and
eQlojljer = (e1Q[oj]je7)(e2@[o;]c.7). Clearly, both typing derivations should end with either
(appl) or (subsum). Assume that both derivations end with an instance of (appl):

A;P = 61@[Uj]jej 181 — S2 A;F [ 62@[Uj]jej : 81
AT E (e1Q[o]je) (e2@[o]je) « s2

(proj)

(appl)

AT F e1Qlojljegr o 81 — s ATV e2@ojljcy @ 8t

AT (e1@Q[oy]je ) (e2@oj]je) : 85
By E-induction, we have A U A";T ATV b e1Q[oj]jesus ¢ (51 = s2) A (si — sh) and
AUA";T AT F e2@oj]jesu0 : s1 A sy. Because intersection distributes over arrows, we

(appl)



have (s1 — s2) A (s] — s5) < (s1 Asy) — (s2 A sh). Then by the rule (subsum), we get
AUA";TAT & e1@[oj]je g0t (s1AS1) — (s2Ash). Finally by (appl), we have AUA' ;T AT
(e1Q[o;]je700)(e2@oj]je7u07) & 82 A 85, thatis, AUA"; T AT’ F (e1e2)@[o;]je507 & S2 A sh.
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar

to the case of e = ¢, the result follows by I-induction.

/\iejtiﬁsi /\ieltiﬁsi /\ie]ti*}Si 12
lonlkex lojljercloklkex [Uj]jgjfo[ak]kek'xe
Clearly, both typing derivations should end with either (abstr) or (subsum). Assume that both derivations
end with an instance of (abstr):

e= e': eQlojljes = z.€' and eQ[oj]jey =

Viel,jeJkeK.Ay;T,(z:ti(0jo0k)) F Qlo; 00k]: si(0j00%)
Ay = AUvar(A ti(oj 0 ok) = si(oj 0 ok))

Nigrti—sg /. (s (o
AT A S onrer T€  Nierjesner ti(05 0 0%) = si(0j 0 o)

iel,jeJ ke K

Viel,jeJ ke K. Ag;TV (x:ti(oj00k)) e @Qojooy]:si(ojoaor)
Dy = A Uvar(N;c; jesrper ti(oj 0 ok) = si(0j 0 o%))

AT A ULJE]I;;OS[:Tk]keKm'el “Nierjes wer ti(os 0 oK) = si(oj 0 o%)
Consider any expression ¢’ @Q([oj]o[o%]) and any eo [0}, ] o1, in €' Q([o;]0[ok]), where j € JUJ' k €
K. (Then eg[o;,]j, €7, must be from e’). All type variables in | oo dom(aj,) must be polymorphic,
otherwise, €’@([o;] o [ox]) is not well-typed under A or As. Using a-conversion, we can assume that
these polymorphic type variables are different from Ay UAs, thatis (U, < 5, dom(ojy))N(A1UAz) =
(). So we have 'Q([o;] o [ok]) # A1 U As. According to Lemma B.8, we have
ALUATAT (x:ti(0j00k)) F €@ojoox]: si(ojook)
foralli € I,5 € JUJ and k € K. Itis clear that
AL UA; = AUA" Uvar( /\ ti(ojookr) = si(ojook))

i€l,jEJUT kEK

By (abstr), we have
AUA";TAT F )\(;]E]J’;jjjo[gk]m}(x.e' : /\ ti(oj o ok) — si(cj o on)
i€l jeJut’ k€K
thatis, AUA" ;T AT - eQ[oj]je ot t A, wheret = N\, ; ;e i ti(oj 0 o) — si(0j 0 0o%)
and t’ = /\iGI,jGJ/,kEK ti(O'j o O'k) — Si(a'j o O'k).
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.
e = (eoet?el : 62): e@[aj]je] = (60@[0’j]j€,]€t?61@[0']']]'6] : 62@[0']']]'6(]) and 6@[0’j}jeJ/ =
(e0@Q[oj]jcr €t ?e1Qoj] e : €2@[oj] 7). Clearly, both typing derivations should end with ei-
ther (case) or (subsum). Assume that both derivations end with an instance of (case):

to £ -t = A;TFeiQojljes:s

AT F eo@oj]jer : to

to £t = A;T'F exQ[ojljes: s
AT H (60@[03']]'6]615?61@[0’3‘}]‘6] : 62@[0']']]'6]) ]

(case)

to £t = A"k eQojljer s
AI;FI = 60@[Uj]j€1/ : t6

to £t = A I'FeQojljer s
AT = (60@[0‘j}je‘ﬂet ?61@[Uj}jEJ’ : 62@[Uj]jEJ/) ]
By E-induction, we have A U A" ;T AT F eo@[oj]c 50 © to A to. Suppose to At £ —it, then we
must have to £ —t and t;, £ —t, and the first branch has been checked in both derivations. Therefore
we have AUA’ ;AT - e1@[o;]e 5057 $A s by the induction hypothesis. Similarly, if to Ao £ ¢,
we have AUA";T AT b e2@[oj]je500 ¢ s A s'. By applying the rule (case), we have
AU Al ) T'A F/ = (60@[0’j}jgjuj/et?61@[0‘j}jeJU1/ : 62@[0’j]jEJUJ/) tSA Sl

thatis, AUA";T AT F (eo€t 7e1 : €2)Q[oj]jequs : SAS.
Otherwise, there exists at least one typing derivation which ends with an instance of (subsum), similar
to the case of e = ¢, the result follows by I-induction.

e = €'[oi]ier: eQ[oj]jes = €'Q([o; o oi)jiye(rx1)) and eQloj] e = e'@([o; 0 oil(jie(r x1))- By
E-induction on €', we have
AUAI;F/\F, = 6’@[0’j oa‘i}(j,i)e(J><[)u<J/><]) A

(case)



thatis, AUA" ;T AT+ (€'[oi]icr) Qo] jequr t tAT.

O
Corollary B.14. IfA,F = e@[o'j]jgjl ct andA;F I 6@[0']'}3‘6]2 : 1o, then A;F [ e@[O'j]jg(hUJQ :
t1 Nt
Proof. Immediate consequence of Lemmas B.13 and B.8. O

B.2 Type soundness

In this section, we prove the soundness of the type system: well-typed expressions do not “go wrong”. We
proceed in two steps, commonly known as the subject reduction and progress theorems:

e Subject reduction: a well-typed expression keeps being well-typed during reduction.

e Progress: a well-typed expression can not be “stuck” (i.e., a well-typed expression which is not value
can be reduced).

Theorem B.15 (Subject reduction). Let ¢ be an expression and t a type. If A;T e : t and e ~ €/, then
A THe :t

Proof. By induction on the derivation of A ;T - e : t. We proceed by a case analysis on the last rule used
in the derivation of A ;' F e : ¢.

(const): the expression e is a constant. It cannot be reduced. Thus the result follows.

(var): similar to the (const) case.

(pair): e = (e1,e2),t =t1 X ta. Wehave A ;T' I e; : t; for i = 1..2. There are two ways to reduce e, that
is
(1) (e1,e2) ~» (e},e2): by induction, we have A;T + €] : ti. Then the rule (pair) gives us
A;F [ (611,62) ct1 X ta.
(2) The case (e1, e2) ~ (e1, e3) is treated similarly.

(proj): e = mi(eo), t = ti, AjT Foeg : t1 X to.
(1) eo ~ ep: €' = mi(ep). By induction, we have A ;T F e : t1 X to. Then the rule (proj) gives us
AT Fe :t;.
(2) eo = (v1,v2): € = v;. By Lemma B.3, we get A;T ¢’ : ¢;.

(appl): e=er1 ez, A;TFer:t—sand A;T Feq:t.
(1) e1 e2 ~ €] ez or e1 ez ~ e1 e: similar to the case of (pair).
(2) el = )\ﬁjﬁjézﬁsim.eo, €2 = 72, e’ = (60@[0’j]jgp){v2/x} and P = {] e J ‘ di €
I. AT & vy @ tioj}: by Lemma B.3, we have A\, ; ;c;tio; — sio; < t — s. From the
subtyping for arrow types we deduce that t < \/,_; jeg tio; and that for any non-empty set P C
I x Jift ﬁ V(i,j)eIxJ\PtiJj’ then /\(i,j)ePsin < s. Let Py = {(Z,]) ‘ AT F v
tioj}. Since A;I' = w2 @ tand ¢t < \/, ;. ;tio;, Po is non-empty. Also notice that ¢ £
Viijyerx.p, tios, since otherwise there would exist some (i,j) ¢ Po such that A;T" F vy : ti0;.
As a consequence, we get /\( i.j)ep, 105 < 8. Moreover, since e is well-typed under A and T', there
exists an instance of the rule (abstr) which infers a type A, jeslioj — sio; for e1 under A and
I and whose premise is A";T, (x : t;0;) + eo@[o;] : s;o; foralli € I and j € J, where
A" = AUvar(\,cp e tio; — si0;). By Lemma B.13, we get A"; A\, 5y p (T, (2 = tiog)) F
eo@ojliery + Niijyep, $i05- Since T, (z = A syepy 1i05) = N jyep, (I (@ : tioy)), then from
Lemma B.8 we have A";T, (z :+ A jyep, tioi) F eo@lojljer, © A jep, Sioi and a fortiori
AT (2 N jyep, tioi) - eo@lojliery © A¢i jyep, Si0s- Furthermore, by definition of P and the
admissibility of the intersection introduction (Lemma B.2) we have that A;T" F vy = A (i.7)€Po tioj.
Thus by Lemma B.6, we get A ;' ¢’ : N jyep, $i0;- Finally, by (subsum), we obtain A;T' - e:s
as expected.

(abstr): e = A[A;E]I Z‘fsix.eg. It cannot be reduced. Thus the result follows.

— VRN

(case): e = ep€Es?er : ea.
(1) eg ~ ej or eg ~» €] or ex ~» e5: similar to the case of (pair).
(2) e0 = vo and - eg : s: we have ¢’ = e;. The typing rule gives us A;T' = eq : t, thus the result
follows.
(3) otherwise (eo = vp): we have €’ = eo. Similar to the above case.

(inst): e = eio], A;T' - e1 : s, 04 Aand e ~ e1@[o]. By applying Lemma B.11, we get
AT F e1Qlo] : so.

(inter): € = e1[os]5e5, AT F erlojljes : \jo tj and e ~ e1@[o;]5e . By applying Corollary B.12,
we get AT+ 61@[Uj]j€J : /\jEJ tj.




(subsum): there exists atype s suchthat A;T' e : s < tande ~» ¢’. By induction, we have A ;T - ¢’ : s,
then by subsumption we get A; T F ¢ : ¢.

O

Theorem B.16 (Progress). Let e be a well-typed closed expression, that is, & e : t for some t. If e is not a
value, then there exists an expression e’ such that e ~ €.

Proof. By induction on the derivation of |- e : . We proceed by a case analysis of the last rule used in the
derivation of - e : ¢.

(const): immediate since a constant is a value.

(var): impossible since a variable cannot be well-typed in an empty environment.

(pair): e = (e1,€e2),t = t1 X t2,and I ¢; : t; for i = 1..2. If one of the e; can be reduced, then e can also
be reduced. Otherwise, by induction, both e; and e are values, and so is e.

(proj): e = mi(eo), t = t;, and k- eg : t1 X ta. If eg can be reduced to e, then e ~ m;(ep). Otherwise, eg
is a value. By Lemma B.3, we get eg = (v1, v2), and thus e ~ v;.

(appl): e = e1 e2, - e1 :t — sand |- e : t. If one of the e; can be reduced, then e can also be reduced.

Otherwise, by induction, both e; and es are values. By Lemma B.3, we get e; = )\[AU‘E]I :J_)Si’
J47

such that A\, 14eqtioi = sioj; <t — s. By the definition of subtyping for arrow types, we have
t < Vierjestioj. Moreover, as - ez @ ¢, theset P = {j € J | 3i € I. I ez : t;o;} is non-empty.
Then e ~ (e0@[o;];ep){¢2/z}

(abstr): the expression e is an abstraction which is well-typed under the empty environment. It is thus a
value.

(case): e = ep€s 7 ey : ea. If ep can be reduced, then e can also be reduced. Otherwise, by induction, eg is
avalue v. If - v : s, then we have e ~~ e;. Otherwise, e ~» ea.

(inst): e = e1[o],t = so and k- e; : s. Then e ~ e1@Q[o].

(inter): e = e1[oj]jes. t = \;c;tj and F erfo;] : ¢; forall j € J. Itis clear that e ~ e1 Qo] e

(subsum): straightforward application of the induction hypothesis.

X.eo

We now conclude that the type system is type sound.

Corollary B.17 (Type soundness). Let e be a well-typed closed expression, that is, - e : t for some t. Then
either e diverges or it returns a value of type t.

Proof. Consequence of Theorems B.16 and B.15. O

B.3 Expressing intersection types

We now prove that the calculus with explicit substitutions is able to derive the same typings as the
Barendregt, Coppo, Dezani (BCD) intersection type system [1] without the universal type w. We remind
the BCD types (a strict subset of .77), the BCD typing rules (without w) and subtyping relation in Figure 5,
where we use m to range over pure A-calculus expressions. To make the correspondence between the
systems easier, we adopt a n-ary version of the intersection typing rule. Henceforth, we use D to range
over BCD typing derivations. We first remark that the BCD subtyping relation is included in the one of this
work.

Lemma B.18. Ift1 <gep t2 then t1 < to.
Proof. All the BCD subtyping rules are admissible in [12] and, a fortiori, in our type system. O

In this subsection, we restrict the grammar of expressions with explicit substitutions to

ex==z|ee| )\g’ﬁ;zfitix.e (24)
and we write [e] for the pure A-calculus expression obtained by removing all types references (i.e.,
interfaces and decorations) from e. Given a pure A-calculus expression m and a derivation of a judgement
I' bFgep m : t, we build an expression e such that [e] = m and A;T" F e : ¢ for some set A of type
variables. With the restricted grammar of (24), the intersection typing rule is used only in conjunction with
the abstraction typing rule. We prove that it is possible to put a similar restriction on derivations of BCD
typing judgements.



Types:
t o= alt—ot|tAtL
Typing rules:
F"BCD’ITthl—)tQ F}—mgztl
———— (BCDvar BCD a
I bpep z: T(x) ( ) I Fgep ma1 ma @ to ( Pp)
Tt + m:t '+ m: t; ;
LB T 2 (BCD abstr) P €T (BCD inter)
PI—BCDAx.m:tl—>t2 F}_Ba)m:/\ti |‘>
el
I'Fpep m: by t1 <pcp to
= BCD sub
TFm:t (BCD sub)
Subtyping relation:
t <pcep t t<pecpt AT t1 AN te <pcp t1 (t1 = t2) A (t1 = t3) <pep t1 — (t2 At3)
t1 <pcp t2 ta <pcp t3 t1 <pcp t3 ta <pcp ta t3 <pcp t1 t2 <pcp ta
t1 <pcp t3 t1 Nta <pcp t3 Nia t1 — t2 <pcp t3 — ta
Figure 5. The BCD type system

Definition B.19. Let D be a BCD typing derivation. We say D is in intersection-abstraction normal form
if (BCD inter) is used only immediately after (BCD abstr) in D, that is to say, all uses of (BCD inter) in D
are of the form

D,
F,I : ti FBCD m : S;
T'Fpep Aeom it — s
I' Feep Ax.m /\ ti — 85
iel
Definition B.20. Let D be a (BCD) typing derivation. We define the size of D, denoted by |D

number of rules used in D.

i€l

, as the

We prove that any BCD typing judgement can be proved with a derivation in intersection-abstraction
normal form.

Lemma B.21. If ' Fgep m : t, then there exists a derivation in intersection-abstraction normal form
proving this judgement.

Proof. Let D be the derivation proving I' Fzcp m : t. We proceed by induction on the size of D. If |D| = 1
then the rule (BCD var) has been used, and D is in intersection-abstraction normal form. Otherwise, assume
that | D| > 1. We proceed by case analysis on the last rule used in D.

(BCD sub): D ends with (BCD sub):
D' U<t
T Fpep mo: t

where D’ proves a judgement I" Fgcp m : t'. By the induction hypothesis, there exists a derivation D"’
in intersection-abstraction normal form which proves the same judgement as D’. Then

D" <t

FI—BCDm:t

D

is in intersection-abstraction normal form and proves the same judgement as D.
(BCD abstr): similar to the case of (BCD sub).
(BCD app): similar to the case of (BCD sub).
(BCD inter): D ends with (BCD inter):
D=—"'"_iclI
I "BCD m tZ

where each D; proves a judgement I" Fgcp m @ t; and t = A, _; t;. We distinguish several cases.

iel



If one of the derivations ends with (BCD sub), there exists ig € I such that
Dj,  ti, < tig

i

D;, =
0 I '_BCD m: tio
The derivation
D; D;
D = : 0 —i eI\ {io}
T l_BCD m : /\ ti A tio

i€\ {io}
is smaller than D, so by the induction hypothesis, there exists D" in intersection-abstraction normal
form which proves the same judgement as D’. Then the derivation

D" /\ ti Atiy <seo /\ t;
ieI\{io} il
I '_BCD m:t

is in intersection-abstraction normal form, and proves the same judgement as D.
If one of the derivations ends with (BCD inter), there exists i9 € I such that
_ Dj,iq

I |_BCD m /\ tjﬂ()

jed

io j€ed
with 2;, = A\ ; t5.io- The derivation
o= P Diio iel\{i}
I FBCD m:t .7 eJ
is smaller than D, so by the induction hypothesis, there exists D" in intersection-abstraction normal
form which proves the same judgement as D’, which is the same as the judgement of D.
If all the derivations are uses of (BCD var), then for all 7« € I, we have

Di= e
T |_BCD X @ F(QZ)

which implies t = A,.; T'(z) and m = . Then the derivation

T'bFpep F(LU) F(Q?) <Bcp t
I '_BCD x:t
is in intersection-abstraction normal form and proves the same judgement as D.
If all the derivations end with (BCD app), then for all ¢ € I, we have
D; D}
Iy }_BCD mima : ti

Di =

where m = m1 ma, D} proves T' Fgcp my ¢ s; — t;, and D? proves T Fpep mea : s; for some s;.
Let

D} D}

Dy = . iel Dy= — "

Fl—BcDmlz/\si—Hfi F"BCDTTLQZ/\SZ'

icl i€l
Both D; and D- are smaller than D, so by the induction hypothesis, there exist D}, D5 in
intersection-abstraction normal form which prove the same judgements as Dy and D> respectively.

Then the derivation
D} /\Si—>tz‘ SBCD(/\Si)—>(/\ti)
iel iel i€l
Fl—BCDmli(/\Si)—)(/\ti) D/
icl icl 2
'+ mi1 mo : t

1€l

is in intersection-abstraction normal form and proves the same derivation as D.
If all the derivations end with (BCD abstr), then for all ¢ € I, we have
D!
I }_BCD )\x.m/ : ti

withm = Az.m/.Foralli € I, D} is smaller than D, so by induction there exists D}’ in intersection-
abstraction normal form which proves the same judgement as D;. Then the derivation

DY
I l_BCD )\x.m' : ti .
- iel
I PBCD )\acm : /\ ti

il

D; = (BCD abstr)




is in intersection-abstraction normal form, and proves the same judgement as D.

O

We now sketch the principles behind the construction of e from D in intersection-abstraction normal
form. If D proves a judgement I' Fzcp Ax.m : t — s, without any top-level intersection, then we simply
put ¢ — s in the interface of the corresponding expression A~ *z.e.

For a judgement T' Fpcp Az.m @ A,c;ti — s;, we build an expression )\ s ]
corresponds to the derivation which types Az.m with t; — s;. For example, let m = AfAz.f z, and
consider the judgement Fgcp m : ((t1 — t2) — t1 — t2) A ((s1 — s2) — s1 — s2). We first
annotate each abstraction in m with types a; — [3;, where «;, 3; are fresh, distinct variables, giving us
e = A17Bf \a2=B25 f 2 Comparing A%2 P2 f  to the judgement f : t; — to Fpep A f  : t) —
tz and e to Fpep m : (t1 — t2) — t1 — t2, we compute o1 = {1 = t2/y,, t1 — t2/ﬂl,tl/a2, t2/52}. We
compute similarly o2 from the derivation of Fzcp m : (s1 — s2) — s1 — s2, and we obtain finally

FARL TN fa (b= t2) = b — t2) A (51— 82) = 81— 52)

,Te where each o;

as wished.

The problem becomes more complex when we have nested uses of the intersection typing rule. For
example, let m = Af.\g.g (Az.f (Ay.z y)) and consider the judgement Fgcp m : (ty — t4 —
ts) A (sy — sg — s7) with

ty = (tl —)tz) — t3
tg = tf — 4
Sf = ((81 — 52) — 83) A ((54 — 85) — 86)
Sg = 8§ — 87
Notice that, to derive Fpep m : sy — sg — s7, we have to prove f : s, g : g Fpep Ax.f (Ay.z y) :

sr, which requires the (BCD inter) rule. As before, we annotate m with fresh interfaces, obtaining
No12B1 p yae =B g g (N3 Bag f (X\*a=Bay 4 y))). Because the intersection typing rule is used twice

(once to type m, and once to type m’ = Az.f (Ay.z y)), we want to compute four substitutions
01,02,03,04 to obtain a decorated expression )\‘11:5]1 fax2=b2g 4 ()\'ff;,i]”’x.f (AP ).

The difficult part is in computing o3 and o4; in one case (corresponding to the branch Fgcp m
ty — tg — ta), we want o3 = oa4 = {t1 = t2/45,13/3,,%1/0,,t2/3,} to obtain f : ty,g : ty F

Af;izi?xf (A\*47P1y ) : tg, and in the other case (corresponding to the derivation Fgcp m : 55 —

Sg — S7), we want o3 = {51 = 52/, 53/8,, 51/, 52/, } and o4 = {54 = $5/n5, 56/83, S4/as, 55/84 } 1O
obtain f : Sf g:sg b Xff’dti]”’x f ()\0‘4”547;.:0 y) : sy. To resolve this issue, we use intermediate fresh
variables o5, 53, a4, B4 and o, BY, of, B4 in the definition of o3 and o4. We define

o1 ={tsfa1,te 7t/ tofay, PYBa, 1 2oy, t3/5§’t1/afpt2/ﬁfy
t1 — tg/a// t3/ﬁé/7t1/a" t2/ﬁ4/1/}

o2 ={5f/a1,59 7 S7/B1, 59)ag: 57/Bas 1 52/015753/5:/3781/04@82/527
Sq4 — 55/0/’ 86/5// 54/04/’ 55/134/1/}

03 :{a3/asv 63//537 a4/0147 64,1/54}

04 —{a3/01376 //337 0447’6 /54}

Because the substitutions compose themselves, we obtain
FALIBE F A0 g (XS By f (AT Py g g)) s (b — by = ta) A (55— 5g = 57)
as wished.

In the next lemma, given n derivations D1, ..., D, in intersection-abstraction normal form for a same
expression m, we construct an expression e containing fresh interfaces and decorations with fresh variables
if needed (as explained in the above example) and n substitutions o1, . . . , oy, corresponding to D1, ..., Dy.
Let var(Dy1, ..., Dy) denote the set of type variables occurring in the types in D1, ..., Dx.

Lemma B.22. Let m be a pure \-calculus expression, A be a set of type variables, and D1, ..., D,, be
derivations in intersection-abstraction normal form such that D; proves I'; Fgep m @ t; for all i. Let A/
be a set of type variables such that var(D1, ..., D,) C A'. There exist e, o1,. . .,0n such that [e] = m,
dom(o1) = ... =dom(o,) C tv(e), tve) N (AUA') =0, and A";T; - eQlo;] : t; for all 4.

Proof. We proceed by induction on the sum of the size of D1, ..., D,. If this sum is equal to n, then each
D; is a use of the (BCD var) rule, and we have m = x for some x. Let e = x and o; be the identity; we can
then easily check that the result holds. Otherwise, assume this sum is strictly greater than n. We proceed by
case analysison D1, ..., D.



Case 1: If one of the derivations ends with (BCD sub), there exists 7o such that

D — D;, tio <scp tig
‘o iy Fpep m :
Clearly, the sum of the size of Dq,..., D;O, ..., Dy is smaller than that of Ds,...,D,, and
var(D1,...,Dj,,...,Dn) C A’. So by the induction hypothesis, we have
Jde,01,...,0n. [e]=m
and dom(o1) = ... =dom(c,) C tv(e)

andtv(e) N (AUA) =0

and Vi € {1, Ceey V’L} \ {’Lo} A/ o 6@[0’1] ct;

and A"; Ty, F eQoy,] : 8
Since t;, <gcp tiy, by Lemma B.18, we have ¢ < ¢;,. Therefore A" ;T - e@[o,] : s, holds, and
for all 4, we have A’; T'; I e@[oy] : t; as wished.

Case 2: If all the derivations end with (BCD app), then we have m = m1 ms, and for all ¢
D! D}
I's Feep m1ma 1 ¢

i0*

D; =

where Dil proves I'; Fgep ma @ s; — t; and Df proves I'; Fgep mo @ s; for some s;. Applying the

induction hypothesis on D1, ..., D} (with A and A'), we have
Jes,01,...,0L. [e]1 = ma
and dom(o1) = ... = dom(o;) C tv(er)

and tv(er) N (AUA") =0
andVi € {1,...,n}. A";Ti F e1Q[o}] : 55 — t;.

Similarly, by induction on D?, ..., D2 (with AU tv(er) and A),

362,0’%,...,0’721. [eb:mg
and dom(cf) = ... = dom(c2) C tv(ez)
and tv(e2) N (AUtv(er) UA") =10

andVi € {1,...,n}. A";T; F e2@Q[o?] : s;.

From tv(ez2) N (A Utv(er) UA’) = 0, we deduce tv(e1) Ntv(ez) = 0. Lets € {1,...,n}. Because
dom(o}) C tv(e1) and dom(o?) C tv(ez), we have dom (o) Ndom(a?) = B, dom(o}) Ntv(ez) = 0,
and dom(o?) Ntv(e1) = (. Consequently, by Lemma B.9, we have A" ; T; F e1Q[o} Uo?] : s, — &
and A";T; F e2@[o} U c?] : s;. Therefore, we have A";T; F (e1 e2)@[o] U ¢?] : t;. So we have the
required result with e = e; ez and 0; = ail U 0,2.

Case 3: If all the derivations end with (BCD abstr), then m = Axz.m1, and for all 4,

D!

Dj=———"——
Fi I—Bcpm : tl‘

where D) proves s,z : t} Fgep ma : t2 and t; = ¢} — t2. By the induction hypothesis,

361,0’3,...,0’%. [eh:m1
and dom(o}) = ... = dom(o},) C tv(e1)
andtv(er) N (AUA") =10
andVi € {1,...,n}. A;Ti,z: tF - e1 Qo] : t7.

Let «, 3 be two fresh type variables. So {a, 8} N (A U A') = 0 and {a,8} N tv(er) = 0.
Take ¢ € {1,...,n}. Let 0y = {t%/a,t?/g} Uol, and e = A*7Pz.e;. We have dom(o;) =
{a, B} Udom(o;) C {a, B} Utv(e1) = tv(e). Besides, we have tv(e) N (A U A") = (). Because
tv(e1) N {a, B} = B, we have dom(c}) N {a, B} = B, and A’ ; T,z : t} I e1@[o;] : t7 by Lemma
B.9, which is equivalent to A’ ; I';, z : ao; F e1@[o;] : Bo;. Because A’ Uvar(t; — t?) = A, by the
abstraction rule, we have A’ ; T; )\ﬁjj]ﬁa:.el sty he, ATy F (A7 .e1)@[oy] : t;. Therefore, we
have the required result.

Case 4: If one of the derivations ends with (BCD inter), then m = Ax.m;. The derivations end with either
(BCD inter) or (BCD abstr) (we omit the already treated case of (BCD sub)). For simplicity, we suppose
they all end with (BCD inter), as it is the same if some of them end with (BCD abstr) (note that Case 3
is a special case of Case 4). For all ¢, we have

D’

2

F~F3cpm:sj—>t7 .
i = : Lt jed;
FiFBCDmI/\Sg%tz
Jj€J;




where D7 proves T, x : 8] Fpep my : t) forall j € J; and t; = Njes, s — tJ for all i. By the
induction hypothesis on the sequence of Df ,

Jer, (0])jens -5 (0h)jer,.  [er] =m
and Vi,4’, 7, j'. dom(o?) = dom(af,/) and dom(a”7) C tv(er)
andtv(er) N (AUA) =0
and Vi, j. A" Ty, @ : sg - el@[aﬂ : tf
Let p = mawicq1,.. ny{|Ji|}. For all i, we complete the sequence of substitutions (o7) so that it
contains exactly p elements, by repeating the last one p — |J;| times, and we number them from 1 to
p. All the JZ have the same domain (included in tv(e;)), that we number from 1 to g. Then ag =

be fresh pairwise distinct variables (which do not occur in A U A’ U tv(eq)). Forall j € {1,...,p},
i €{1,...,n}, we define:

o= | {%~ar}U{50a,Bi0/s}
ke{l,....q}
e — Aa—}ﬂ
loi]jeq1,....p}

o = U (i, 30 U a0 B0}

JE{1,...,p},k€{1,....q} Jje{1,....p}

T.e1

For all 4, j, k, we have by construction (axc;)o; = aro?, (ao;)o: = s, and (Bo;)o; = ). Moreover,
since
tv(e)

tv(e1@[oj]jeq1,....p3) U Uje{l,.“,p} var((a — B)o;)
(tv(e))[oslier,...or Uiao, Biotieq, .o}
(dom(a?))loiljeqn,...op U{aso, Biotjeqr,... p}
{artreqt,....q)loiljeq, ..o U{aso, Biotie(t, ..o
{ak, Biktieqn,...pr keft,....ay Y{as,0,Biotjeqa,...p}

v 1l

and

tv(e) (tv(er))oslieqn, ..oy Y{ay0, Biotjeqa, ..o}
tv(e1) UU eqr, . py tvran(o;) U{as0, Biotieqn,... p)
tv(er) U{ajk, Biktic(t,...phke{l, .ay Y {0, Bi0tjeqt,...p}
we have dom(c;) C tv(e) and tv(e)N(AUA’) = 0. Because A ; T, x : s - e1@[o7] : 7, by Lemma
B.9,wehave A";T;, x : sf F e1Q[o;005] : tf,which isequivalentto A’ ; T, x : a(o;00;) F e1@[o;0
o] : B(oioo;) forall 4, j. Since A" U p} var(s] — tJ) = A’, for a given 4, by the abstraction
/\i;ij]je{lwup}m.el : /\je{l,...,p} sl =t < /\jeJi sl =t =t

}i’.m@[ai] : t;, hence A’ ;T + e@[o;] : ¢; holds for all 4,
3P

N

jef1,.
typing rule we have A" ;T';
This is equivalent to A" ; T'; - )\[O;H_]i

Jig
as wished.

O

We are now ready to prove the main result of this subsection.

Theorem B.23. If T bpcp m : &, then there exist e, A such that A ;T F e : t and [e] = m.

Proof. By Lemma B.21, there exists D in intersection-abstraction normal form such that D proves I' Fgcp
m : t. Let A be a set of type variables such that var(D) C A. We prove by induction on |D| that there
exists e such that A;T' e : ¢t and [e] = m.
Case (BCD var): The expression m is a variable and the result holds with e = m.
Case (BCD sub): We have
D D’ t' <pep t
I FBCD m:t

where D’ in intersection-abstraction normal form and proves I Fcp m : t'. Clearly we have | D’| < | D|
and var(D') C A, so by the induction hypothesis, there exists e such that [e] = mand A ;T e : t.
By Lemma B.18, we have t’ < ¢, therefore we have A ;T' I- e : t, as wished.

Case (BCD app): We have

D1 Dy
_FI—BCDm:t

where Dy proves I' Fgep m1 : s — t, Do proves I' Fpep ma @ s, m = mi meo, and both D,
and D, are in intersection-abstraction normal form. Since |D;| < |D| and var(D;) C A, by the
induction hypothesis, there exist e; and e such that [e;] = mq, [e2] = m2, A;T' e : s — ¢, and
A;T F ez : s. Consequently we have A ;T k- eq e : t, with [e1 e2] = m1 ma, as wished.

D



Case (BCD abstr) (or (BCD inter)): Because D is in intersection-abstraction normal form, we have

D;
I+ Ax.m’ s, =t
D=2 iel
I '_BCD m:t
where each D, is in intersection-abstraction normal form and proves I';x : s; Fgep m’ ot
t = Njer$i = ti, and m = Az.m’. Since |J,c;var(D;) € A, by Lemma B.22, there exist €/,
o1,...,0, such that [¢'] = m/, dom(o1) = ... = dom(c,) C tv(e’), and AT,z : s

€'@[oy] : t; for all ¢ € I. Let o, B be two fresh type variables. We define o; = o3 U {5i/a, ti/g}
for all ¢ € I. Because dom(c;) N {a, 8} = 0 and tv(e’) N {a, 8} = 0, by Lemma B.9 we have
AT,z : s; - €@[oj] : t;, which is equivalent to A;T,x : ao; F €'@[o]] : Boj. Note that
A Uvar(\,c (e = B)ai) = AUvar(\,c;si — ti) = A by definition of A, so by rule (abstr),

we have A ;T - )\[Dj‘zilm.e’ : Nier 8¢ = ti. Hence we have the required result with ¢ = )\E’;Zilas,e'.

O

B.4 Elimination of sets of type-substitutions

In this section we prove that the expressions of the form e[o;] ;¢ s are redundant insofar as their presence in
the calculus does not increase its expressive power. For that we consider a subcalculus, called normalized
calculus, in which sets of type-substitutions appear only in decorations.

Definition B.24. A normalized expression e is an expression without any subterm of the form e[c;] e,
i.e., an expression respecting the following grammar:

Asegssst;
ex=c| x| (ee) | mle) | ee | ,\[;ﬁj;ﬂz

z.e | e€t?e:e
The set of all normalized expressions is denoted as &N .
We then define an embedding of the full calculus into this subcalculus as follows:

Definition B.25. The embedding emd(.) is mapping from & to & defined as

emd(c) = c
emd(z) = x
emd((e1,e2)) = (emd(e1),emd(e2))

emd(m;(e)) = mi(emd(e))

emd(\)'S Tz e) = AT T g omd(e)
[G]]]EJ [U]]]GJ
emd(ere2) = emd(eq)emd(ez)
emd(ect?e; : e2) = emd(e)€t ?emd(eyr) : emd(e2)
)

emd(eloj]jes) = emd(eQ[o;]jcs)

We want to prove that the subcalculus has the same expressive power as the full calculus, namely, given
an expression and its embedding, they reduce to the same value. We proceed in several steps, using auxiliary
lemmas.

First we show that the embedding preserves values.

Lemma B.26. Letv € ¥ be a value. Then emd(v) € V.
Proof. Straightforward. O

Then we prove that values and their embeddings have the same types.
Lemma B.27. Letv € ¥ be a value. Thent v : t <= F emd(v) : t.

Proof. By induction and case analysis on v (note that emd(.) does not change the types in the interfaces).
O

We now want to prove the embedding preserves reduction, that is if an expression e reduces to ¢’ in
the full calculus, then its embedding emd(e) reduces to emd(e’) in the subcalculus. Before that we show a
substitution lemma.

Lemma B.28. Let e be an expression, x an expression variable and v a value. Then emd(e{V/;}) =
emd(e){emd(v)/,.}.
Proof. By induction and case analysis on e.

c:

emd(c{V/z}) emd(c)

= E{emd(v)/x}
= emd(c){emd(v)/,}



I

emd(y)

Y
y{emd(v)/,;}
emd(y){emd(v)/y}

emd(y{/z})

I3

emd(z{V/z}) emd(v)
x{emd(v)/}

emd(x){emd(v)/,}

(61,62):

emd((ex1, 2){¥/x}) {Ya}, e2{V/x}))

1{Y/x}), emd(e2{V/x}))

e1){emd(v)/;}, emd(ez){emd(v)/;})  (by induction)
e1), emd(ez)){emd(v)/,}

1, e2)){emd(v)/;}

QM

emd((
(emd(
(emd(
(emd(
emd((

em( (¢ (1))

mi(emd(e'{Y/x}))

;i (emd(e’){emd(v)/,})  (by induction)
i(emd()) {emd(v) )
emd(mi(e")){emd(v)/y }

emd(m; (€"){Vz})

/

{
A
)
)
)

(&
€
(&
€
e

€e1€e2:

emd((e1{?/z})(e2{¥/z}))

emd(e1{V/z})emd(e2{v/x})
(emd(eq){emd(v)/})(emd(e2){emd(v)/;}) (by induction)
(emd(e1)emd(ez)){emd(v)/;;}

emd(e1e2){emd(v)/;}

'y.€o: using a-conversion, we can assume that tv(v) N, ; dom(o;) = 0.

emd((\S 7 o) {ta}) = emd(NSIE o ()

lies N tﬁ]seJ
= A emd(eo{Y))
= /\f;f]j;js .(emd(eg){emd(v)/;,})  (by induction)
= QG yemd(eo)) fend )}

= (emd(\;§IE " yeo)) {emd(v)/p}

JjeJ

emd((ere2){V/z})

Nicrti—>s;
[‘7]]]"57

egEt?er :ea:

emd((eo€t 7 e : e2){Vz})

emd((eo vl Et 7 (e[} (e2{)))

emd(eo{V/z:})€t ? emd(e1{V/;}) : emd(e2{V/z})

emd(eg){emd(v)/,}€t ? (emd(eq){emd(v)/;}) : (emd(ez){emd(v)/;}) (by induction)
(emd(eo)€t 7 emd(er) : emd(ez)){emd(v)/,}

emd(eo€t ? ey : ex){emd(v)/;}

e'[o]je: using a-conversion, we can assume that tv(v) N {J, . ; dom(o;) = 0
emd((€'los]e s ){Ve}) = emd((e'{/})los]ie )

(

emd((e'{V)z})@lo;] e )

emdg(e Q[o;]e7){¥z}) (Lemma B.5)
(e

emd(e'Q[oj]je.5){emd(v)/,}  (by induction)
emd(e'[0;]je.7){emd(v)/:}

Lemma B.29. Let e € & be an expression. If e ~ €', then emd(e) ~~* emd(e’).

Proof. By induction and case analysis on e.

¢, x: irreducible.

(e1, e2): there are two ways to reduce e:
(1) e1 ~ €. By induction, emd(e1) ~~* emd(e}). Then we have (emd(ei),emd(es)) ~~
(emd(e}),emd(e2)), that is, emd((e1, €2)) ~* emd((e}, e2)).
(2) e2 ~ e5. Similar to the subcase above.

*



mi(eo): there are two ways to reduce e:
(1) eo ~ €. By induction, emd(eo) ~+* emd(ep). Then we have 7;(emd(eo)) ~* m;(emd(eg)), that
is, emd(m;(eq)) ~* emd(m;(eg)).
(2) e0 = (vi,v2) and e ~» wv;. According to Lemma B.26, emd((v1,v2)) € ¥. Moreover,
emd((vi,v2)) = (emd(v1),emd(v2)). Therefore, 7;(emd(v1), emd(v2)) ~~ emd(v;), which is the
same as emd(m;(v1,v2)) ~ emd(v;).

ei1ez: there are three ways to reduce e:
(1) e1 ~ €!. Similar to the case of (e1, e2).
(2) e2 ~ ey. Similar to the case of (e1, e2).
(3) e = )\E::ﬁ;:;}sil‘.eo, es = vg and e1eg ~> (60@[0’j]]‘6p){7}2/x}, where P = {j eJ | diel. +
vg : t;0; }. According to Lemma B.27, we have b vz : t,0; <= F emd(vs2) : t;o;, thus we have

{jeJ|Fel temdv:) :ticj}={jeJ|Fel Fuvs:tio;}.
Therefore, emd(e1)emd(v2) ~ emd(eo@[o;]jep){emd(v2)/,}. Moreover, by lemma B.28, we can get
emd(eoQ@[o;] e p){emd(v2)fy} = emd(eoQ@|oj]je p{2/x}),

which proves this case.

f:je]f :'J%Six.eo: It cannot be reduced. Thus the result follows.
Ji7

eo€l 7 e1 : ea: there are three ways to reduce e:
(1) e; ~ €. Similar to the case of (e1, e2).
(2) e0 = vo, - vy : tand e ~» e1. According to Lemmas B.26 and B.27, emd(vo) € ¥ and
F emd(vo) : t. So we have emd(vo)€t ? emd(er) : emd(e2) ~» emd(e1).
(3) e0 = vo, ¥ vo : t and e ~» es. According to Lemmas B.26 and B.27, emd(vo) € ¥ and
¥ emd(vo) : t. Therefore, emd(vo)€t ? emd(e1) : emd(e2) ~» emd(ez2).

eo[Uj]jgjt e ~ 60@[03}]‘6]. By Definition B.25, emd(eo[a'j]jEJ) = emd(eo@[aj]jeJ). Therefore, the
result follows.

O

Although the embedding preserves the reduction, it does not indicate that an expression and its embed-
ding reduce to the same value. This is because that there may be some subterms of the form e[o ;] ¢ s in the
body expression of an abstraction value. For example, the expression

()\Int—>Int—)IntZ.AIntﬁInty.((}\&-}Qm.x) [{Int/oé}}42))3

reduces to
AInt—)Inty.(()\a—)ax.m) [{Int/a}}42)7
while its embedding reduces to

AR (( ﬁﬁ(é‘/a}]a;.m)é&).

However, the embedding of the value returned by an expression is the value returned by the embedding of
the expression. For instance, consider the example above again:

emd( N7y (A7 z.x) [{Int/, 1]42)) = A7y (( ﬁﬁ‘é}a}]m.x)élﬁ

Next, we want to prove an inversion of Lemma B.29, that is, if the embedding emd(e) of an expression
e reduces to €, then there exists €'’ such that its embedding is €’ and e reduces to ”. Prior to that we prove
two auxiliary lemmas: the inversions for values and for relabeled expressions.

Lemma B.30. Let e € & an expression. If emd(e) € ¥, then there exists a value v € ¥ such that
€ ~{(rinsty U and emd(e) = emd(v). More specifically,

(1) ifemd(e) = c, then € ~>{gius ¢ and emd(e) = c.

(2) if emd(e) = X

i
lojlier
€g.

(3) ifemd(e) = (v1,v2), then there exist vy, vz such that € ~ gy, (V1,v3) and emd(v;) = v;.

/\ielti‘)sv'

erti—s; ;
lojlier

'z.eq, then there exists ey such that € ~~(gins x.e(, and emd(ep) =

Proof. By induction and case analysis on emd|(e).

¢: according to Definition B.25, e should be the form of [0}, ], e, - - - [0jn]incJn, Where n > 0. Clearly,
we have e ~ ;. ¢ and emd(e) = c.
[A;G]I ?J_)Six.eo: according to Definition B.25, e should be the form of
Jiy
Nigrti—s; /
(A[aji]joejo z.€0)[0j]jien - [Oinlinen
where emd(e() = eo, [0, ]inedn © -0 [0j1linen © [Tioljoeto = [0j]ies, and n > 0. Moreover, it
A

is clear that € ~ g A ST Ta.e). Letv = A\7'S"1 7% 1., and the result follows.
lojljes lojlies



(v1,v2): according to Definition B.25, e should be the form of (e1, e2)[0j,]j1€0; - - - [0 ]jnetn, Where
emd(e;Qoj,]j,e5,Q...Q[cj,]j.ct,) = vi and n > 0. Moreover, it is easy to get that

e (i) (€1@[0,]5,€0,Q ... Qloy, ]j,e,,2@05, |16 @ ... @0y, ]jne )
By induction on v;, there exists v; such that e;@Q[oj,];,e,@...Q[o;,]jnes ~(rinsy Ui and
emd(e;Q[oj,|j,€5, Q... Q0,5 e7,) = emd(v;). Let v = (vy, v3). Then we have € ~(ring (V1,V3)
and emd(v) = (emd(v}), emd(v3)) = (v1,v2) = emd(e). Therefore, the result follows.

O

Lemma B.31. Let e € & be an expression and [0j]jcy a set of substitutions. If emd(e@[o;]jcs) ~ €,
then there exists ¢” such that eQ[o;] e~ €’ and emd(e”) = €.

Proof. By induction and case analysis on e.

¢, x: straightforward.

(e1,e2): emd(eQ[oj]jes) = (emd(e1Q[oj]jes),emd(e2@[o;]jcs)). There are two ways to reduce
emd(eQ|oj]eq):
(1) emd(e1@[o;]jes) ~> ei. By induction, there exists e} such that e1@[o;]jes ~
emd(ey) = e!. Then we have (e1Q[0;] e, e2@[a;];e5) ~T (ef, e2@[0;]je.) and
emd((e], e2Q[o;]5e7)) = (€1, emd(e2Q[o;]5e7))
(2) emd(e2@[o;];c.7) ~ €5. Similar to the subcase above.

mi(eo): emd(e@[o;]jes) = mi(emd(eo@[o;];e.7)). There are two ways to reduce emd(eQ[o;],e.7):
(1) emd(eo@[oj]jes) ~ e(. By induction, there exists ej such that eo@[o;]jes ~1 ef and
emd(e(]) = ep. Then we have m;(eo@[o;]jes) ~T mi(ey) and emd(m;(e)) = mi(eh).
(2) emd(eo@Qlojljes) = (vi,v2) and emd(eQ[o;];e5) ~ v;. According to Lemma B.30, there exist
v} and v5 such that eo@[0;] .7 ~{insy (v1,v5) and emd(v;) = v;. Then m;(e0@[o;]e5) ~ vj. The
result follows.

eirez: emd(eQ[oj]jes) = emd(e1Q[o;] cs)emd(e2Q[o;]jcs). There are three possible ways to reduce
emd(eQ[o;];e7):
(1) emd(e1Q[oj]jcg) ~ el Similar to the case of (e1, e2).
(2) emd(e2@[o;];c.) ~ €5. Similar to the case of (e1, e2).

(

(3) emd(e1@o]jes) = ALY T aeo, emd(e2@oj]jes) = vz and

emd(e@[o;]je5) ~ (e0Q[ok]rer){v2/a},
where P = {k € K |3i € I. F vy : t;01}. According to Lemma B.30, we have (4) there exists ey
such that e1@[o] 57 ~ (Rinsn) [A;;];teljsl .ep and emd(ey) = eo; and (74) there exists v5 such that
e2Q[05]je0 ~(rinsy V2 and emd(vy) = va. Moreover, by Lemma B.27, we get - va : tio) <
F vy : tiog,thus {k € K |3 € 1. - v : tiop} ={k € K|3 €1 + vy : tior}
Therefore, eQ[0;];e5 ~" (et@[ok]kep){vs/z}. Finally, by lemma B.28, emd(e(@[ox]kep{V3/z}) =
emd(e()Qloy ke p{emd(vd)/x} = eoQok]kep{V2/z}.

Nierti=rsig oo+ Tt cannot be reduced. Thus the result follows.
loklkex

eo€t ey : ext emd(eQoj)jcr) = emd(eo@[oj]jcr)€EL 7 emd(e1Q[o;]jes) : emd(e2@[o;]jes). There
are three ways to reduce emd(e@[aj]jeJ):
(1) emd(e;@Q[o;]jes) ~ €. Similar to the case of (e1, e2).
(2 )emd(eo@[aj]]eJ) = vo, - vp : tand emd(e@[ajbe]) ~ emd(e1Q[o;]c.). According to Lemma
B.30, there exists vj such that eo@[o;]je.7 ~(ginsn Vo and emd(vy) = vo. Moreover, by Lemma B.27,
= 1}6 . t. So 6@[Uj]jej ~ 61@[Uj]j€].
(3) emd(eo@[oj]jes) = vo, ¥ vo : t and emd(eQo;]jcs) ~ emd(e2@[o;]jcs). Similar to the
subcase above.

eolok]ker: emd(eQlo;]cr) = emd(eo@([o}] e © [0k]kek )). By induction, the result follows.

T ¢y and

O

+

Lemma B.32. Let e € & be an expression. If emd(e) ~ €', then there exists €'’ such that e ~% ¢" and

emd(ec") = ¢€'.
Proof. By induction and case analysis on e.

¢, x: straightforward.

(e1,€2): emd(e) = (emd(el) emd(ez)). There are two ways to reduce emd(e):
(1) emd(el) ~+ €. By induction, there exists e/ such that e; ~" ¢} and emd(e) = €}. Then we have
(e1,e2) ~7 (¥, 62) and emd((ef, e2)) = (e, emd(e2)).
(2) emd(ez) ~ €5. Similar to the subcase above.




mi(eo): emd(e) = m(emd(eo)) There are two ways to reduce emd(e):
(1) emd(eo) ~+ €. By induction, there exists e such that eg ~7 ef and emd(efy) = €{. Then we have
mi(eo) ~ mi(el) and emd(m;(ef)) = mi(ep).
(2 emd(eo) = (v1,v2) and emd(e) ~ v;. According to Lemma B.30, there exist v} and v5 such that
€0 ~(rinsyy (U1, V) and emd(v;) = v;. Then m;(eq) ~* vj. The result follows.

eies: emd(e) = emd(el)emd(eg). There are three ways to reduce emd(e):
(1) emd(er) ~ el Similar to the case of (e1, e2).
(2) emd(ez) ~ 62 Similar to the case of (e1, e2).

(3) emd(e1) = 16]1?3% eo, emd(ez2) = vg and emd(e) ~ (eo@[o;]cp){v2/}, where P =
{j € J|3i € I. - vg: tio;}. According to Lemma B.30, we have (i) there exists e such that
1€It —>S;

€1~ (rinsy) [ z.ep and emd(ep) = eo; and (i7) there exists vy such that ez ~ (ki v2 and

Uk ke K
emd(vh) = vs. Mf)reover, by Lemma B.27, we get - v : tio; <= b vy : tioj, thus{j € J|Ji €
I. Fuvy:tyo;} ={j€J|3ie€l Fuvy:tio;}. Therefore, e ~71 (e(@[o;]jcp){V%/}. Finally, by
lemma B.28, emd(e{@[o;] ;e p{v%/x}) = emd(e()Q[o;]icp{emd(vs)/p} = eoQ[o;]jep{V2/x}.

[Ao‘f] JI ;"'J_mq'w.eo: It cannot be reduced. Thus the result follows.

eo€t ey : eat emd(e) = emd(eo)€t ? emd(ey) : emd(e2). There are three ways to reduce emd(e):
(1) emd(e;) ~ €. Similar to the case of (e1, e2).
(2) emd(eo) = vo, = vo : t and emd(e) ~ emd(e1). According to Lemma B.30, there exists v such
that g ~(rinsy V0 and emd(vg) = vo. Moreover, by Lemma B.27, - v : t. So e ~ ey.
(3) emd(eo) = vo, ¥ vo : t and emd(e) ~» emd(ez). Similar to the subcase above.

eo[O'j]jEJ: emd(eo[aj]jeJ) = emd(eo@[aj}jej) and eo[O'j]jeJ ~ eo@[aj]jeJ. By Lemma B.31, the
result follows.

O

Thus we have the following theorem
Theorem B.33. Let e € & be an expression.

(1) ife ~" v, then emd(e) ~* emd(v).
(2) if emd(e) ~* v, then there exists v' € V¥ such that e ~* v' and emd(v') = v.

Proof. (1): By induction on the reduction and by Lemma B.29.

(2): By induction on the reduction and by Lemma B.32.
O

In addition, it is easy to prove that the subcalculus & is closed under the reduction rules, and we can
safely disregard (Rinst) since it cannot be applied. Then the normalized calculus also possess, for example,
the soundness property.

C. Algorithmic Type Checking

The typing rules provided in Section A.3 are not syntax-directed because of the presence of the subsumption
rule. In this section we present an equivalent type system with syntax-directed rules. In order to define it we
consider the rules of Section A.3. First, we merge the rules (inst) and (inter) into one rule (since we prove
that intersection is interesting only to merge different instances of a same type), and then we consider where
subsumption is used and whether it can be postponed by moving it down the derivation tree.

C.1 Merging Intersection and Instantiation

Intersection is used to merge different types derived for the same term. In this calculus, we can derive
different types for a term because of either subsumption or instantiation. However, the intersection of
different super-types can be obtained by subsumption itself (if ¢ < ¢; and ¢ < to, then t < ¢ A t2),
so intersection is really useful only to merge different instances of a same type, as we can see with rule
(inter) in Figure 3. Note that all the subjects in the premise of (infer) share the same structure e[|, and
the typing derivations of these terms must end with either (inst) or (subsum). We show that we can in fact
postpone the uses of (subsum) after (inter), and we can therefore merge the rules (inst) and (infer) into one
rule (instinter) as follows:

A;Tke:t vVjeJ oA |J| >0

AT H e[o’ﬂjej : /\ to;
jed
Let A ;T F,, e : t denote the typing judgments derivable in the type system with the typing rule (instinter)
but not (inst) and (inter). The following theorem proves that the type system I, (m stands for “merged”) is
equivalent to the original one -.

(instinter)

Theorem C.1. Let e be an expression. Then A;T' et <= A;T'Fe:t.



Proof. =: It is clear that (inst) is a special case of (instinter) where |J| = 1. We simulate each instance
of (instinter) where |J| > 1 by using several instances of (inst) followed by one instance of (infer). In
detail, consider the following derivation

AT Ee it ot A

(instinter)
AI;F/ = e/[O'j]je,] : /\jeJt,Uj
AT'kFe:t
We can rewrite this derivation as follows:
AT Re f otA . AR oA
AN For] o Y AT F o] (inst)
; 1] i t'on , e'log] oy (inter)
inter
AI;F/ I 6/[0']'}]'6(] : /\jEJt,O—j

A;Tke:t
<« The proof proceeds by induction and case analysis on the structure of e. For each case we use an
auxiliary internal induction on the typing derivation. We label E the main (external) induction and I the
internal induction in what follows.
e = c: the typing derivation A;I" F e : ¢ should end with either (const) or (subsum). If the typing
derivation ends with (const), the result follows straightforward.
Otherwise, the typing derivation ends with an instance of (subsum):

A;TFe:s s<t
AT'kFe:t
Then by I-induction, we have A ;" I, e : s. Since s < t, by subsumption, we get A ;" -, e : ¢.
e = x: similar to the case of e = c.
e = (e1, e2): the typing derivation A ; T" I e : ¢ should end with either (pair) or (subsum). Assume that
the typing derivation ends with (pair):

(subsum)

A;Fl—elztl A;F'_egltz
A;FF (61762) 1 X o
By E-induction, we have A ;T" b, e; : ¢;. Then the rule (pair) gives us A; I' b, (€1, e2) @ t1 X to.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.
e = m;(e’): the typing derivation A ;T F e : ¢ should end with either (proj) or (subsum). Assume that
the typing derivation ends with (proj):

(pair)

A;Fl—e’ : (tl th)
AT Em(e):
By E-induction, we have A ;T b, €’ : (t1 X t2). Then the rule (proj) givesus A ;T b, m;(€’) : ¢;.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e = ejez: the typing derivation A ;T - e : ¢ should end with either (appl) or (subsum). Assume that
the typing derivation ends with (appl):

(proj)

A;F}—elzt1—>t2 A;FF(EQZIH
A;FF€1622t2

By E-induction, we have A ;I -, e1 : t1 — t2 and A ;" -, e2 : ¢1. Then the rule (appl) gives
us A; ', eres : to.

Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.

Nigrti—sq
lojlies
Assume that the typing derivation ends with (abstr):

(appl)

e= x.¢': the typing derivation A;T F e : t should end with either (abstr) or (subsum).

Viel,jeJ AT, (x:to;)F Qo] : si0
A=A Uvar(\ic; e (tio; — si05))

. Nicrti—sg /. L .
A;TH /\[;j]jeJ z.e' N jes(tios = sioj)

(abstr)



By E-induction, for all i € I and j € J, we have A"; T, (z : t;0;) Fm € @[o;] : s;0;. Then the

rule (abstr) gives us A ;T b, Af:ﬁj’zfs’:x.e’ Nierjestioj = si05).
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e =¢e €t ?e; : eg: the typing derivation A ;T + e : ¢ should end with either (case) or (subsum).
Assume that the typing derivation ends with (case):

I t'f_—\t = A T'kte:s
A:THe ¢t .
£t = A;T'kFey:s
A;TF (eet?er:e2): s
By E-induction, we have A ;T b, €' : ¢ and A ;T b, e; : s (for i such that e; has been effectively
type-checked). Then the rule (case) givesus A ; Ty, - ('€t 7e1 : e2) : s.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = c, the
result follows by I-induction.
e = ¢[o]: the typing derivation A ;T F e : t should end with either (inst) or (subsun). Assume that
the typing derivation ends with (insf):

(case)

ATHe 't ofA
AT FEéo]: to

By E-induction, we have A ;T F,, €' : t. Since o § A, applying (instinter) where |J| = 1, we get
ATk, €elo] : to.
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

e = ¢€[oj]jes: the typing derivation A ;T I e : ¢ should end with either (inter) or (subsum). Assume
that the typing derivation ends with (inter):

(inst)

VjGJ.A;F}—el[O'j]:tj |J|>1
AT F€ojljes : /\jeth

As an intermediary result, we first prove that the derivation can be rewritten as

(inter)

A;Tke s oA
) - (inst)
Vied A;TkFeloj]:so; .
- ; (inter)
A,F}—e[aj]jeJ:/\jeraj /\jEJSUjS/\jEth
AT k€ ojljes : /\jeth
We proceed by induction on the original derivation. It is clear that each sub-derivation A ;T"

€'[o;] : t; ends with either (inst) or (subsum). If all the sub-derivations end with an instance of
(inst), then for all j € J, we have

(subsum)

A;Tke:s; oj A
A,F [ e'[aj] 18505

By Lemma B.2, we have AT = €' : A,_;s;. Let s = A, s;. Then by (inst), we get
A;T & €'[o;] : soj. Finally, by (inter) and (subsum), the intermediary result holds. Otherwise,
there is at least one of the sub-derivations ends with an instance of (subsum), the intermediary result
also hold by induction.
Now that the intermediary result is proved, we go back to the proof of the lemma. By E-induction
one (e, A;T' e : s), wehave A;T b, € : s. Since o #§ A, applying (instinter), we get
AT b €lojljes + \je s 505 Finally, by subsumption, we get AT by €'[0]jes : Aje st
Otherwise, the typing derivation ends with an instance of (subsum), similar to the case of e = ¢, the
result follows by I-induction.

(inst)

O

From now on we will use I to denote |-, that is the system with the merged rule.

C.2 Algorithmic Typing Rules

In this section, we analyze the typing derivations produced by the rules of Section A.3 to see where
subsumption is needed and where it can be pushed down the derivation tree. We need first some preliminary
definitions and decomposition results about pair and function types to deal with the projection and
application rules.



C.2.1 Pair types

A type s is a pair type if s < 1 x 1. If an expression e is typeable with a pair type s, we want
to compute from s a valid type for 7;(e). In CDuce, a pair type s is a finite union of product types,
which can be decomposed into a finite set of pairs of types, denoted as 7 (s). For example, we decompose
s = (t1 X t2) V (s1 X s2) as w(s) = {(t1,t2), (s1,52)}. We can then compute easily a type =, (s) for
mi(e) asm;(s) = t; V s; (we used boldface symbols to distinguish these type operators from the projections
used in expressions). In the calculus considered here, the situation becomes more complex because of type
variables, especially top level ones. Let s be a pair type that contains a top-level variable a.. Since o £ 1x 1
and s < 1 x 1, then it is not possible that s ~ s’ VV a. In other terms the top-level variable cannot appear
alone in a union: it must occur intersected with some product type so that it does not “overtake” the 1 x 1
bound. Consequently, we have s ~ s’ A o for some s' < 1 x 1. However, in a typing derivation starting
from A ;T I e : s and ending with A ;T" - 7;(e) : ¢, there exists an intermediary step where e is assigned
a type of the form (¢1 X t2) (and that verifies s < (¢1 X t2)) before applying the projection rule. So it is
necessary to get rid of the top-level variables of s (using subsumption) before computing the projection.
The example above shows that o does not play any role since it is the s’ component that will be used to
subsume s to a product type. To say it otherwise, since e has type s for all possible assignment of «, then
the typing derivation must hold also for & = 1. In whatever way we look at it, the top-level type variables
are useless and can be safely discarded when decomposing s.

Given a type t, we write dnf(¢) for a disjunctive normal form of ¢, which is defined in [6]. Formally, we
define the decomposition of a pair type as follows:

Definition C.2. Let T be a disjunctive normal form such that T < 1 X 1. We define the decomposition of
T as follows:
m(Vier Ti), = Uie[ w(7;) .k
/
ﬂ(AjeP(t{ X 13) A Npen (17 X £3) A /\aEPnj/ an /\a’eN,,, —a’) ([P >0)
j k j k
=m(Vyen((Ajer A Nyens 1) X (Njep ty A /\keN\N’ —t3)))

_ J{(t1,t2)} t1%20andty #0
w((tx ) = {@ otherwise

and the i-th projection as ®:(7) =\ (| o, )em(r) Si-

For all type t such that t < 1 x 1, the decomposition of t is defined as
7 (t) = w(dnf((1 x 1) At))

and the i-th projection as ®i(t) =V (,, o, )em(anf(ax1)at)) Si

The decomposition of a union of pair types is the union of each decomposition. When computing the
decomposition of an intersection of product types and top-level type variables, we compute all the possible
distributions of the intersections over the products, and we discard the top-level variables, as discussed
above. Finally, the decomposition of a product is the pair of two components, provided that both components
are not empty.

We now prove that the top-level type variables can be safely eliminated in a well-founded (convex) model
with infinite support (see [6] for the definitions of model, convexity and infinite support).

Lemma C.3. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support. Then

/\(tpxsp)/\a§ \/ (tn X 8p) <= /\(tpxsp)g \/ (tn X sn)

peP neN peEP neN

Proof. The result trivially holds if A p (tp X sp) = 0or |[P| = 0 (e, A\ cp (tp X sp) = 1). Let us
examine the remaining cases:

< straightforward.

=t Assume that A\ (tp X 5p) £ V,cn (tn X sn).LetTbethe type A\ p (tp X 8p) AN,y —(tn X sn).
Then there exists an assignment 7 such that [7]n # 0 (see the subtyping relation defined in [6]). Using
the procedure explore pos defined in the proof of Lemma 3.23 in [6], we can generate an element d
belonging to [7]n.® The procedure explore pos also generates an assignment 1) for the type variables
in var(7). We define 1’ such that n'(a) = no(a) U {d}, 0’ () = no(—a) \ {d}, and ' = no
otherwise. Then we have [T A a]n’ # 0, which implies A (tp X sp) A % V,en (tn X 55). The
result follows by the contrapositive.

O

The decomposition of pair types defined above has the following properties:

8 Strictly speaking, the procedure explore pos of Lemma 3.23 in [6] supposes 7 contains only finite product types, but
it can be extended to infinite product types by Lemma 3.24 in [6]



Lemma Cd4. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support and t a type such thatt < 1 x 1. Then

(1) For all (tl,tg) S

Proof.

(1): straightforward.
(2): Since t <1 x 1, we have

V

(P,N)ednf(t)
Ift ~ O, then w(t) =

t~

(Ax1)A

7 (t), we have t1 % 0andt; #0
(2) Forall s1,s2, we have t < (s1 X s2) <= V,

N ExhHn N -

JEP\YV

tz)Eﬂ’(t)(

kEN\Y
(), and the result holds. Assume that ¢ % 0, | P| > 0 and each summand of dnf (%)

t1 X tg) S (81 X 82)

/\a/\

acPNY

A -

a’eNNY

is not equivalent to O as well. Let "¢ " denote the type \/  p, x)eqnf(1) (/\jep\,/(t{ X t%)/\/\keN\“l/ = (th x
t’g)) Using the set-theoretic interpretation of types we have that "¢ is equivalent to

VoV

A AR

(P,N)€dnf(t) N'CN\¥ jEP\V

keN’

/\ A

JEP\YV

A

ke(N\YV)\N'’

~t3)))

This means that, "¢ ' is a equivalent to a union of product types. Let us rewrite this union more explicitly,

thatis, "t7 ~\/,_;

(ti x t%) obtained as follows

t t
Vo oV FAN R AN I G AN A AN )
(P,N)€dnf(t) N'CN\¥  jeP\¥ kEN' jEP\¥ EE(N\?)\N'
We have
w(t) = {(t1,¢5) | i € [ and t] % O and t5 % 0}
Finally, for all pair of types s and sz, we have
t < (81 X 52)
— Vo A Ex)a N\ -~ xts)n N\ an N\ -e) < (s1xs2)
(P,N)€dnf(t) jEP\V kKEN\V aEPNY a’eNNY
— \/ (/\ (t x ) A /\ —(th x th) /\ a A /\ —a’ A (51 X s2)) <
(P,N)€&dnf(t) jEP\¥ kKEN\V aEPNY a'eNNY
— \/ (A Ex)A N -~ xt5) A=(s1 X 52)) <O (Lemma C.3)
(P,N)ednf(t) jeP\V _ kEN\Y
— Vo A Ex)A N - xt5) < (s1 % s2)
(P,N)€&dnf(t) jEP\¥ kEN\V
e ¢ < (81 X 82)
< \/ (tl X tg) < (81 X 82)

(t1,t2)€m(t)

Lemma C.5. Ler s be a type such that s < (t1 X t2). Then

(1) s < (m
(2)

1(s) x mw2(s))
wi(s) <t

Proof. (1): according to the proof of Lemma C.4,\/ -

s)Em(s)

(51 X s2) is equivalent to the type obtained

from s by ignoring all the top-level type variables. Then it is trivial that s < \/ | cr (51 X $2)

and then s < (7,

Therefore, 7;(s) < t;.

(s) x m2(s)).
(2): since s < (t1 x 12), according to Lemma C.4, we have \/ (| o)) (s1 X 52)
all (s1,s2) € m(s), we have (s1 X s2) <

< (t1 X t2). So for
(t1 X t2). Moreover, as s; is not empty, we have s; < t;.

O

Lemma C.6. Lett and s be two types suchthatt < 1x land s <1x 1. Thenm;(tAs) < m;(t) Am;(s).

Proof. Lett =

Vjes, T and s =

Ve, Tiz such that

t ><t
a€P;

/\a/\/\—'a

a’ €N

0



and 7; 22 Oforall j € J; U J>. Then we have t A s = \/jlelejQEJQ Tj1 N Tjy. Let j1 € Jy and j2 € Jo.
Iijl /\7']'2 ~ O, wehaveri(le A sz) =0. Otherwise, 11'2'(’7']'1 A sz) = t;i /\t§~2 = ﬂ'i(’le) /\1l'i(7'j2).
For both cases, we have 7; (7, A 7j,) < mi(75,) A 7;(7;,). Therefore

wi(tAS) =V en ines ®ilTi ATjz)
< J1EJ1,jaC T2 (mi(75,) Ami(7),))
= j1ed1 ™ (75,)) A (V]‘2€J2 7i(75;))

‘Il'z(t) AT, (S)
O

For example, 71 ((Int X Int) A (Int X Bool)) = 7r1(0) = O, while 7r1 ((Int x Int)) A1 ((Int X
Bool)) = Int A Int = Int.

Lemma C.7. Let t be a type and o be a type substitution such that t < 1 x 1. Then w;(to) < m;(t)o

Proof. We put t into its disjunctive normal form \/jE ; 7 such that

= (t; x t5) A /\ a A /\ -’
a€P; o/€EN;
and 7; % O forall j € J. Then we have to = ;0. So wi(to) = \/ ., mi(7;0). Let j € J. If
7jo ~ 0, then m;(7;0) = 0 and trivially 7;(7;0) < m;(7;)0. Otherwise, we have Tj0 = (tjo x t50) A
(_/\aer a /\a'eN]- —a/)o. By Lemma C.6, we get 7v;(7j0) < t;o’Aﬂ'i((/\aepj a /\/\a'eNj —a’)o) <
tio ~mi(7;)o. Therefore, \/ ;. ; wi(7;0) <V, ¢ ; ®i(7;)o, thatis, mwi(to) < mi(t)o. O

For example, 71 (((Int X Int) Aa){(Int X Bool)/\}) = 7r; ((Int x Int) A (Int X Bool)) = O, while
(1((Int x Tnt))){(Int x Bool)/,} = Int{(Int x Bool),} — Int.

Lemma C.8. Let t be a type such that t < 1 X 1 and [ok|kek be a set of type substitutions. Then
‘"'i(/\keK toy) < /\keK m;(t)ok

Proof. Consequence of Lemmas C.6 and C.7. O

C.2.2 Function types

A type t is a function type if t < 0 — 1. In order to type the application of a function having a function
type t, we need to determine the domain of ¢, that is, the set of values the function can be safely applied to.
This problem has been solved for ground function types in [12]. Again, the problem becomes more complex
if ¢ contains top-level type variables. Another issue is to determine what is the result type of an application
of a function type ¢ to an argument of type s (where s belongs to the domain of ¢), knowing that both ¢ and
s may contain type variables.

Following the same reasoning as with pair types, if a function type ¢ contains a top-level variable «,
then ¢t ~ t' A « for some function type ¢’. In a typing derivation for a judgment A ;T I e; ez : t which
contains A ;" - ey : t, there exists an intermediary step where we assign a type t1 — t2 to e; (with
t < t1 — t2) before using the application rule. It is therefore necessary to eliminate the top-level variables
from the function type ¢ before we can type an application. Once more, the top-level variables are useless
when computing the domain of ¢ and can be safely discarded.

Formally, we define the domain of a function type as follows:

Definition C.9 (Domain). Let T be a disjunctive normal form such that 7 < 0 — 1. We define dom(),
the domain of 7, as:
dom(V/,¢; Ti)' = /\ie] dom(7;)
dom(A;cp(t] — t3) A /\keN ﬁ(tlf = 15) A ANaery @A Naren, @)
_J)1 if Njep(tl = 12) A Njen (= 5) A Nacp, @A Naren, o' =0
Vierpti otherwise
For any type t such thatt < 0 — 1, the domain of t is defined as
dom(t) = dom(dnf((0 — 1) At))
We also define a decomposition operator ¢ that —akin to the decomposition operator 7t for product
types— decomposes a function type into a finite set of pairs:
Definition C.10. Let 7 be a disjunctive normal form such that 1 < 0 — 1. We define the decomposition
of T as:
oV ) =Ug o)
’
¢(/\j€P(t€ll - tjz) A /\keN ﬁ_(tl —> t3) A /\aepﬂy an /\a/eNn,, =)
0 i Njep® = 83) A Ny ~(tF = 15) AN ep, @A Npen, ~o' =0
/ .
{Vjep t1s Njep\pr 13) | P* S P} otherwise



For any type t such that t < 0 — 1, the decomposition of tis defined as
@(t) = @(dnf((0 — 1) A 1)).
The set ¢(t) satisfies the following fundamental property: for every arrow type s — s, the constraint
t < s — s holds if and only if s < dom(t) holds and for all (¢1,t2) € ¢(t), either s < t; or t2 < s’ hold
(see Lemma C.12). As a result, the minimum type
t-s=min{s | t<s—s'}
exists, and it is defined as the union of all ¢ such that s £ ¢; and (¢1,t2) € @(t) (see Lemma C.13). The
type t - s is used to type the application of an expression of type ¢ to an expression of type s.
As with pair types, in a well-founded (convex) model with infinite support, we can safely eliminate the
top-level type variables.

Lemma C.11. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support. Then

N = sp)ha< \ (tn—sn) = N (tp—=55) <\ (ta — 50)

peEP neN peEP neN
Proof. Similar to the proof of Lemma C.3. O

Lemma C.12. Let < be the subtyping relation induced by a well-founded (convex) model with infinite
support and t a type such thatt < 0 — 1. Then
s1 < dom(t)

Vs1,82 . (t < 81— 82) < {V(t1,t2) € B(1) . (51 < 1) or (2 < 52)

Proof. Sincet < 0 — 1, we have
t~ \/ (O=>1)r N\ H->Ar N\ ~t-t)A N an N\ o)
(P,N)ednf(t) JEP\V keEN\Y acePNY a’eNNY
If t ~ O, then dom(t) = 1, ¢(t) = (, and the result holds. If ¢ ~ 1 V t2,thent; <0 — 1,t2 <0 — 1,

dom(t) = dom(t1) A dom(t2) and @(t) = @(t1) U @(t2). So the result follows if it also holds for ¢1 and
t2. Thus, without loss of generality, we can assume that ¢ has the following form:

te Nt =)A N\ -t —=t)n N\ an N\ o
JjEP kEN a€Py o/ €Ny
where P # () and t % 0. Then dom(t) = V/,_p tJ and (t) = {(Vepr tl, Njer\pr t3) | P’ € P}. For
every pair of types s; and s, we have
t S (81 — 82)

= A=A N\ -G ->)A N\ an N\ o <(s1— s2)

jeEP keN a€Py a’€Ny

= ANE—=)A N -t —>15) < (51— s2) (LemmaC.11)
jep keN

— /\ (t]1 — t%) <s1 —>s2 ("t7% 0and Lemma 3.12 in [6])
jep

= VP CP (si<\/[H| Vv [P£PA N\ #<s
jep’ JEP\P’
where "t = A\ p(H] = 1) A Aoy —(tF — £5).
0

Lemma C.13. Lett and s be two types. Ift < s — 1, thent < s — s’ has a smallest solution s', which is
denoted as t - s.

Proof. Since t < s — 1, by Lemma C.12, we have s < dom(#). Then the assertion t < s — s’ is
equivalent to:

Y(t1,t2) € @(t). (s < t1)or(ts < s)
that is:

tz S Sl
(t1,t2)EP(t) sit. (s£t1)
Thus the type \/ t2 is a lower bound for all the solutions.

(t1,t2)€P(t) st. (s£t1)
By the subtyping relation on arrows it is also a solution, so it is the smallest one. To conclude, it suffices
to take it as the definition for ¢ - s. O



”

We now prove some properties of the operators dom(_) and “_ - _
Lemma C.14. Let t be a type such thatt <0 — 1 andt', s, s’ be types. Then

(1) if s < s < dom(t), thent-s" <t-s.
(2) ift' <t, s < dom(t') and s < dom(t), thent' - s < t-s.

Proof. (1) Since s’ < s, we have s — t-s < s’ — t - s. By definition of ¢ - s, we have t < s — t - s,
therefore t < s’ — t - s holds. Consequently, we have t - s’ < t - s by definition of ¢ - s’

(2) By definition, we have t < s — t - s, which implies t' < s — t - s. Therefore, ¢ - s is a solution to
t' <s— s hencewehavet -s<t-s.

O

Lemma C.15. Lett and s be two types such thatt < 0 — 1 and s < 0 — 1. Then dom(t) V dom(s) <
dom(t A s).

Proof. Lett = \/; oy 7iy and s = \/, ., 7i, such that 7; % O forall i € Iy U I>. Then we have
tAs =\, c1,.iper, Tir NTio- Letiy € Iy and iz € I 1f 73, ATi, > O, thendom(7i; AT, ) = 1. Otherwise,
dom(7i; A Ti,) = dom(7i;) V dom(7i,). In both cases, we have dom(7;; A Ti,) > dom(7;;) V dom(7;,).
Therefore

dom(t A s) ~ /\ilehyiﬁl2 dom(7i; A Tiy)
2 ilell,izel2(dom(7—i1) V dom(7,))
= irel, \Niser, (dom(7;,) V dom(7i,)))
= /\11 en (dom(r, ) V (/\¢2612 dom(7i,)))
> /\il el (dom(7i,))
~ dom(¥)
Similarly, dom(¢ A s) > dom(s). Therefore dom(t) V dom(s) < dom(¢ A s). O

For example, dom((Int — Int) A =(Bool — Bool)) V dom(Bool — Bool) = Int V Bool, while
dom(((Int — Int) A =(Bool — Bool)) A (Bool — Bool)) = dom(0) = 1.

Lemma C.16. Lett be a type and o be a type substitution such thatt < 0 — 1. Then dom(t)o < dom(to)

Proof. We put t into its disjunctive normal form \/,_; 7; such that 7; ¢ O for all i € I. Then we have
to = \/,c; mi0. So dom(to) = A, dom(7;0). Leti € I.If ;0 ~ O, then dom(7;0) = 1. Otherwise,
letrs = Njep(ti = 1) A Apen (Y = 13) A Naep, @ A Aaren, 7o/ Then dom(ri) =V cp 1]
and dom(ri0) =V, ptio V dom((A,cp, @ A Awen, —a/)o A0 — 1). In both cases, we have
dom(r;)o < dom(7;). Therefore, A\,.; dom(ri)o < A,.; dom(;0), thatis, dom(t)o < dom(ts). O

For example, dom((Int — Int) A —a){(Int = Int)/,} = Int{(Int — Int)/,} = Int, while
dom(((Int — Int) A —a){(Int = Int)/,}) = dom((Int — Int) A =(Int — Int)) = 1.

Lemma C.17. Let t be a type such thatt < 0 — 1 and [ok|kek be a set of type substitutions. Then
Nier dom(t)or < dom(A, ¢k tor)

Proof.

Apex dom(t)or < A, o dom(tor) (by Lemma C.16)
< Viex dom(tor)
dom(A ¢k tow) (by Lemma C.15)

INIA

O

Lemma C.18. Let t1, s1,t2 and sz be types such that t1 - s1 and t2 - s2 exists. Then (t1 A t2) - (s1 A s2)
exists and (t1 At2) - (s1 A s2) < (t1-51) A (t2 - $2).

Proof. According to Lemma C.13, we have s; < dom(t;) and t; < s; — (¢; - s;). Then by Lemma
C.15, we get s1 A s2 < dom(t1) A dom(tz) < dom(t1 A t2). Moreover, t1 Atz < (s1 — (t1 - 51)) A
(s2 = (t2 - s2)) < (s1 As2) = ((t1-s1) A (t2 - s2)). Therefore, (t1 A t2) - (s1 A s2) exists and
(tl/\t2)~(81/\82) < (t1 'S1)/\(t2-82). |

For example, ((Int — Bool) A (Bool — Bool)) - (Int A Bool) = O, while ((Int — Bool) - Int) A
((Bool — Bool) - Bool) = Bool A Bool = Bool.

Lemma C.19. Let t and s be two types such that t - s exists and o be a type substitution. Then (to) - (so)
exists and (to) - (so) < (t - s)o.

Proof. Because ¢ - s exists, we have s < dom(¢) andt < s — (¢t - s). Then sc < dom(t)o and
toc < so — (t-s)o. By Lemma C.16, we get dom(t)oc < dom(to). So so < dom(to). Therefore,
(to) - (so) exists. Moreover, since (¢ - s)o is a solution to tc < so — s’, by definition, we have
(to) - (so) < (t-s)o. O



For example, (((Int — Int) A—a)o)- (Inte) = 0-Int = 0, while (((Int — Int) A—a)-Int)o =
Into = Int, where o = {(Int — Int)/ 1

Lemma C.20. Let t and s be two types and [0 ke ik be a set of type substitutions such that t - s exists. Then
(Aper tor) - (Npex s0k) exists and (N, ¢ tok) - (Aper 508) < Npex (t-8)ok.

Proof. According to Lemmas C.19 and C.18, (A ¢ i tox) - (A cx 50k) exists. Moreover,

Nicrc(t )0k > Apex(tor - sor)  (Lemma C.19)
= (/\keKtUk)'(/\keKSUk) (Lemma C.18)

VIV

C.2.3 Syntax-Directed Rules

Because of subsumption, the typing rules provided in Section A.3 are not syntax-directed and so they
do not yield a type-checking algorithm directly. In simply type A-calculus, subsumption is used to bridge
gaps between the types expected by functions and the actual types of their arguments in applications [19]. In
our calculus, we identify four situations where the subsumption is needed, namely, the rules for projections,
abstractions, applications, and type cases. To see why, we consider a typing derivation ending with each
typing rule whose immediate sub-derivation ends with (subsum). For each case, we explain how the use of
subsumption can be pushed through the typing rule under consideration, or how the rule should be modified
to take subtyping into account.

First we consider the case where a typing derivation ends with (subsum) whose immediate sub-derivation
also ends with (subsum). The two consecutive uses of (subsum) can be merged into one, because the
subtyping relation is transitive.

Lemma C.21. If A ;T | e : t, then there exists a derivation for A ;T & e : t where there are no consecutive
instances of (subsum).

Proof. Assume that there exist two consecutive instances of (subsum) occurring in a derivation of A ;T"
e : t, that is,

AT e sy s5< s
’o L (SUbsum) / ’
AT Fe sy s1 <t

AT Ee

AT'kFe:t
Since s5 < s} and s7 < ¢/, we have s5 < t’. So we can rewrite this derivation as follows:
AT e 1sh  sh<t

AT Fe

(subsum)

A;Tke:t

Therefore, the result follows. O

Next, consider an instance of (pair) such that one of its sub-derivations ends with an instance of
(subsum), for example, the left sub-derivation:
A;T'Fer:s 51 <t
A;F|—61:t1 A;F'_egitg
A;F = (61,62) : (tl X tg)

As s1 < ti, we have s1 X t2 < t1 X t2. Then we can move subsumption down through the rule (pair),
giving the following derivation:

(subsum)

(pair)

A T'Fer:s AT Fes:ts .
(pair)
A;F%(el,eg):(slxtg) S1 X tag <t1 X ta
A;F}—(el,eg) : (tl th)

The rule (proj) is a little trickier than (pair). Consider the following derivation:

(subsum)

AT'kFe:s s<t; Xts
A;F}—ei(tlxtg)
A;Fl—ﬁi(e)iti

(subsum)

(proj)




As s < t1 X to, sis a pair type. According to the decomposition of s and Lemma C.5, we can rewrite the
previous derivation into the following one:
ATFe:s s<1x1
A;FFTFZ'(Q) :1I'¢(S) 7I'Z(S) <t;
AT Em(e): ¢
Note that the subtyping check s < 1 x 1 ensures that s is a pair type.

Next consider an instance of (abstr) (where A’ = A U var(/A
derivations may end with (subsum):

z‘el,jeJ(tiUJ' — SiO'j)). All the sub-

A,;F, (x:tiaj)l—e@[aj] :Sfb-j S;j SSl'O'j
A";T (z 2 tioj) F eQloj] : si05

. Nierti—s; .

A’Fl_)\[(fﬁ)['GJ m'e'/\iel,jeJ(tiJj —>siaj)

Without subsumption, we would assign the type A\,; ;c ;(tio; — si;) to the abstraction, while we want

to assign the type A\, je ;(tio; — si0;) to it because of the type annotations. Consequently, we have to

keep the subtyping checks s;; < s;o; as side-conditions of an algorithmic typing rule for abstractions.

Viel,jed AT, (x:tio;)F eQloy] : s} si; < si0;
ATH )\f(\;eltiﬁsix.e A

ilics iel,jeJ

Viel,jeJ

(abstr)

(tin — 81'0'3')
In (appl) case, suppose that both sub-derivations end with (subsum):
A:TFe :t t<t =5 ATkFe :s s<t
ATke :t/ 5§ A:TFeg:t
A:ThHeies:s

Since s < t’, then by the contravariance of arrow types we have t’ — s’ < s — s’. Hence, such a derivation
can be rewritten as

ATke :t t<t =g
ATke :t -4 t 5 <s—s
ATke :s—¢s m
ATkFeles:s

Applying Lemma C.21, we can merge the two adjacent instances of (subsum) into one:

(appl)

(appl)

ATke :t t<s—s .
A;TkFe :s— s ATFe;:s
A Tkeies:s
A syntax-directed typing rule for applications can then be written as follows
ATkFer:t AThey:s t<s—¢g
A:TFeles:s
where subsumption is used as a side condition to bridge the gap between the function type and the argument

type.

This typing rule is not algorithmic yet, because the result type s’ can be any type verifying the side
condition. Using Lemma C.12, we can equivalently rewrite the side condition as ¢t < 0 — 1 and
s < dom(t) without involving the result type s’. The first condition ensures that ¢ is a function type
and the second one that the argument type s can be safely applied by ¢. Moreover, we assign the type ¢ - s
to the application, which is by definition the smallest possible type for it. We obtain then the following
algorithmic typing rule.

A;TFer:t A;Tker:s t<0—1 s<dom(t)

A Tkeex:t-s

(appl)

Next, let us discuss the rule (case):

Lt = A;Tkei:s
. Lo ,

A;TFe:t {tlﬁt = A:Tles:s
A;TH(e€t?er:e2): s

The rule covers four different situations, depending on which branches of the type-cases are checked: () no

branch is type-checked, (%) the first branch e is type-checked, (i) the second branch e is type-checked,
and (iv) both branches are type-checked. Each case produces a corresponding algorithmic rule.

In case (), we have simultaneously ¢’ < ¢ and ¢’ < —t, which means that ' = 0. Consequently, e does
not reduce to a value (otherwise, subject reduction would be violated), and neither does the whole type case.

(case)



Consequently, we can assign type O to the whole type.
A;TFe:0
A;TH (e€t?er:e2):0
Suppose we are in case (4¢) and the sub-derivation for the first branch e; ends with (subsum):

A T'kFer:st s1<s
ATke:t t/<t A:Tke;:s
A;TF (e€t?er:e2): s

Such a derivation can be rearranged as:

(case)

ATrFe:t ‘<t A;TFe:st
A;TH (e€t?er te2): st s1<s
A;TH(ect?er:ez): s
Moreover, (subsum) might also be used at the end of the sub-derivation for e:

ATre:t" "<t
ATkFe:t <t A:T'kei:s
AT F(ect?er:ez): s

From t” < ¢ and t' < t, we deduce ¢’ < t by transitivity. Therefore this use of subtyping can be merged
with the subtyping check of the type case rule. We then obtain the following algorithmic rule.

(case)

A:Tke:t" t'<t A:T'kFei:s
AT H (ect?er:ez): s
We obtain a similar rule for case (4i7), except that e is type-checked instead of eq, and ¢ is tested against
—t.
Finally, consider case (iv). We have to type-check both branches and each typing derivation may end
with (subsum):

A T'Fer:s s1<s
t' £ -t and A;Tke:s

A:Tke:t .
ATher:s0 s2<s
'Lt and A:Tkes:s
A;TH (ect?er:ez):s
Subsumption is used there just to unify s; and sz into a common type s, which is used to type the whole

type case. Such a common type can also be obtained by taking the least upper-bound of s; and s2, i.e.,
s1 V s2. Because s1 < sand s2 < s, we have s1 V so < s, and we can rewrite the derivation as follows:

£ -t and A;Tkep:s;

case)

ATke:t

t' Lt and A;TFes:so
(case)
AT H (ect?erez) 51V s2 s1Vsy<s
A;TH(e€t?er:e2): s

Suppose now that the sub-derivation for e ends with (subsum):

AThe:t" <t > 4 AL
: Y t -t an ) el : S
AlFe:t {t’ﬁt and A;TFes:so

A;TH (e€t?er te): 51V 82

The relations t" < ¢/, ¢ £ -t do not necessarily imply ¢ £ —¢, and t” < ¢/, ¢’ £ ¢ do not necessarily
imply "/ £ —t. Therefore, by using the type ¢ instead of ¢’ for e, we may type-check less branches. If so,
then we would be in one of the cases (i) — (¢%), and the result type (i.e., a type among O, s1 or s2) for the
whole type case would be smaller than s; V s2. It would then be possible to type the type case with s1 V s2
by subsumption. Otherwise, we type-check as many branches with ¢” as with ¢’, and we can modify the rule
nto

(case)

V£t and A;TFe;:s
"Lt and A;I'Fes: so

A;TH (e€t?er i e2): 81V s2

ATke:t" {




Finally, consider the case where the last rule in a derivation is (instinter) and all its sub-derivations end
with (subsum):

AT'Fe:s s<t
A;Tke:t VjiedojiA
A;Fl—e[aj]jeJ:/\jeJtaj
Since s < t, we have A\ ; so; < A

(subsum)

(instinter)

jeg toj. So such a derivation can be rewritten into
A;TFe:s VjedojfA
A;Fl—e[aj]je]:/\jeJSO'j /\jeJSJjS/\jeJtJj

AT H e[O'j]jGJ : /\jEJ to;

In conclusion, by applying the aforementioned transformations repeatedly, we can rewrite an arbitrary
typing derivation into a special form where subsumption are used at the end of sub-derivations of projec-
tions, abstractions or applications, in the conditions of type cases and at the very end of the whole derivation.
Thus, this transformations yields a set of syntax-directed typing rules, given in Figure 6. Let A;T' g e : ¢
denote the typing judgments derivable by the set of syntax-directed typing rules.

(instinter)

(subsum)

b (ALG-CONST) (ALG-VAR)

A:Tkyc: A;THy z:T(x)

A Tkye 1 AT Fyes:
AT Ry (61,62):t1 X to

ATkFye:t t<1x

1
AT Ey mi(e) im(@)  ALGPROD

to
(ALG-PAIR)

ATk et ATkFyex:s t<0—1 s < dom(t)
ATk ees:t-s

(ALG-APPL)

A" = A Uvar( /\ (tio; — sioj))
icl,jeJ
ViEI,jGJ. A/;F,(x:ticrj) o 6@[0']']2823' S;jSSiO'j
A ) 'ty )\Aie]tiqsiw.e : /\ (tZ'O'j — 57;0']')

lojljes
iel,jeJ

(ALG-ABSTR)

A;FFWGZO
A;THy (e€t?er:e2): 0

(ALG-CASE-NONE)

ATkgye:t <t t'L€-t A;Tkger:

i (ALG-CASE-FST)
AT Ry (6€t?61 : 62) 181

ATkge:t t < —t t' Lt AThkyes:
AT Fy (e€t?er :e2) : s2

82
(ALG-CASE-SND)

'<£—-t and ATk e :s
t’ﬁt and A;I'Fg es: so

ATy (66t?€1:62):81V82

A;Fnge:tl {

(ALG-CASE-BOTH)

AiThkyeit VjedofA  |J]>0

A;F b o 6[0’j]jg] : /\ tO'j
JjeJ

(ALG-INST)

Figure 6. Syntax-directed typing rules

Theorem C.22 (Soundness). Let e be an expression. If ' -7 e 2 t, then' - e : t.

Proof. By induction on the typing derivation of A ;T" ., e : t. We proceed by a case analysis on the last
rule used in the derivation.

(ALG-CONST): straightforward.



(ALG-VAR): straightforward.
(ALG-PAIR): consider the derivation

A;Fl—gyelitl A;F",degth
ATy (61,62):t1 X 12

Applying the induction hypothesis twice, we get A ;T' F e; : t;. Then by applying the rule (pair), we
have A;F [ (61,62) 11 X ta.
(ALG-PROIJ): consider the derivation

ATkFye:t t<1x1
A Iy 7T7;(6) : ‘ll'z(t)
By induction, we have A ;" F e : . According to Lemma C.5, we have ¢ < (71 (¢) X m2(¢)). Then by
(subsum), we get A; T F e : (1(t) x 72(t)). Finally, the rule (proj) givesus A; T F m;(e) : mi(¢).
(ALG-APPL): consider the derivation

A;ThFyer:t Ajlbger:s t<0—1 s<dom(t)
ATk yeles:t-s
By induction, we have A ;" Fe; : tand A ;' - es : s. According to Lemma C.13, we have
t-s=min{s' |t <s— s}
Note that the conditions ¢ < 0 — 1 and s < dom(¢) ensure that such a type exists. It is clear
t < s — (t-s). Then by (subsum), we get A;T' F e1 : s — (¢ - s). Finally, the rule (appl) gives
us A;I'Fejes i t-s.
(ALG-ABSTR): consider the derivation

Viel,jeJ AT, (z:tioy) Fuo eQ[og] : si; si; < si0;
. Nierti—s; .
A A )\[Uﬁyj‘eJ T.e: /\ie],jeJ(tin — Sin)

with A" = A Uvar(A;c; e, (tio; — sio;)). By induction, for all i € I and j € J, we have
A" T, (z : tioj) F eQ[oy] : si;. Since sj; < s;05, by (subsum), we get A" ;T (z : tio;) b eQ[oy] :

s;0;. Finally, the rule (abstr) gives us A; T" - )\f:ﬁiifsim.e tNierjes(tios = sioj).
gli »
(ALG-CASE-NONE): consider the derivation

AT'Fye:0
AT Fy (e€t?er:ez): 0

By induction, we have A ;T" I e : 0. No branch is type-checked by the rule (case), so any type can be
assigned to the type case expression, and in particular we have A;T' F (e€t?e; 1 e2) : O
(ALG-CASE-FST): consider the derivation

A;Fl—meit/ tlgt A Tkyer:s
ATy (th?el : 62) : 81
By induction, we have A;T' e :t and A;T F e1 : s1. Ast’ < t, then we only need to type-check
the first branch. Therefore, by the rule (case), we have A ;T - (e€t ey : e2) : s1.
(ALG-CASE-SND): similar the case of (ALG-CASE-FST).
(ALG-CASE-BOTH): consider the derivation

t!£—-t and A;Tlyer:s;
ATk e:t
t/ﬁt and A;TFges:so
A;THy (e€t?er i e2):s1V 82
By induction, we have A;T Fe:t, A;T ey :s;1and AT I es : so. Itis clear that s1 < 51V 52
and sz < s1 V sa. Then by (subsum), we get A;T" F eq : s1 Vsgand AT F ex @ 51V so.
Moreover, as t' £ —t and t' £ t, we have to type-check both branches. Finally, by the rule (case), we
get AT F (e€t?er te2) 51V sa.
(ALG-INST): consider the derivation

ATFye:t VjedojfA
A;F'—,Q{ 6[Uj]jEJ:/\j€JtO'j

By induction, we have A;T" - e : . AsVj € J. o; § A, by (instinter), we get A;T' b e[oj]es :
/\jeJ to;.




O

Theorem C.23 (Completeness). Let < be a subtyping relation induced by a well-founded (convex) model
with infinite support and e an expression. If A ;T' & e : t, then there exists a type s such that A;T' Fg e s
and s < t.

Proof. By induction on the typing derivation of A ;" - e : ¢t. We proceed by case analysis on the last rule
used in the derivation.

(const): straightforward (take s as b.).
(var): straightforward (take s as I'(x)).
(pair): consider the derivation

A;FFelltl A;FFEQZtQ( )
air
A;Fl—(el,eQ)ithtQ P
Applying the induction hypothesis twice, we have A;I" o e; : s; where s; < t;. Then the rule
(ALG-PAIR) gives us A ;' o (e1,e2) : 81 X s2. Since s; < t;, we deduce (s1 X s2) < (t1 X t2).
(proj): consider the derivation

A;F}_e:(tl th)
A,Fl—m(e) ct;
By induction, there exists s such that A;T' Fg e : sand s < (¢1 X t2). Clearly we have s < 1 x 1.
Applying (ALG-PROJ), we have A ;T ., m;(e) : m;(s). Moreover, as s < (t1 X t2), according to
Lemma C.5, we have ;(s) < t;. Therefore, the result follows.
(appl): consider the derivation

(proj)

A;erlttlﬁtg A;Pkezitl
AT Fees:ts
Applying the induction hypothesis twice, we have A;T" ko e; : tand A;T o ez : s where
t < ti = taand s < t;. Clearly we have t < 0 — land t < s — t» (by contravariance
of arrows). From Lemma C.12, we get s < dom(t). So, by applying the rule (ALG-APPL), we have
AT ko eres : t- s. Moreover, it is clear that 2 is a solution for t < s — s’. Consequently, it is a
super type of ¢ - s, thatis ¢ - s < ta.
(abstr): consider the derivation

(appl)

Viel,jeJ AT, (z:t0o;)F eQloy] : sioj

. Nierti—s; . O O
AT H )\[Gj]jeJ z.e: Nicrjes(tios — sioj)

(abstr)

where A" = A Uvar(A,c; e, (tio; — si05)). By induction, for all i € I and j € J, there exists
si; such that A"; T, (z : ti0;) For €@[oy] : si; and s}; < s;o;. Then the rule (ALG-ABSTR) gives us
. Nierti=si . O O
AT by )\[J]ﬁ;eJ z.e: Nierjes(tio; — sioj)
(case): consider the derivation

t'<L€-t = A;Theri:s
A;TkFe:t
t/ft = A;T'key:s

A;TF (e€t?er:e2): s

By induction hypothesis on A;T' F e : t/, there exists a type t” such that A;T F e : t” and
t" <. Ift" ~ 0, by (ALG-CASE-NONE), we have A ;T I, (e€t 7 e : e2) : 0. The result follows
straightforwardly. In what follows, we assume that t' 2 0.

Assume that t"" < ¢. Because ¢ < t’, we have ¢ £ —t (otherwise, t” ~ 0). Therefore the first branch
is type-checked, and by induction, there exists a type s1 such that A;T" Fo e1 : s1 and s1 < s. Then
the rule (ALG-CASE-FST) gives us A ;' (e€t7er : e2) : s1.

Otherwise, " £ t. In this case, we have ¢’ & ¢ (otherwise, t” < ¢). Then the second branch is type-
checked. By induction, there exists a type s2 such that A ;T I, e : 52 and s2 < s. If t” < —t, then
by the rule (ALG-CASE-SND), we have A ;T k- (e€t 7eq : e2) : s2. The result follows. Otherwise, we
also have t” £ —t. Then we also have t' ¢ -t (otherwise, t” < —it). So the first branch should
be type-checked as well. By induction, we have A;I" o e; : s1 where s1 < s. By applying
(ALG-CASE-BOTH), we get A;T' . (e€t?e; t e2) @ 81V s2. Since s1 < s and s2 < s, we deduce
that s1 V s3 < s. The result follows as well.

(case)



(instinter): consider the derivation

A;TkFe:t ‘v’jeJajﬁA
AT Eelojljer s Njesto

By induction, there exists a type s such that A ;' e : s and s < t. Then the rule (ALG-INST) gives
us that AT o efoj]jes + \je s s0;5. Since s < ¢, we have A\, ; so; < A, ;to;. Therefore, the
result follows.

(instinter)

jeJ

O

Corollary C.24 (Minimum typing). Let e be an expression. If A;T' Fo e i t, thent = min{s | A;T F
e: s}

Proof. Consequence of Theorems C.22 and C.23. O

To prove the termination of the type-checking algorithm, we define the size of an expression e as follows.

Definition C.25. Let e be an expression. We define the size of e as:

size(c) =1
size(x) =1
size((e1,e2)) = size(er) + stze(ez) +1
size(mi(e)) = size(e) +
size(erez) = size(er) + 5126(62) +1
szze()\[ MeIti i o) = size(e) + 1
Slze(eet 7 e1:ex) = size(e) + size(er) + size(e2) + 1
size(eloyljes) = size(e) +1

The relabeling does not enlarge the size of the expression.

Lemma C.26. Let e be an expression and [0;)jc s a set of type substitutions. Then

size(e@[oj]jer) < size(e).
Proof. By induction on the structure of e. O
Theorem C.27 (Termination). Let e be an expression. Then the type-inference algorithm for e terminates.

Proof. By induction on the sizes of the expressions to be checked.

(ALG-CONST): it terminates immediately.

(ALG-VAR): it terminates immediately.

(ALG-PAIR): size(e1) + size(ez) < size((e1, e2)).

(ALG-PROJ): size(e) < size(mi(e')).

(ALG-APPL): size(e1) + size(ez) < size(eiez).

(ALG-ABSTR): by Lemma C.26, we have size(e’@[o;]) < size(e’). Then we get

Nierti—si
lojlijer

size(e’ @[o;]) < size(\ x.€').

(ALG-CASE): size(e') + size(e1) + size(e2) < size(e’€t 7 ey : e2).
(ALG-INST): size(e’) < size(e'[o;]je).

D. Evaluation

As described in Section 3, below we assume that polymorphic variables are pairwise distinct and distinct
from any monomorphic variables in the expressions under consideration. In particular, when substituting
an expression e for a variable x in an expression e’, we assume the polymorphic type variables of €’ to be
distinct from the monomorphic and polymorphic type variables of e. Furthermore, we assume that there are
no useless type variables in the domain of any type-substitution and no redundant type-substitutions in any
set of type-substitutions (Lemmas B.9 and B.10).



D.1 Equivalence between small-step semantics and big-step semantics

In this section, we prove the equivalence between the small-step semantics in Section A.4 and the big-step
semantics for the polymorphic language in Section 5.2 (extended with let-polymorphism in Section 5.4).
For clarity, we use v for the values for the small-step semantics and v for those of the big-step semantics.

Definition D.1 (Polymorphic language).

e u= cla|z|N,zelee|ectre:e

| eor|letz=eine
v = c| )\f,l T.e (for the small-step semantics)
v = | ()\E,I:c.e, &,or) (for the big-step semantics)

Definition D.2 (Membership). The membership relation v, €, t for polymorphic values is inductively
defined as follows:

cept = b <t
def

(Ag;z.e,8,07) €Ept = s(ogoor) <t
Definition D.3. We define a transformation function (.) from v, to v as follows:
0 £ ¢
Ao x.e, 8,07 o Ao ooy T.€(E
T J o1
where (&) is defined as follows:
@ £ o
G xv) £ (E)U{)s}
Ezev) = (@) U{)y)
In the definition of ((A3, x.e, &, 7)), to avoid unwanted captures, we assume that the polymorphic type

variables of A7 ., 2. are distinct from the monomorphic and polymorphic type variables in &, ie, tv(&’)
as precisely defined in Definition D.4. This is guaranteed by the assumption we impose on variables.

Definition D.4. The sets tv(vy) and tv(&) of type variables respectively occurring in v, and & are defined
as follows:

tv(vp) g tv((vp))
tv(g) = Uzedom(é‘) tv(g(x)) U Ugedom(é‘) tv(g(l))

Definition D.5. Let e be an expression and & an environment. We write e §f & to mean that the polymorphic
type variables in e are distinct from tv(&). Moreover, we define v, and §& recursively as follows:
BNz, &8, 07) S 48 and I, + (M, ze,&,04)) : ' and ()\f,JOGIx.e) t&
fic & true

t¢ E Vo edom(&), H(&(x)) and Yz € dom(&), #(&(z))
Definition D.6. Ler i denote a singleton set made of the empty type-substitution [{ }|, which is the neutral

element of the composition of sets of type-substitutions. We define a transformation function clos(-) from
(v, &, 01) to vy as follows:

clos(c,&,01) £ ¢

clos(\,, z.e,&,01) £ (Ao, w6, 01)
For simplicity, we write clos(v) for clos(v, @, 1).

Definition D.7. We define the reflexive and transitive closure ~* of a single-step reduction ~ by the
following two rules:

*
€1 ~ €2 €2 ~ €3
(refl) = (trans)

e~"e €1 ~ €3

Lemma D.8. Suppose e; ~* €. Then:
(1) eres ~* €les.
(2) eger ~* egpel.
(3)e1 Et 2ex re3~ el €t 2ey :es.
(4)let x =e; ines ~* let £ =¢} in es.

Proof. By induction on a derivation of e; ~* e]. O
Lemma D.9. Ife; ~" ez and ex ~" e3, then e; ~™ es.

Proof. By induction on a derivation of e; ~* es. O



Lemma D.10. Let v, be a polymorphic value. The following properties hold:
(1) Suppose v, €, t. If there exists some type t' such that & (vp) : t/, then 't (vp) : t.
(2)F (vp) : t implies v, €, t.

Proof. (1) By induction on a derivation of - (v) : t'. There are three cases to consider.

(const): v, = cand t' = b.. By definition D.2, b. < t and by the rule (subsum), we have |- ¢ : t.
(abstr): vo = (X5, x.e,&,07), (Up) = A5 00, %-¢(£), and t' = s(07 0 071).

By Definition D.2, s(oy o o7) < t and by the rule (subsum), we have - (vp) : .
(subsunt): We have as assumptions - (v,) : s and s < t’. By induction hypothesis, we have - (vp) : t.

(2) By induction on a derivation of - (vp) : t. O

Lemma D.11. Let v, be a polymorphic value.
(1) Suppose v, &, t. If there exists some type t' such that = (vp) : ', then t= (vp) : —t.
(2) & (vp) : —t implies vy &p t.

Proof. (1) By induction on a derivation of - (v,) : t'. (2) The proof is by contradiction. Suppose v, €, t.
Then, by Lemma D.10, we have - (vp) : t, which is absurd. O

Lemma D.12. Suppose (1) e § & and §&; (2)F (eQo)(&) : t; and (3) o1; & by e | vp. Then (4) fup, and
(5) (eQo)(&E) ~* (vp).

Proof. By induction on a derivation of o1; & - e | vp.

(PE-CONST): o1;& Fp ¢} c where e = c.
e #cand (cQo)(&) =c~" c
(PE-VAR): 07; & Fp x ) &(x) where e = z.
e From (1), we have §(&(x)).
e By Definition D.3, (zQo)(&) = 2(&) = z{(€(2));} = (&(x)) ~* (&()).
(PE-CLOSURE): o1;& Fp Ay, x.€0 I (A5, 2.€0,&,01) where e = A7 x.€o.
® By Definition D.3, ((A5,2.€0)Q01)(&) = A, 00, %-€0(8) = ((A5, x.€0,8,01)) ~* ({(A5,x.€0,8,01)).
® Moreover, from (1) and (2), we have §(\, z.€0, &, o1).
(PE-APPLY): € = ejea.

(a) or; 8 Fp e d) <)\f,Kx.60,éa/,O‘H> s = Niersi — S (b) o1;6 Fp ea d vy,
oj=ocgooxg (c¢) P={jeJ|3e€L:vy &, si05} (d) op;& 3 vpg Fpeo U vp
o1;6 Fperea v

e From (2), (e1Qo1)(&) and (e2Qor)(&) are also well-typed.

e ByIHon (a), §(\5, z.c0, &', on) and (e1@Q01) (&) ~* (A5 T-€0, 8", 0H)) = Nopoox T-€0(E") =
A5, z.e0(&") where dom(oy) Ntv(&') = 0.

e By IH on (b), fvp, and (e2@Qo ) (&) ~+" (vpy)-

® By Lemmas D.8 and D.9, ((e1e2)@o1)(&) = ((€1@Q01)(£))((e2@Q01)(&)) ~" (A3, x.e0(E")) (vpg) ~
((eo(&"))@Q0o pr){(vpg)/y} where

() P'={jeJ|IeL, (vy):si0;}

Furthermore, by Theorem B.15 with (2), ((e0(&”))Qo p: ){(Upo)/z} is also well-typed.

® By & and fup,, we have §(&”' — vp,,) and by assuming a-conversion, we have eg § (&' — vp,).

¢ By Lemma D.10 with (c) and (e), P = P’. Moreover, by Lemma B.5 with dom(o.;) Ntv(&") = 0,
we have (eo(&"))Qopr = (e0(£'))Qop = (e9@op)(£’).

¢ By IH on (d), (e0@Qop)(&’,x — vpy) = (e0Q@op)(E ) (Wpo)z} = ((ea(&”))Qop){(Wpo)fz} ~*
(vp) and § vp.

e Finally, by Lemma D.9, ((e1e2)@o)(&) ~" (vp).

(PE-TYPECASET): e = €1 €s7e3 : e3.
(a) o1;6 Fp e1d vy, (b) vpy Ep s (¢) o1;8 Fpeadvp
o8 Fper €s?ex ez,

¢ By definition, ((e1 € s 7 e2 : €3)Q01)(&) = (e1Qo1)(&) € s 7 (€2Q01) (&) : (e3Qo)(&), and
each sub-expression (e;Qo)(&) (i = 1,2, 3) is well-typed from the assumption (2).

® By IH on (a), (e1Qo)(&) ~" (vp) and fvp,,.

e Then, by Lemma D.10 with (b), we have - (vp) : s.

e By IH on (¢), (e2Qo)(&) ~* (vp) and fovp.

e Finally, by Lemmas D.8 and D.9, we have (e1@Qo)(&) € s 7 (e2@o1)(&) : (e3Qop)(&E) ~*
(vpo) € 57 (e2Q01)(&) : (e3Q01)(E) ~ (e2Qor)(&) ~™ (vp), thus proving (5).




(PE-TYPE CASE F): Similar to the case for the rule (PE-TYPE CASE T), except that we exploit Lemma D.11
instead of Lemma D.10.
(PE-INSTANCE): e = eg0.
(a) oroos; & Fpegdv
o1;8 Fpepog v

e By the assumption (1), we have eo f &

¢ By IH on (a), (e0@(o1 0 05))(&) ~* (vp) and fvp.

¢ Finally, by definition, we have ((ecy)@o)(&) = (e@(o1 0 05))(&E) ~* (vp), thus proving (5).
(PE-PVAR,): e = .

Ex)=c
or;&Fpzlc
e #cand (zQo)(&) =c~" c.
(PE-PVARy): e = x.
E(x) = (o y-e0,6",0)
o & Fpxdh (Ao v eo, &, oroay)
* (2Qo1)(8) = (zloi]ic)(&) = (6(2)oilier = ((Noxy-€0, &, o)) oilicr 7 A5 o(0j00,0)Y-€0(E7) =
(<)\0Ky~€07éa ,OI © UJ))'
(PE-LET): e = let £ = e¢; in es.
(a) o1;6 Fp e1d vy, (b) 01;8, 2 — vpq Fpea Y vp
or;8 Fpletx =€ ines J vp
e By IH on (a), (e1Qo1)(&) ~™ (vpy)-
e By IH on (b), (e2@Q07)(&, z — vpy) = (€2@Q07)(E){ (o)} ~* (vp).
e By Lemmas D.8and D.9, ((let z = 1 ine2)Qo7)(&) = let x = (€1@Qo) (&) in (e2Qo) (&) ~
let z = (vp) in (€2@Q0) (&) ~ (e2Qar)(E){(Wpo)/z} ~* vp.

O
Definition D.13. v, =c v, if and only if (vy) = (vy').
Lemma D.14. Suppose v, =c vy'. Then v, €, t if and only if v,’ €, t.
Proof. Suppose v, = c. Then v,’ = ¢, which completes the proof. Now suppose v, = (Ag;z.e,8,07).
Then vy’ = (A5 z.¢’, &', on) where 07 0 61 = o 0 o and e(&) = €'(&”). By the definition of €, we
complete the proof. O

Lemma D.15. Suppose (I) (61@01)(6"1) = (e2Q01)(&2) and (2) o1; &1 by e1 |} vp. Then, there exists vy’
such that or; & by ea | vy’ and vy, =c v,

Proof. By induction on a derivation of o7; &1 Fp e1 | vp.

(PE-CONST): e1 = v, =c.
e From (1), ez is either ¢, z, or z. If ea = ¢, then the proof is easy.
o If eo = x, then v,’ = & (x). From (1) we have (e2@Qo)(&2) = (zQo)(&2) = (&2(x)) = c, thus
completing the proof. The proof for e; = x is similar.
(PE-VAR): e1 = z and v, = &1 (z).
® From (1), ez is either y, ¢, A5, z.e, or z.
e If es = c, then v,’ = c. Moreover, from (1) we have (e1Qo)(£1) = (zQo7)(&1) = (&1 (2)) = ¢,
thus completing the proof.
e Ifes =y, thenv,’ = 6"2( ). From (1) we have & (z) = &2(y), thus completing the proof.
o If ea = A7, z.e, then vp' = (e2, &2, 01). From (1) we have & (z) = (e2Qor)(&2) = (vp'), thus
completing the proof.
e Now assume ez = z. If &(z) = c, then from (1) we also have &1 (z) = ¢, thus completing the
proof. Otherwise, &2(z) = (A5, z.e,&’,on) and vy’ = (A;, z.e,&’, 01 0 op). From (1), we have
& (z) = (2Qor)(62) = (&2(x))Qor = (vp'), thus completing the proof.
(PE-CLOSURE): e1 = \;, z.e and vp = (e1, &1,07).
e From (1), es is elther x, A;]z.e ,Or .
e [f eo = x, then the proof is similar to the third case for (PE-VAR).
o Ifex = A, 2. €', then v,’ = </\g z.¢', &, o1). From (1), we have (vp) = (vp), thus completing the
proof.
e If ez = z, then &(z) = (A5, z.¢',&  on) and vy’ = (A3, z.€/, &, 01 0 o). From (1), we have
(vp) = (e1@o1)(&1) = (2Qo1)(&2) = (&2(x))Qo; = (vp'), thus completing the proof.
(PE-APPLY): e1 = €e11€12.



¢ From (1), we have ez = ez1e22 and (e1;Qo1)(61) = (e21Qo)(&2) where ! € {1,2}.
e From (2), we have the following assumptions:
(a) o1;61 Fp enn (A5 w.e,&,0m) where s = Niers; — s; and tv(&) Ndom(om 0 o) = 0;
(b) or;61 Fp erz 4 vpgs
(¢c) oj=comooxand P={j€J|3iel: vy, & sio;};and
(d) op; &, 2 — vpy Fp e vp.
® ByIHon (a), 07562 p e21 (A5, x.€¢/, 8" o) where o ook = or ook and e(&) = €' (8”).
Moreover, tv(&”') Ndom (o o o) = 0.
e By IH on (b), o1; & Fp €22 4 vp and vpy =c vpy,.
¢ By Lemma D.14 with v,, =c vppand oy = cgoox = oproog,wehave P={j € J|Ji e I:
Upy Ep Si05} ={j € J|3i €I :uvpy €p si05}.
e From e(&) = €'(8') and vp, =c vp, and tv(&) Nop = O and tv(&’') Nop = 0, we have
(eQop)(&, 2z — vpy) = (€'Qap) (&', x> ).
® Now, by IHon (d), op; &', @ — vpg bp €' 4 v" and v, =c vy
® Finally, we have o71; & b, e2 | vp’ by the rule (PE-APPLY), thus completing the proof.
(PE-TYPE CASE T): e1 =e€e11 €s7e2 : e13.
e From (1), we have e2 = e21 € s7e22 : €23 and (e1;Qo71)(61) = (e21Qo) (&%) where l € {1,2,3}.
e From (2), we have the following assumptions:
(a) or;61bpenn fvpg  (b) vpg Eps  (c) or;81 Fperad vy
e By IHon (), o1; & Fp €21 4} vp(, and vpq =c vpy,.
e By Lemma D.14 with (b), we have vpg Sp S.
e By IH on (c), o7; & b €22 |} vp" and v, =c vy’
e Finally, we have o1; & b, ea | v’ by the rule (PE-TYPE CASE T), thus completing the proof.
(PE—TYPE CASE F): e;1 =e€e11 €s7e12: e13.
e Similar to the case for the rule (PE-TYPE CASE F).
(PE-INSTANCE): e1 = €0 .
e From (1), we have e2 = €0y and (e@Q(o7 0 07))(&1) = (€'Q(0o1 0 05))(&2).
e From (2), we have the following assumption: (a) o7 0 0s; &1 Fp e |} vp.
e ByIHon (a),0r00y;& Fp € | vy’ and vp =c v,
e Finally, we have o1; & b, ea |} v’ by the rule (PE-INSTANCE), thus completing the proof.
(PE-PVAR,): e1 =z and v, = c.
e Similar to the case for (PE-CONST).
(PE-PVARy): e1 =z, &1(x) = (A5 2., &, 0m) and vp, = (A5, z.e,&, 01 0 o).
e Similar to the case for (PE-VAR).
(PE-LET): e; = let £ =e11 in ejo.
¢ From (1), we have ez = let £ = e21 in egz. Moreover, (e11Qo1)(£1) = (e21Qor)(62) and
(612@01)(&) = (622@0’1)(52).
e From (2), we have the following assumptions:
(a) o6 Fpenn by (b) o1;81,2 = v Fp ez | vp
e By IH on (), o1; & by €21 4} vp(, and vpq =c vpp,.
e ByIHon (b), 01; &2,z — vpg Fp e22 U vy’ and vy = v,
e We conclude o7; & Fp ez |} vp’ by the rule (PE-LET). O

Lemma D.16. Let v be a well-typed closed value such that dom(or) N tv(v) = 0. Suppose (1) o1; & Fp
(eQop){V/z} |} vp. Then oy o or; &, x +— clos(v) by e} vp," and vy =c vy'.

Proof. By induction on a derivation of o1; & Fp (eQo ) {9z} | vp.

(PE-CONST): e = cand v, = v,/ = c.
(PE-VAR): There are two cases to consider.
® Suppose e = z. Then (e@Qor,){v/;} = v and v, = clos(v, &, o7) = clos(v) = v,’.
® Now suppose (e =y A y # x). Then (eQop){V;} = yand v, = v, = &(y).
(PE-CLOSURE): € = Aj, y.€0, (eQor){Ve} = A5, oo y-(e0{¥z}), and vp = (A5, ooy y-(e0{¥z}), &, o1).
Moreover, v,’ = (e, (&, z + clos(v)), o7 0 o) and thus vy, = vp'.
(PE-APPLY): e = erez and (eQor){V/} = ((e1@Qorn){vz})((e2Qor){V/z}).
e From (1), we have the following assumptions:
(a) o1;& o (e1QoL){V} | (A5, y-€0, &0, 0m)
where s = Ajers; — s; and tv(&) Ndom(omg o o) = 0;
(0) 0156 bp (e2@oL){V} I vpy:

(¢c) osj=comooxand P={j e J|3ie€l:vy, & sio;}; and



(d) op; 0,y — Vg Fp eo I vp.
* ByIHon (a), 07 0 01; &, @ = clos(v) b e1 § (A5, y.€0, 60, 07) Where o 0 0k = 0 0 0
and eo(&0) = ey(&p). Moreover, tv(&£y) Ndom(oy: o ogr) = 0.
e By IHon (b), 07 0 01; &, % — clos(v) Fp ez |} vppy and vp, =c Upg-
e By Lemma D.14 with vp, =c vpy and o 0 ok = ogr 0o, wehave P = {j € J | Jie I :
Vpg €p Sioit ={j€J | T €1 : vy €p si05}-
* From eo(60) = e((&p) and vp, =c vp, and tv(&) Nop = P and tv(&) Nop = 0, we have
(c0@0rp) (6, 1 o) = (b @R )Gy — t).
¢ By Lemma D.15 with (d), we have op; &5,y — vpg Fp €0 § v’ and vp =c vp'.
e By the rule (PE-APPLY), we have o7 0 o1; &,z — clos(v) -, e | v,’, thus completing the proof.
(PE-TYPECASET): e =e1 €Es7e3 : es.
* (eQop){Vz} = (1QorL){Vz} € 57 (2QoL){Vz} : (e3Q0L){Va}.
e From (1), we have the following assumptions:
(@) 0136 Fo (10 (%} Urpy  (B) U €55 (€) 0136 Fp (e200L) (¥} U vy
e ByIHon (a), o7 0 o; &,z + clos(v) bp e1 | vp) and vpy =c Upy-
¢ By Lemma D.14 with (b) and vp, =c vp(,, We have vp(, €p .
e ByIHon (c), 07 0o or; &, x + clos(v) by e2 | vy’ and vy = v,'.
® We conclude o7 o o1,; &,z — clos(v) -, e | vy’ by the rule (PE-TYPE CASE T).
(PE-TYPE CASE F): Similar to the case for the rule (PE-TYPE CASE T).
(PE-INSTANCE): e = egoy and €’ = ((eg0s)Qop){Vz} = (e0@(or, 0 07)){V/z}-
¢ From (1), we have o1; & by (e0@(or 0 0.7)){Vz} I vp.
® By IH, we have o7 o (01 0 65); &, +— clos(v) by €0 | vp’ and vy =c vy
® We conclude o7 o o1,; &,z +— clos(v) -, ego s |} v, by the rule (PE-INSTANCE).
(PE-VAR,): e = zand v, = v, = c.
(PE-VARy): e =z, &(z) = (A5, y.€0,& ,om), and v, = vp’ = (A5, y.€0, &, (01 0 0L) 0 o).
(PE-LET): e = let £ = €1 in es.
« (cB0L){Ys} = 1ot 2 = (e1801){¥/s} in (¢2800){¥s}.
e From (1), we have the following assumptions:
(a) o156 bp (e1@oL ){Vat Yvpg  (b) 0158, = vpg Fp (€2QoL){Vz} Y vp
e ByIHon (a), 07 0 o; &,z + clos(v) bp e1 | vpg and vpy =c vpy-
e ByIHon (b), 01 0 0L; &, — vpy, & > clos(v) Fp e § vp” and vp =c vy,

e We conclude o7 0 or,; &,z + clos(v) -, e |} vy’ by the rule (PE-LET). .

Lemma D.17. Let v be a well-typed closed value such that dom(or) N tv(v) = (0. Suppose (1) o1; & Fp
e{V/z} | vp. Then o1; &,z — clos(v) by e b v and v, =c vp'.

Proof. Similar to the proof for Lemma D.16. O
LemmaD.18. If(I)Fe:t, (2)e~ €, and(3)i;@ F, € | vy, theni; @ F, e |l vy and v, =c vy’
Proof. By induction on a derivation of e ~ ¢€’.

(e =eie2):
/
@ ﬂ where e’ = €] es:
€1€2 v €1€2
e From (3), we have the following assumptions:
(a) ;@ Fp €1 I (AS, €0, 0m) Where s = Aiers; — s; and tv(&) Ndom(om o ok) = 0;
(0) ;@ by e2 d vpg;
(¢c) oj=cmooxand P={j€ J |3l €L:uv,& si0;};and
(d) op; &, — vpg Fpeo | vp.
* By [Hon e; ~ €} with (a), ;@ b e1 (A5, @€, &', opr) where o 0 o) = o7 0 0 and
tv(&') Ndom(oy: o okr) = B and eo(&) = ep(S7).
® From eo(&) = ep(&’), tv(€) N dom(op) = 0, and tv(&’) N dom(op) = 0, we have
(e0Qop) (&, > vpy) = (eg@Qop)(&”, x — vp).
¢ By Lemma D.15 with (d), op; &', @ + vp, Fp €5 4 vp’ and vy =c vy,
e Finally, by the rule (PE-APPLY), we conclude or; & p erea || vp’.
€2 ~> EIQ ’ f
(II) ————— wheree’ = ejes:
€1€2 v €1€9
e Similar to the case for (I).

(II) e; = ANETS g 00 ey = v, € = (e0Qop){Vp},and P={j e J | €, Fv:sioj}:

J



e We have i; @ b, e1 |} clos(e1) and i; @ F, v |} clos(v).
e ByLemmaD.10,P={jeJ|Fel, Fv:sio;}={j€J|Tiel, clos(v) €, sio;}.
¢ By Lemma D.16 with (3), we have op; x +— clos(v) b, eo | vp’ and vp =c vy
e Finally, by the rule (PE-APPLY), we conclude i; & F, e1ez |} vp'.
(e=e1 €Es7ez: e3)
€1 > e'l

@ where e’ = e} €57es : e3:

e~ el EsTer: €3
e From (3), there are two cases to consider. Here we consider only the case for (PE-TYPE CASE T).
The case for (PE-TYPE CASE F) is similar.
e We have the following assumptions:
(@) @ kpetbvpg (b)) vpg €ps () ;9 Fpeadvp
e By IHon e; ~ €} with (a), i; @ b, e1 4 vp, and vp =c vpy,.
¢ By Lemma D.14 with (b), we have v, €, s.
e Finally, by the rule (PE-TYPE CASE T), we conclude i; @ F, e |} vp.

!
€2 ~ €5
where e’ =e; € 57¢) : es:

aIm
6W€1ES?€IQ:63

e From (3), there are two cases to consider.
e First, consider the case for the rule (PE-TYPE CASE T). Then, we have the following assump-
tions:
(@) @ bkperlvpy (b)) vpg€ps () ;9 Fperdvp
By IH on ez ~ e with (c), we have i;2 F, ex |} v, and v, =c v,’. Then, by the rule
(PE-TYPE CASE T), we complete the proof.
e Now consider the case for the rule (PE-TYPE CASE F). Then, we have the following assumptions:
(@) 5@ kperlvpg  (b) vpg Fos (c) 5D Hpesdvp
Then, we just complete the proof by the rule (PE-TYPE CASE F).
€3 v eé / /
(IID) - Wwheree' =e; €57e2: e3:
e~re1 €857%7e2: e3
e Similar to the case for (II).
IV)ei =v, F v:s,ande’ = ey:
e We have i; @ F;, e1 | clos(v).
e By Lemma D.10 with F v : s, we have clos(v) €, s.
e Then, by the rule (PE-TYPE CASE T) with (3), we conclude i; @ -, e | vp.
V)er=wv, I v:s,ande = e3:
e We have i; @ b, e1 | clos(v).
e By Lemma D.11 with I/ v : s, we have clos(v) &, s.
e Then, by the rule (PE-TYPE CASE F) with (3), we conclude i; @ F, e |} vp.
(6 = 6()0',])! 6’ = 60@0’].
e By Lemma D.16 with (3), we have o7; @ I, eo |} v," and v, =¢ vp'.
e By the rule (PE-INSTANCE), we conclude i; & F, egos | vp'.
(e =1letx =e1 ines):

/
€1~ €1 ’ ;.
where e’ = let x = €] in ea:

e«~>1et§=e'1 in eg
e From (3), we have the following assumptions:
(@) B Fperbvpy  (b) iz vpg bpe2dvp
® By IH on e ~~ €} with (a), we have i; @ b, e1 | vpg and vy = Upy.
® By Lemma D.15 with (b), we have i; 2 — vp(, Fp €2 v," and v, =c vy
e Then, by the rule (PE-LET), we conclude i; @ F, e | v,'.
€9 ~> 612 / . /
(010) —— where e’ = let x =e; inejs:
e~ letxz=e1 iney
e From (3), we have the following assumptions:
(@) @ bper gy  (b) 52— vpy bpes Yup
¢ By IH on ez ~~ €5 with (b), we have i; 2 — vp, bp e2 § vp’ and vp =c vy'.
e Then, by the rule (PE-LET), we conclude i; @ -, e |} vp'.
(IID e; =vand e’ = ea{Vz}:
e We have i; @ b, e1 | clos(v).
¢ By Lemma D.17 with (3), we have i; z — clos(v) Fp ez |} vp" and v, =c vy'.
e Finally, by the rule (PE-LET), we conclude i; @, e | v,

Lemma D.19. [fte:tande ~" v, theni; @ by e vy and v = (vp).



Proof. By induction on e ~* v. Suppose ¢ = v. Then v, = clos(v) and (vp) = v.
Now suppose ¢ ~» e1 ~* v. By induction hypothesis on e; ~»* v, we have i;@ F, e1 | v, and
v = (vy'). Then, by Lemma D.18, we have i; & -, e || v, and v, = v,’, and therefore v = (vp). O
Theorem D.20. Let e be a well-typed closed explicitly-typed expression (& e : t). Then
Bot,ellv < e~" (v)

Proof. Follows from Lemmas D.12 and D.19. O

D.2 Compilation of the polymorphic language into the intermediate language

In this section, we prove the adequacy of the compilation of the polymorphic language into the intermediate
language defined in Section 5.3 (extended with let-polymorphism in Section 5.4). For clarity, in this section,
we write respectively e,, vo, and & for the expressions, values, and environments for the intermediate
language.

Definition D.21 (Intermediate language).

o = cla|rs|Asreo| oo | €0 €T 2es t o | letz =€ in e,
v u= c| Mozeo, &)
Y o= o7 |comp(%,Y) | sel(x,t,X) | (&, %)

In this definition, we added a new symbolic substitution of the form (&, %), which is absent from
Section 5.3. Furthermore, we use the following new evaluation rule for polymorphic let-variables:
(OE-PvARy)
Eo(z) = Noy.e0, )

o Fo 5 I (Ncomp((0.5).51)Y-€01 65

The difference from the previous rule is that in this rule we use in the decoration (&, X) instead of X.
The main reason is that ¥ in s, may contain a symbolic substitution of the form sel(y,t, o) such that
y ¢ dom(&'). Such a symbolic substitution as sel(y, ¢, Xo) may be generated if the let-variable z is used
inside A-abstraction in the body of the let-expression. However, in practice, only type-substitutions for the
type variables introduced before or in the let-binding may be applied to the polymorphic let-variable, which
are already recorded in the closure for the let-variable. Therefore, for the implementation, it is safe to ignore
such substitutions as (&, X) without evaluating them. Still, introducing this new extra symbolic substitution
makes the intermediate language and its evaluation semantics clearer.

Definition D.22 (Compilation).

[cJs = ¢
[z]s = =
[z]s = zs

t t

[[)\0113.6]]2 = )‘comp(E,o'I)‘T'[[eﬂsel(z,t,comp(ﬂ,o-]))
[erez]s = [er]s[ez]s
leorls = [elcomp(s.0p)
[[61 cEt?e resly = [[61]]2 et ?[[62]]2 : [[63]]2
[let z =e1ines]s = 1letz =[ei]s in [e2]s

Definition D.23 (Membership).

cEt L ph<t
def

(ASZ.€0,60) Ect <=  s(eval(&, X)) <t
where the evaluation of the symbolic set of type-substitutions is inductively defined as

eval(é?’o, O’]) = or
eval(&,comp(2, %)) = eval(&,X) o eval(&,, %)
eval(&s,sel(x, ;o ti—si, X)) = [0 € eval(&,X) | Fiel : &6(x) €o tioj |

eval(&, (&', 2)) eval(&,X)

Definition D.24. Let & and v, be an environment and a value for the polymorphic language and &, and vo
for the intermediate language. We define an equivalence relation =, between them as follows:

E=o & <L dom(&) = dom (&) and YV € dom(&), &(x) =o &s(x)
andVz € dom(&), & (z) =o Eo()
<)\f,Ka:.e,<§’,aH> =, (A€o, &) & spoox = eval(é,,%) and eo = [e]se1(w,t, ) and & =o &,

Moreover, for any constant c, by definition c =, c.

Note that if v, =, v, then (vp) = (vo), but not vice versa.
Lemma D.25. Let v, =, vo. Then:

(1) vp €p tifand onlyif v, € t.

(2) vp &p tif and only if vo &o t.



Proof. If v, = v, = c, the proof is trivial. Suppose v, = (A5, x.€,&,0m) and v, = (A5x.€0, &5). By
definition, vp €, t if and only if s(cx 0 o) < t and v, &, t if and only if s(eval(&,, %)) < t. From
Up =o Vo, We have o 0 o = eval(&s, ), thus completing the proof. O

Lemma D.26. Suppose & =, &, and o1 = eval(&,,X) and - (eQo)(&) : t. Then, o1;8 Fp e vp if
and only if & b [e]s | vo where v, =, vo.

Proof. (Only-if part) By induction on a derivation of o1; & p e | vp.

(PE-CONST): e = [e]s = vp = vo = c.
(PE-VAR): e = [e]s = z and vp = &(x) and v, = &(x). From & =, &, we have vp =, vo.
(PE-CLOSURE): € = Ag, z.€’ and [€]ls = A o505 ) Z-[€ Tse1 (o, comp(2,0)) -
* v, = (A we, &, 0r).
® Vo = <)\zomp(§]7gK)x~[[el]]sel(z,t,comp(E,o-K))a £o>-
e eval(&,, comp(X, 0k)) = eval(&,X) o eval(&,0x) = o1 o ok and therefore v, =, v, by
Definition D.24.
(PE-APPLY): e = erez and [e]x = [e1]=[ez2]=-
e From o1; & p e || vp, we have the following assumptions:
(@) o1;8 Fper L (A5 me’, & on) where s = Niersi — si;
() or;& Fpea dvp';
(¢) oy =conookandP={jeJ|Fiel:v € sio;};and
(d) op; & 2= vy Fpe | v
e ByIHon (a), & o [e1]s I (AL z.€0, &) where eval(&,',Y') = og ook = o5 and &' =, &'
and e, = [€'Jse1(z,s,5)-
e By IH on (b), & Fo [e2]s | vo” where vy’ =, v’
e From &' =, &’ and vy’ =, vo', we have (&, — v,') =6 (&', 2 — vo').
o eval((&/,x = vo'), sel(x,s,X)) = [ 0; € eval(&',2') | TEl : v’ €6 si05 ] =[0; €0
el v, & s;0; |, which is equal to op by Lemma D.25.
e ByIHon (d), &',z — v’ ko €6 4 vo and vp =6 vo.
¢ Finally, by the rule (OE-APPLY), we conclude & b [e]s  vo.
(PE-TYPECASET): e =e1 €t 7e2 : ez and [e]s = [er]s € t ? [e2]s : [es]s.
e From or; & p e || vp, we have the following assumptions:
(@) o6 hperlny’ (0) v’ €t (c) o6 bpealny
e ByIHon (a), & ks [e1]s 4 vo" and vy’ =, vo'.
e By Lemma D.25 with (b), we have Vo' Eo t.
¢ By IH on (¢), & Fo [e2]s I vo and vp =o vo.
¢ Finally, by the rule (OE-TYPE CASE T), we conclude & t [e]s |} vo.
(PE-TYPE CASE F): Similar to the case for (PE-TYPE CASE T).
(PE-INSTANCE): e = egoy and [[6]]2 = [[eoﬂcomp(g’a‘]).
e From o7; & Fp e | vp, we have the following assumption:
(a) orooy; & Fpeollvp
e eval(&,, comp(X, 07)) = eval(&, X) o eval(&,05) = or 0 0y.
e By IH on (a), & Fo [€0]conp(s,0,) ¥ Vo and vp =o vo.
e Then, from [e]s = [€o0]comp(s,s,)» We complete the proof.
(PE-VAR,): Similar to the case for (PE-CONST).
(PE-VARy): e = z and [e]s = zx and &(z) = ()\f,Ky.eo, &' ow).
¢ From & =, &, we have & (z) = (A5 y.e0, ') where eval(&/, %) = oy ook and & = & and
eo = [eo]ser(y,t,5)-
® Then, vy = (A y-€0, &, 01 0 omr) and vo = (Alonp((, 5),5)Y-€0r ')
e eval(&/, comp({£, %), X)) = eval(&', (£,%)) oeval(&, %) = eval(&,,3) o (g 0 oK) =
o1 o (om o ok ) and therefore vp = v,.
(PE-LET): e = let z = e; ineg and [e]s = let z = [e1]s in [e2]s.
e From or; & -, e || vp, we have the following assumptions:
(@) o perlny’ (b)) oné,zm v’ bpex v
e ByIHon (a), & ks [e1]s 4 vo" and vy’ =, 5.
e ByIHon (b), &,z — v’ Fo [e1]s | vo and vy =, vo.
¢ Finally, by the rule (OE-LET), we conclude &, t [e]s |} vo.

(If part) By induction on a derivation of &, t [e]s {} vo. The proof is similar to the proof for the (only-if
part).



Theorem D.27. Let e be a well-typed closed explicitly-typed expression (o e : t). Then
ioFpellv <= Folefs v
with (v) = (V).

Proof. Follows from Lemma D.26. O

Corollary D.28 (Adequacy of the compilation). Let e be a well-typed closed explicitly-typed expression
(Fo e :t). Then
Fo[eli b vo <= e~" (v)

Proof. Follows from Theorems D.20 and D.27. O

E. Syntactic sugar for type-case

In order to make type-case closer to pattern matching, it is handy to define an extension of the type-case
expression that features binding, which we write (z=e)€&t 7 e : ez, and that can be encoded as:

()\((s/\t)—>t1)/\((sA—*t)—»tg)x.xet 7ep: 62)6

where s is the type of e, 1 the type of e1, and t2 the type of e2. We add another twist to this construct
and define a particular (purely) syntactic sugar: x €t 7 e; : ez (notice the boldface “belongs to” symbol)
which stands for (x=x)€t 7 e; : ea. The reader may wonder what is the interest of binding a variable to
itself. Actually, the two occurrences of x in (z=x)€t denote two distinct variables: the one on the right is
recorded in the environment with some type s; this variable does not occur either in e; or ez because it is
hidden by the z on the left; this binds the occurrences of x in e; and e2 but with different types, sAt in ey
and sA—t in es2. This allows the system to use different type assumptions for x in each branch, as stated by
the (algorithmic) typing rule directly derived from the encoding:

(case-var)

tZ;zéO = A;F,(x:ti)}—eizsi t1=F($)/\t

A;Fl—a:et?el:ez:\/si tz =T(z) At
;20

Note that z is defined in I" but its type I'(z) is overridden in the premises to type the branches. We already

silently used this construction in the body of the definition of map in Section 2 which should have been
written with the boldface “belongs to” symbol:

A= By penil?nil: (f(md), mf(ml)),

since the presence of the ;s in the second branch needs the hypothesis £ : [a]\nil (the expression ;¥ is
well-typed only if £ is a product, that is, in this case it a non-empty list). If we do not use the boldface belong
symbol, then each branch (in particular, the second one) is typed under the hypothesis ¢ : [a] and, thus,
type-check fails. In practice, any real programming language will implement just € and not € whenever the
tested expression is a variable.
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