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The (—f3)-integers are natural generalisations of the -integers, and thus of the integers, for negative
real bases. They can be described by infinite words which are fixed points of anti-morphisms. We
show that they are not necessarily uniformly discrete and relatively dense in the real numbers.

1 Introduction

We study the set of (—f3)-integers for a real number 8 > 1. This set is defined by

Z_g =By T0).

n>0

where T_g is the (—f)-transformation, defined by Ito and Sadahiro [3] as

T g: [ﬁ%ﬁ,ﬁlﬁ), x—= —PBx— L%—ﬁxj

Equivalently, a (—f3)-integer is a real number of the form

B+1

where do,d,...,dy_ are integers. Examples of (—f)-transformations are depicted in Figure
Recall that the set of B-integers is defined by

n—1 m—1

- 1
Y di(—B)F, with —Bg Y d(—B)" < -— foralll <m<n,
k=0 B+1 k=0

Zg =75 U(=Zz) with Zj=|]JB"T;"(0),

n>0

where Tp is the B-transformation,
Tg: [0,1) = [0,1), x> Bx—|Bx].

These sets were introduced in the domain of quasicrystallography, see e.g. [2].

Itis not difficult to see that Z_g = Z when B € Z, and that Z_g= {0} when f < HT\G For 8 > HT\@,
Ambroz et al. [1]] showed that Z_g can be described by the fixed point of an anti-morphism on a possibly
infinite alphabet. They also calculated explicitely the set of distances between consecutive (—f3)-integers

when 7" (l;—fl) <0 and Tf%’l (B;fl) > pﬁm ! for all n > 1. It seems to be difficult to extend their

methods to the general case. For the case when f is an Yrrap number, i.e., when {Tfﬁ (B;fl) |n> O} is
a finite set, a different approach can be found in [8]]. The approach in Section 2]resembles that in [§]], but

it is simpler and works for general . In Section |3}, we discuss the Delone property for sets Z_g.
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2 On the Delone property of (—3)-integers

2 Fixed point of an anti-morphism

By Lemmal we can consider the set of (—f)-integers, B > 1, as a special instance of the preimage of

a point in [ﬁf17ﬁ+1) of the map

1g: R— [%’ﬁ)ﬂ X T x), with n > 0 such that (—f8) "x € (ﬁ;ﬂ?ﬁ)

Since T_g ((—B)'x) =xforallx € (ﬁ—ﬁ BL) the map 1 is well defined.

Lemma 1. For any 8 > 1, we have

Zg=15"(0).
Proof. Ifx € lﬁ’l(O), then Tfﬁ((—ﬁ)*”x) =0 for some n > 0, thus x € (—f3)" T’é’(o) ie,xc€Z_g.On
the other hand, x € Z_g implies that x € (—f3)" T:;(O) forsomen > 0. If x(—fB)™" € (Bfl , B+1) this

immediately implies that 1g(x) = 0. If (—8)"x = B_fl , then

THEQ(( ﬁ)_("+2) ) TnEZ( ﬁlﬁg) T”El (B;fl) T”El (( B)_nx) _ T_,B(O) -0,
thus 1g(x) = 0 as well. O

Note that 15 (x) = x for all x € (575 ). For other x, we use the following relation.

—B
B+1° ﬁ+1
Lemma 2. Forany 3 > 1, x € R, we have

lﬁ(—ﬁx) = T,B (lﬁ (x)) .

Proof. Let x € R with (—f8) "x € (l;—fl, ﬁ) n > 0. Then we have

tp(—Bx) =T (=) "V (=Px)) =T s T ((—B) "x) = Tp (15(x)) - O

An important role in the study of the (—f)-transformation is played by the orbit of the left end-

point B f 7. In the following, fix B > 1, and let

h=T"%(55) (1>0), ay=|-t0—Pt1] (n>1).

(As usual, [x| denotes the largest integer < x, and [x| denotes the smallest integer > x.) Then ajay - - - is
the (—f)-expansion of 3 fl,

o ik
= forall n > 0,
g’ (—=B)*

see [5]]. Settingz_; = ﬁ, to = 0,No ={0,1,2,...} U{eo}, we consider open intervals
J(i,j) = (t2i7t2j71) withi,j € Noo, 0 <1y, < hj_10rfh <hji <0
(where 200 = o0 and o0 — 1 = o). We also set ayp = a.. = 0, and

o = {(l,]) | i,j S Nm,O << Iyj—1 01ty <fj—i < 0}.
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(Here, (i, j) is a pair of elements in N, and not an open interval.) Let

Lg((i,))) =tjo1—ti  ((i,)) € &)

be the length of the interval J; ;), and set

J)
Lﬁ(Vl"'Vk):Lﬁ(V1)+"'+LB(Vk)7 |V1...vk|:k,

for any word vy --- v, € &7*, where &7 denotes the free monoid over 7.
Let yg : ./ — o/ be an anti-morphism, which is defined on (i, j) € .« by
v ((i.) = (j,i+1) ifazy1 =azj, bipit; >0,

and otherwise by

(j,50) ((20,0) (0,00)) 17 (00,i 4 1) if 1211 >0,1; <0,
(,0) ((0,00) (00,0)) @' =71 (0,00) (c0,i+ 1) if a1 > 0,12 > 0,
(/,0) ((0,00) (“70))02i+lia2ﬁl (0,i+1) if tg <241 <0, >0,
(J,20) (22,0) ((0,e0) (
(4.0) ((0,e0) (e0,0)) ™+~ if b1 =10, 12 > 0,
(j,20) (0,0) ((0,00) (0,0)) ™ ™™ if 1yiy =191 < 0.

Y ((17])) = i — i —
P oo,O)) R I(O,i—i-l) if19 <tiy1 <0,1; <0,

Here, anti-morphism means that yg(vw) = wg(w)yg(v) for all v,w € </*. The anti-morphism Yy is
naturally extended to infinite words over «7. (Right infinite words are mapped to left infinite words and
vice versa.)

Lemma 3. Let B > 1. For any u € </, we have

Lg(wp(u)) = BLg(u).

0 <x <Lg(ve), with Wg(u) =vi - Vjy, (), we have

Moreover, for any 1 < £ < |yg(u)
T g (tzj,l —ﬁ_lLB (v1 . -vz_l) — B_lx) =ty +x, whereu=(i,j),ve=(,J).
Proof. This follows from the definitions of 7_g and ypg. O

Let ---u_quou; --- € o/* be the fixed point of Wp such that ug = (e0,0), upu; - - - is a fixed point of wl%
and ---u_ou_y = Wg(uou; ---), in particular u_; = (0,0). Let

Lg(uo---w—1) ifk>0,

Yo — keZ) with =
B = {v| } Yk {_Lﬁ(uk...u_l) if k <0.

Proposition 1. Let B > 1. On every interval (y,yi+1), k € Z, the map 1g is a translation, with

18 (s yia1)) = Juge -
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Proof. We have 1g(x) = x on the intervals (yo,yl) = (tw,t,l) = (O,ﬁ) and (y,l,yo) = (to,tw) =
(ﬁ_—fl,O), thus the statement of the proposition holds for (yi,yet1) C (ﬁ_—fl, ﬁ)

Assume that the statement holds for k € Z. By Lemma , we have (=) (vk, yer1) = (wyw v (w)])
and l[/ﬁ(uk) = Uy "'Mk’+|lllﬁ(uk)|—1’ with k' = —’l[/ﬁ(bto-"uk)‘ if k>0, K = |l//ﬁ(uk+1 "'M71)| if Kk <O0.

Then Lemma the assumption 1 ((y, y+1)) = Ju, and Lemmayield that

1 (Owseywrer)) =T-pg(1g ((=B) ' Gwreywrei1)))
=Tp (15 ((rs1 - B_lLﬁ(”k’ U 0), Vi _B_lLﬁ(uk/ i)

=T g((t2jo1 — B~ 'Lg(up - uws0), taj1 — B~ ' Lg (- upr0-1)))
=J

Uyl 4o

for all 0 < ¢ < [yg(ux)|, where u = (i, j).
By induction on n, we obtain for every n > O that the statement of the proposition holds for all k € Z

with (yg, yeq1) C (—ﬁ)"(ﬁ‘—fl, ﬁ), thus it holds for all k € Z. O

Now we describe the set Yg = {yi | k € Z}, which is left out by the intervals (yx,yir1)-

Lemma 4. For any > 1, we have

Proof. First note that

similarly to Lemma Indeed, x € 145 (1) is equivalent to (—B) "x € T_’g(to) N (tp,t—1) for some n > 0.
In the remaining case (—f8) "x =1y € T:é‘(to), we have x € (—f3) lgl(to) since Tj‘;}rl ((—=B)~"*2)x) =
T (o) = to. Note also that (—ﬁ)’”l[;l(to) - lﬁ’l(tm).

Since to ¢ J,,, and O & J,,, for all k € Z by the definition of .27, Proposition |1|implies that s ! 0)U
ll;l(to) C Yg, thus Z_g C Yp by Lemma Since (—f8)Yg C Y by Lemma we obtain (—B)’”lﬁ’l(to) C
Yg for every m > 0 as well.

Let now x € Y \ {0}. Then there exists some m > 0 such that (=) "x € Yz and (—8) " 'x € Y,
ie., (=B) ™ 'x € (Vk,yk+1) for some k € Z. By Lemma 2 and the definition of yj, we obtain that
13((—B)""x) € {1,0}, i.e, x € (—B)" ll;l(to) orx € (—B)"Z_pg CZ_g. Since 0 € Z_g, this proves
the lemma. O

Theorem 1. Let f > 1, x €R. Then x € Z_g if and only if x =y for some k € Zwithtzj_1 =0 ortr; =0,
where uy_1 = (', j), ux = (i, ).

Proof. Since Z_g C Yg by LemmaE], it is sufficient to consider x = yy, k € Z. As in the proof of Lemma
let m > 0 be such that (—f8) "x € Y and (—) ™ 'x & Y. Then we have 15 ((—B) "x) € {t,0}.

If 15 ((—B)"x) = 0, then 15(x) = T"5(0) = 0. Moreover, 14 is continuous at (—f8) " in this case.
Together with the continuity of TL"B at 0, this implies that 15 is continuous at x, i.e., ug—1 = (i, ) with
hj-1= 0 and u;, = (i,j/) with #; = 0.

If 15 ((—B)"x) = fo, then 1 is right continuous at (—f) ", and its limit from the left is 7_;. We
obtain that 1g(x) = t,y, ux—1 = (i, [m/2]) and wx = (|m/2], ;") for some 7, j" € Neo. Let i = [m/2],
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Jj = [m/2]. Since 2i = m if m is even and 2j — 1 = m if m is odd, x € Z_g implies that #; = 0 or
t2j—1 = 0. On the other hand, #; = 0 or t,;_1 = 0 yields that #,,_; = 0 or #,, = 0. Since #,,_; = 0 implies
tm =0, we must have x € Z_g. J

By Theorem the study of Z_g is reduced to the study of the fixed point of yjg. Note that (i, j) and
(i',J') can be identified when 15; = 17 and t;_1 = t,;. After identification, </ is finite if and only if
{t, | n > 0} is a finite set, i.e., if B is an Yrrap number.

With the help of yjg, we can construct an anti-morphism describing the structure of Z_g (for § >
#), similarly to [8]. First note that f > 1%6 implies @y = 1, f; > 0, or a; > 2, thus 1//5 ((oo,O)) =
W ((0,00)) starts with (0,0) (0,00). Therefore, Lg((e0,0) (0,00)) =7_; — 19 = 1 is the smallest positive
element of Z_g. Using Theoremand (—=B)Z_p C Z_g, the word yg ((=°,0) (0,0)) determines the set
Z_gN[—P.0]. Splitting up Wg((ce,0) (0,0)) according to Theorem |1|and applying yp on each of the
factors yields the set Z_g N [0,/32], etc. Consider all these factors, i.e., all words uy ---up_1 between
consecutive elements yi, y € Z_g, as letters. Using the described strategy, we define an anti-morphism
¢_p on words consisting of these letters. Then the fixed point of ¢_g codes the distances between the
elements of Z_g, see the two simple examples below. For more complicated examples, we refer to []].
By [l 8], the alphabet is finite if and only if B is an Yrrap number.

1/pB? t
-1
0 to
n
-1
/El/ﬁ —1/B* 0 1/B* to

to N e .

Figure 1: The (—f)-transformation for 8 = %3 (left) and B = ”Tﬂ (right).

Example 1. Let B = # ~2.618, i.e., B2 =3B — 1. Then we have t; = ﬁﬂ—jl —2= Bl—ﬁ and 1, =
ﬁ — 1 =1ty. Therefore, we can identify (0,e) and (1,0), and obtain
l//ﬁ : (0070) = (0700)7
(0,00) = (e2,0) (0,00) (=2,0) (0, 1),
(0,1) = (0,00) (20,0) (0, 1).
The two-sided fixed point - --u_u_y upu; - - - of yg is equal to
o (0700) (oo’()) (07 1) (Ovoo) (0070) (O’oo) (0070) (07 1) (0700).(0070) (0,°°> (0070) (0, 1) e
Applying yp to (e0,0) (0,0) and to the factors described by Theoremyields
(2,0) (0,00) = (22,0) (0,0) (20,0) (0,1) (0,0),
(2,0)(0,1) (0,00) = (e2,0) (0,0) (22,0) (0, 1) (0,0) (20,0 (0,1) (0, 0).
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Therefore, setting A = (e0,0) (0,e0) and B = (e0,0) (0, 1) (0, ), the fixed point
---ABBABABBABBAB'ABBABABBABBAB - --

of the anti-morphism
¢_p: A—AB, B~ ABB,

describes the set of (—f3)-integers, see Figure The distances between consecutive elements of Z_g are
Lﬁ(A) =1 andLB(B) :ﬁ —1>1.

A B B A B A B B A B B A B A B B A B

-B3 —B3+B*-B —BP+p*+1 —Bi+2B2—B+1 —B+1 0 1 B2-2B+1 B2
—B+pr-2B+1  —p+p° B> +2p>-B -B BB
—B3+1 —BPBP-BH+1 —BIH2B2-2B+1  —2B+1 B>—B+1

Figure 2: The set Z_g N [—B3, %], B = (3+V/5)/2.

Example 2. Let p = 5 ~ 1,618, i.e.. B> = B+ 1. Then we have f; = £ — 1 = 0 = r... Identifying
(0,e0) and (0,1), we obtain

The two-sided fixed point - - -u_u_y upu; - - - of yg is equal to
o (°°70) (0700) (ano) .(0070) (07°°) (0070)(0700) (0’°°) Tt

The words uy - u 1 between consecutive elements yi,yp € Z_g are A = (o0,0) (0,00) and B = (0, ),
since

(2,0) (0,00) = (20,0) (0,%0) (0,%0),  (0,0) = (20, 0) (0, 0).

Note that B does not start with a letter (i, j) with #; = 0, thus 15 is discontinuous at the corresponding
points y; € Z_g. The fixed point

- AABAABABAABAB'AABAABABAABAABABAABAB ---

of the anti-morphism
¢ p: A—AB, B—A,

describes the set of (—f3)-integers, with Lg(A) = 1 and Lg(B) = B — 1 < 1, see Figure 3| Note that
(—B)" can also be represented as (—f)"*2 + (—)"*!.

| A | A | B | A | B | A | A | B | A | A | B | A | B |
-B> —B>+p*-p B —B+1 0 I BB+l p-p+p°-p p*-p+p p*
—B+p—p+1 B> BB+l PPl

Figure 3: The (—f)-integers in [—3,B4], B = (1 +/5)/2.
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3 Delone property

A set § C R is called Delone set (or Delaunay set) if it is uniformly discrete and relatively dense; i.e.,
if there are numbers R > r > 0, such that each interval of length r contains at most one point of S, and
every interval of length R contains at least one point of S.

If B is an Yrrap number, then the set of distances between consecutive (—f)-integers is finite by
(1} 8], thus Z_g is a Delone set. For general 8, we show in this section that Z_g need neither be
uniformly discrete nor relatively dense.

3.1 Uniform discreteness

Since every point x € Yg is separated from Yg \ {x} by an interval around x, Y is discrete, and the same
holds for Z_g. It is well known that Zg is uniformly discrete if and only if 0 is not an accumulation point
of {T(1) [ n = 0} (where Tg(1) = B — [B]). For (—JB)-integers, the situation is more complicated.

Proposition 2. Let B > 1. If 0 is not an accumulation point of {TE’Z;] (ﬁ;fl) >0|n> 1}, then the set
Z_g is uniformly discrete.

Proof. When 8 is an Yrrap number, then {Lg(ux) | k € Z} is finite, thus Z_g is uniformly discrete.
Therefore, assume that 8 is not an Yrrap number, in particular that ¢, # 0 for all (finite) n > 0, with the
notation of Section Then 1 is continuous at every point y, € Z_g, k € Z, thus u = (i,j) with £; = 0.
Since Lg(ux) > inf{t2,—1 > 0|n >0}, the set Z_pg is uniformly discrete if inf{rp, 1 >0|n>1} >0. O

In order to give examples of 8 where Z_g is not uniformly discrete or not relatively dense, we

need to know which sequences are possible (—f)-expansions of ﬁ;fl The corresponding problem for 3-
expansions was solved by Parry [[7]]. Géra [4, Theorem 25] gave an answer to a more general question, but
his theorem is incorrect, as noticed in [3]. However, Géra proved the following result, where <,;; denotes
the alternate order on words, i.e., xjxp -+ <a y1y2--- if (=1)"(Xp+1 — Yn+1) <0, X1+ X, = y1 -y, for

some n > 0.

Lemma 5. Let aja,--- be a sequence of non-negative integers satisfying an.1ap12 -+ <a a1ay--- for
alln > 1, with a; > 2. Then there exists a unique a1 < < ay + 1 such that

y —i an —B o dntk 1 el m
kg'l(_ﬁ)k_ﬁ+l’ d B+1§]§1(_ﬁ)k§ﬁ+l foralln>1.

Proof. As the generalised f-transformations in [4] with E = (1,...,1) are intimately related to our 7_g
(see the introduction of [6]), the lemma follows from the proof of Theorem 25 in [4]]. O

The flaw in [4, Theorem 25] is that } 7, (‘i"g’)‘k = ﬁ cannot be excluded, which would be necessary

for ajay--- to be the (—f)-expansion of B;fl Indeed, the sequence ajay--- = 2(10)? satisfies the

conditions of Lemma|5(and yields f =2, but Y7, (af—;)zk = %; the (—2)-expansion of %2 is 2¢. In order
to avoid this problem, we define a relation <)j, by xjxp--- <l yiy2--- if (=1)"(Xpg1 — Ynt1) < —1,

X1 Xy =YYy, for some n > 0.

Lemma 6. Let ajay--- and B be as in Lemma @ If apv1ap40--- <;11t ajay--- for all n > 2 such that
a, =0, then ajay - - is the (—B)-expansion of ﬁ;fl
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Proof. We have to show that Y7 a’: ‘;,f < BT +1 for all n > 2. If a, > 0, then this inequality follows from
Yo, ”" 1*" < 7[;1 + ﬁﬂ < 0. If a, = 0, then we have some m > 0 such that (—1)"(ap4m+1 —am+1) < =2,

ap+1- an+m =a, ---ay. This implies that

— Apik . A 1 — dntmtk
L gy~ X B By

=1 k=1
m 2 — _B_ m+1 B oo .
ay Q11 B+1 ax Brl ay B
> + + > + > = :
k; (=B (=B)mtt — pmtl kg' (=B)x  pmtt ; (=B B+1
i 5 et — L < :

Proposition 3. Let ajay---=3010310°1---. Then ayay - - - is the (—3)-expansion ofﬁ_—flfor some 3 > 1,
and Z_g is not uniformly discrete.

Proof. By Lemmas and@ there exists a B > 1 such that ajay--- is the (—f)-expansion of 3 fl
Since ap,an,+1--- starts with an odd number of zeros for all n > 1, we have fp,_; > 0 for all n > 0.

Therefore, induction on » yields that l//z”((oo,O)) ends with (eo,n), and 1;12"+1 ((e0,0)) starts with (1, )

for all n > 0. This implies that l//é”+1 (( ,0) (0,20)) contains the factor (oo,n) (n,00) for all n > 0, and

Lg ((e0,n) (n,00)) = t2y—1 — 12, is a distance between consecutive (—PB)- integers. For any k > 1, we have
Ap(k—1)12 """ Akt 1)+1 = 0%*-11, thus 0 <frk—1)41 < B~ —2k I3+1 and —f3~ Zkﬁﬂ <ty(k—1)42 < 0. Therefore,
the distance between consecutive elements of Z_ p can be arbitrarily small. O

The following proposition shows that the converse of Proposition [2|is not true.

Proposition 4. Let aja, - -- = 300320000300322000000003003200003003222-- - be a fixed point of
the morphism

G1: 330032, 252, 0 00.

Then aya; - - - is the (—)-expansion of[;—flfora B>1, inf{T_zgf1 (,,;—fl) >0|n>1}=0and Z_gis
uniformly discrete.

Proof. When a,1 =3, n> 1, then an+1an+2 - starts with o} (3)2 for some k > 0. Since |G{‘(3)| is
odd for all kK > 0, we have o} £(3)2 <O (3)0 thus a,11a,12- -+ <), a1az---. Since a, = 0 implies
an+1 € {0,3}, the conditions of Lemmasland@ are satisfied, i.e., there exists a § > 1 such that aja; - - -

is the (—f3)-expansion of 4 e

Let ny = |05(300)| + [0 (3)[ +1, k> 1. Then ay+1---a,, o = 0% "3, thus we have 7, > 0 and
limy 0y, = 0. Since ny is odd, this yields that inf{t,,—; >0 |n>1} =0.

Letn > 1 with fp,—1 > 0. Then aznaz,+1 - - - starts with an odd number of zeros, thus a; - - - ap,— ends
with 6f(3)0%~! for some k >0, 1 < j <2k, Let 2m = |6F(3)| +2j — 1. Recall that - u_juou; - -
is a fixed point of yg. Any letter u; = (i,n), i € Ne, occurs only in wé’”((i’,n —m)), i' € No with
to < ty < ty_om—1. Since aj---ayy = App_om -+ - dan—1, We obtain that 1, < fy; < th,—1. Moreover,
A4102m+2 - - - starts with 02 -2+l 3, thus 75, > 0. Now, the continuity of 1 at every point in Z_g yields
that y, & Z_p if uy = (i,n), n > 1. Therefore, y; € Z_g implies that u; = (o,0), hence Z_g is uniformly
discrete. O]
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3.2 Relative denseness

Since the distance between consecutive -integers is at most 1, Zg is always relatively dense. We show
that this is not always true for Z_g.

Proposition 5. Let ajay--- = 31232123123221231232123123222 - - - be a fixed point of the morphism
0p: 3—31232,2—2, 1+—1.
Then ajay - - is the (—)-expansion ofﬁ_—flfor a B > 1, and Z_g is not relatively dense.

Proof. Since |0%(3)] is odd for all k > 0, we have 65(3)2 <, 05(3) 1, thus aja; - - - satisfies the condi-
tions of Lemma[5] Since a,, > 0 for all n > 2, the condition of Lemma [6] holds tr1v1ally. Therefore, there
exists a B > 1 such that aja; - - - is the (—f)-expansion of B fl

Next we show that, for any k£ > 0, l//‘cz( ) ((e0,0)) starts with

([lez3)1/2), Tloz 1 (3)1/2]) -+ (llo2 (3)1/2] [103(3)1/2]) (0,%0) (D
We have yg ((e,0)) = (0,e0) and
Wg((o’m)):"'WE((Ovl)):W[%((lﬂoo))" II/B(( )(0 2)):(271)(07‘”)”'7

where we have used that a; > a», as = a1, and a,, > 0 for all n > 1, which implies t, < O for all n > 1.

k
This yields the statement for k = 0 and k = 1. Supose that l//[‘;yz @l ((oo, 0)) starts with (1)) for some £ > 1.
Then we have

vy 2O (0,00 = t//,';’zk(3>'+3((tlcf(3)’/2J» ok 3)1/2]) -
=y (0, ok )1/2]))
=y ([1643)1/2] )
=y (2,0) (0.[1053)1/2] +1)

= (2[le;3)1/2]. Iz 3)1/2])
(o2 3)1/2), [lo3 ' (3)1/21) -+ (Llo2 (3)1/2], [162(3)[/2]) (0,0) -+,

where we have used the relations Aok(3) = 2>1= A ok1(3))410 41 > A 6k(3)| 15 and ap gy =

)6k(3)}43 " Aol (3)|+2- Since 2[10%(3)|/2] = |6%(3)| + 1 = ||o5"(3)|/2], we obtain inductively that
1[/',‘362( ) ((e0,0)) starts with (T)) for all k > 0.

For any k > 0, we have ag3); 2 2, @65(3)141 = 1> @ok(3)|12 = 2, and 1 < 0. For any k > 1, this
yields that

_ 1 2 2 1 1
Lg(([lo2(3)1/2], |03 1(3)|/2-|)):t\0§’1(3)|_t|6k( 177 g ﬁz [302 B B B

Let k' = ’l//"y2 ’ Then we have uy,; = (L|G§_j(3)|/2J o) o3 3)|/2]) for 0 < j < k, thus
(Vs Yesk) NZ —p=0and ypp —yp > k/B. Since k > 1 was chosen arbitrary, the distances between
consecutive (—f)-integers are unbounded. O
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Many other examples of sets Z_g which are not relatively dense can be found by setting ajaz--- =
03 65°(3) with a morphism o3 such that 63(2) =2, 03(1) = 1, and 03(3) is a suitable word of odd length.

We conclude the paper by stating the following three open problems, for which partial solutions
are given in this section. Note that all the corresponding problems for positive bases have well-known,
simple solutions, as mentioned above.

1. Characterise the sequences aja; - -- which are possible (—f3)-expansions of ﬁ;fl
2. Characterise the numbers 8 > 1 such that Z_g is uniformly discrete.

3. Characterise the numbers 8 > 1 such that Z_g is relatively dense.
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