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Substitution tilings

Dynamical spectrum

Fibonacci substitution tiling

0 T 0 T T+ 1(= 72)
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Substitution tilings

Dynamical spectrum

Substitution tiling

@ A tiling 7 in R9 is a set of tiles which cover R? and distinct tiles have
disjoint interiors.

@ Let an expansion map @, compact sets A;'s with A; = Aij’ # () and finite sets
Dj; satisfy
QUA) = JAi+Dy), i<m
i<m

where all sets in the right-hand side have disjoint interiors. We can
construct a substitution tiling 7.

@ If the substitution tiling 7 is repetitive with finite local complexity(FLC), it
is called a self-affine tiling. In addition, if the expansion map is a similarity
map, then it is called a self-similar tiling.
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Substitution tilings

Dynamical spectrum

Dynamical spectrum

Let X be the collection of tilings in RY which are locally indistinguishable from 7.

Let X7 := {x+ 7 : x € R?} be with a metric on X. We consider a group action
of RY on X7 by translations and get a topological dynamical system (X7, R9).

We consider the spectrum of the unitary operators U, arising from the
translational action of RY on Ly(X7, ;1) with a unique invariant probability

measure [i.

We say that 7 has pure discrete(or point) dynamical spectrum if the
eigenfunctions for the R9-action span a dense subspace of Ly(Xr, ).
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Meyer sets What is a Meyer set?
Characterization
Spectral properties

Meyer sets

N is a Meyer set if A is relatively dense & A — A is uniformly discrete. ]

Example (Meyer sets)
e A= (1+2Z)US, for any subset S C 27Z

o A=UX 21 +27)
o A={a+br €Z[r]: a+br’ €[0,1]}, where 72 —7—-1=0, 7' = -1

Example (Non-Meyer sets)
o A={n+21:nezZ\{0}}
° /\:{n+%sin2iz":n€Z}
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Meyer sets What is a Meyer set?
Characterization
Spectral properties

Meyer sets

Theorem (Meyer '72, Lagarias '95, Moody '97)
Let A be a Delone set. TFAE
O Ais a Meyer set.

@ A — A C A+ F for some finite set F C RY (almost lattice).
@ A is a subset of a model set.

Q [A] is finitely generated and A has the linear approximation property.

@ For each € > 0, there is a dual set A€ in ]1/%?’

/\6:{)(6]1/@:|X(x)—1|<eforallx€/\}

which is relatively dense.

V.
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Meyer sets What is a Meyer set?
Characterization
Spectral properties

Theorem (Strungaru '05)

If A'is a Meyer set with uniform cluster frequencies(UCF), then all
eigenvalues of (Xp, RY, 1) form a relatively dense set.
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Meyer sets What is a Meyer set?
Characterization
Spectral properties

Theorem (Strungaru '05)

If A'is a Meyer set with uniform cluster frequencies(UCF), then all
eigenvalues of (Xp, RY, 1) form a relatively dense set.

Theorem (Lee-Solomyak '08)

Let 7 be a self-affine tiling in RY and 7 = {x; + T; : x; € A;,i < m}.
Then TFAE
© all the eigenvalues of (X7,RY, ) are relatively dense.

@ UZ,A; is a Meyer set.
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Meyer sets What is a Meyer set?
Characterization
Spectral properties

Corollary (Lee-Solomyak '08)

Let 7 be a self-affine tiling in RY and 7 = {x; + T; : x; € A;,i < m}.
If (X7,R9, 11) has pure discrete dynamical spectrum, then M N\iisa
Meyer set.

Lagarias’s question

Let 7 be a tiling with FLC & repetitivity.

If (X7,R?, ;1) has pure discrete dynamical spectrum, should UT,A; bea
Meyer set?

The corollary answers Lagarias’s question on substitution tilings(or point
sets).
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Structures of self-affine tilings Module structures

let = = {xcR: T=x+T T, T €T}

Theorem (Kenyon '94, Solomyak '06)

Let 7 be a self-similar tiling in R? with a similarity map 6 for which
0] >1. Let T ={x;+ T;: x; € \;;i < m}. Then

= C Z[flon + -+ + Zffag

for some basis {a1, -+ ,aq} in R
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Structures of self-affine tilings Module structures

Theorem (Lee-Solomyak '10)

Let 7 be a self-affine tiling in RY and 7 = {x; + T; : x; € \;,i < m} with an
expansion map ¢. Suppose that ¢ is diagonalizable over C and all the eigenvalues
of ¢ are algebraically conjugate with the same multiplicity m.

Then

= C Z[Ploa + - - + Z[Bla,

where {ay, -+, 0™ Yag, - ,ak, -+, 0™ tak} forms a basis of RY.
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Structures of self-affine tilings Module structures

Let us only consider the simple case that all eigenvalues of ¢ are distinct and
algebraic conjugates.

SKETCH OF PROOF.

Without loss of generality, we can assume that C := Uj<m/\; satisfies ¢C C C. Since 7
has FLC,

C)zCQpm @ ®Q[ply :=D

where D is a module over Q[¢]. The goal is proving (C)z C Q[¢]a for some o € R?
for which {«, ¢, - - - ,cz:d’la} is a basis of RY. Choose 8 € C whose each entry is
non-zero. Define a module homomorphism 7 : D — Q[¢]8 such that 7(v,) = 8 for each
1< (<L Let Coo := U2, ¢ *C. Define

™ Coo — Q[¢]8

such that 7'(x) = 7|c_, (x) for x € Coo.
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Structures of self-affine tilings Module structures

We show the following steps.
1. 7" is uniformly continuous on Cs by showing Holder's continuity.
2. Extend 7' on RY.
3. 7'lx+E,,, is affine linear.
4. ' is affine linear by using the algebraic conjugacy of all eigenvalues.
5

. B,$8,---,¢%713 are linearly independent in RY over R.
Thus 7’ is an isomorphism.

C C Ql¢]B.
By FLC, C C Z[¢]a, where {a, da, - -- , ¢ *a} is a basis of RY for some o € RY.

o
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Pisot family condition and Meyer property

Pisot number and Pisot family

@ A Pisot number(Pisot-Vijayaraghavan number) € is an algebraic
integer 6 > 1 whose algebraic conjugates ¢’ are all less than 1 in
absolute value.

e A Pisot family is a set of algebraic integers © = {61, --- ,60,} such
that for each 1 </ < n, every algebraic conjugate ~y of ; with |y| > 1
is in ©.
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Pisot family condition and Meyer property

Theorem (Meyer '70, Lagarias '99, Solomyak '06)

Let 7 be a self-similar tiling in RY and 7 = {x; + T; : x; € A;,i < m} with
a similarity factor 6 for which |#| > 1. Then TFAE

Q UZ,A; is a Meyer set.

@ 0 is a Pisot number.
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Pisot family condition and Meyer property

Theorem (Lee-Solomyak '10)
Let 7 be a self-affine tiling in RY and 7 = {x; + T; : x; € A;,i < m} with
an expansion map ¢. Suppose that ¢ is diagonalizable over C and all the

eigenvalues of ¢ are algebraically conjugate with the same multiplicity.
Then TFAE

Q@ U, A; is a Meyer set.
@ all the eigenvalues of ¢ form a Pisot family.

© (X7,RY, 1) is not weakly mixing.
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Questions

Questions

1. Let 7 be a self-affine tiling in RY with an expansion map Q. If the
substitution matrix is irreducible and the set of eigenvalues of @ forms a
Pisot family, does 7 have pure discrete dynamical spectrum?

2. If T is a substitution tiling in R with an expansion map Q whose
eigenvalues form a Pisot family, then should 7 necessarily have FLC?

3. If the expansion map Q is non-diagonalizable, what can we say about
the module structure of the tiling 7. What about the relation between
Pisot family condition and Meyer property?
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Questions

THANK YOQOU!
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