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Some issues with linearizability and 
implementation.

• Randomization and implementation 
• Strong linearizability 
• (Adversary)

It is not at all an original work! (Neither Carole 
nor me are authors of any of the papers)



2H Fauconnier 

Randomization and adversary

Adversary and randomization.
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Ben Or algorithm
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Ben Or
Main points: 

• If all proposed values are the same  this value is decided  
• At the end of the first part of a phase impossible to have 0 and 1. 

Either 
• O only (ok) or 1 only (ok) 
• (0,?), (1,?), (?) 

–  Random choice for processes with ? 
– Then if all random choices in the phase are the same and the same 

as the value of processes  that do not have ?  At the end of the 
phase all proposed values are the same (ok) 

• Then termination with proba 1 (at each phase bounded by  ) 

• Replace local coin with a global coin: at each round for each process 
get the same random bit. Better?

1
2n
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Strong adversary
(Strong) Adversary? 

• Adversary choose when the messages arrive and when processes take steps. 
• Adversary knows at any time all the state of the protocol (but not the future) 
• It doesn’t know the future 

Problem… The adversary doesn’t control the random choices. If the 
random choice is say 0, perhaps it could manage the messages in such a 
way that some processes get 1 at the end of the first part of the phase. 
 With local coin that is not possible, with global coin it is (with some 
conditions: ) and Ben Or never terminates!  

Aguilera,Toueg:The correctness proof of Ben-Or's randomized 
consensus algorithm. Distributed Comput. 25(5): 371-381 (2012)

3t > n > 2t

https://dblp.org/db/journals/dc/dc25.html#AguileraT12
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Adversary…

Message passing: choose when the 
messages arrive and when processes 
make steps. 
Shared memory: choose the schedule of 
processes. With linearizable objects 
choose the linearization point. 
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• Given some object (like a queue) define what is its 
behavior in a concurrent framework (like a concurrent 
queue)?

7

Linearization
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First sequential…
• Example queue:

• operations : enq(item x) ; item deq() 

• set of states : sequence of items

• sequential specification :
{state = f}enq(x){state = f.x}

if(state 6= ;){state = a.f}deq(){state = f} return a

return ok

invocation

response

8
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Sequential specification

Another example Register

• Operations: item read, write(item)

• state:  item

• sequential specification: 

return y

{state = y}write(x){state = x}
{state = y}read(){state = y}

return ok

9



10H Fauconnier 

Concurrent objects
Sequential specifications defines the  correct 
executions for sequential executions 
For concurrent executions? Get a sequential execution 
that may correspond. 

Linearization: 
• There is an sequential execution « corresponding » to the 

execution  
– Choose a linearization point in the interval [invoke, 

response] -> sequential execution 
– This sequential execution satisfies the sequential 

specification
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Histories

• A history is a sequence of invocation and (matching) 
response

P1

P2

enq(2)

enq(1) enq(0)

deq()

ok

2

ok

ok

enq1(1)enq2(2)ok1ok2enq1(0)ok1deq2()22

11
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Histories

• A history is a sequence of invocation and (matching) 
response

P1

P2

enq(2)

enq(1) enq(0)

deq()

ok

2

ok

enq1(1)enq2(2)ok1ok2enq1(0)deq2()22
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• A history is sequential if every invocation is 
immediately followed by a matching response

• (A sequential history has no concurrent operations)

• A sequential history is legal if it satisfies the sequential 
specification of the shared object

13
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more formally (a little bit…)
• (resp.  )is the restriction of history to process     (resp. Object O)

• Each process performs operations sequentially: invoke - response (possibly (only) 
the last operation has no answer): well-formed history

• An operation op is pending if there is no matching response to the invocation. 
(pending operations in a history correspond to crashes)

• An operation op is complete in a history H if H contains both the invocation and the 
matching response of op

• A completion of H is a history H’ that includes all complete operations of H and a 
subset of incomplete operation with matching responses

• (informally: if some operation has no answer then it is possible to consider either 
that the operation has not occurred or to complete with a response)

(H |pi) (H |O) pi

14
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Histories

P1

P2

enq(2)

enq(1) enq(0)

deq()

ok

2

ok

H = enq1(1)enq2(2)ok1ok2enq1(0)deq2()22

H
0 = enq1(1)enq2(2)ok1ok2deq2()22

H
0 = enq1(1)enq2(2)ok1ok2enq1(0)deq2()22ok1

H
0 = enq1(1)enq2(2)ok1ok2enq1(0)ok1deq2()22
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Histories 
• Histories H and G are equivalent for     if and only if 

• Histories H and H’ are equivalent if for all     , H and H’ 
are equivalent

• e.g 
enq1(1)enq2(2)ok1ok2enq1(0)deq2()22

enq2(2)ok2enq1(1)ok1deq2()22enq1(0)
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Linearizability (Atomicity)
• A history  is linearizable if there exists a sequential legal history S such 

that:

• S preserves the precedence relation of H:

• if op1 precedes op2 in H (i.e the response of op1 is before the 
invocation of op2 in H)  then op1 precedes op2 in S

•  S is equivalent to some completion of H

• (there is a linearization point (time) between the time of invocation and time 
of the matching response such that the corresponding sequential history 
satisfies the sequential specification)

• (  is a linearization function:  maps each  to a linearization 
(=chooses  for  one linearization point)

H

f f H ∈ ℋ
H

17
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Histories

P1

P2

enq(2)

enq(1) enq(0)

deq()

ok

2

ok

H = enq1(1)enq2(2)ok1ok2enq1(0)deq2()22

S sequential, legal, equivalent to some completion of H
and preserves precedence relation 

S = enq2(2)ok2enq1(1)ok1deq2()22enq1(0)ok1

18
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Histories

P1

P2

enq(2)

enq(1) deq()

deq()

ok

1ok

S ??

2

H = enq1(1)ok1deq1()enq2(2)ok221deq2()12
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Linearizability

Remarks: 
Linearization point: for some algorithms, 
the linearization point is not static.  

The linearization point is off-line (some 
events in the future may force 
linearization now)
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ABDFor the writer
to write(v)

seq := seq + 1
send (W, v, seq) to all
wait until receiving bn/2c+ 1 messages (ACK, seq)

For the reader
to read()

send(R) to all
wait until receiving bn/2c+ 1 messages (V, v, s) such that s > seq
return val

such that (V, val, S) has been received
and S is the max of the sequence number of received V messages

For all processes
when (W, v, s) is received
if s > seq then

val := v; seq := s
send (ACK, s)

when(R) is received
send (V, val, seq) to pr
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Comments
• The write ends after receptions of a majority 

of ack: the linearization point is before. 
• Depending on the arrival of the 2 last 

messages the read returns old or new value. 
• If the read returns the old value the 

linearization point of the read is before the 
linearization point of the write. The order of 
events is changed after the linearization 
point of the write
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Consequences…

Atomicity and linearizability are not 
equivalent: 

• A program that terminates with atomic 
registers and does not terminate with 
linearizable register  

• (with strong adversary:  the adversary 
chooses the linearization point)
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From Vassos Hadzilacos, Xing 
Hu, Sam Toueg: On Register 
Linearizability and Termination. 
PODC 2021

2.2 Linearizable implementations of registers
In an object implementation, each operation spans an interval that
starts with an invocation and terminates with a response.

De�nition 1. Let o and o0 be any two operations.
• o precedeso0 if the response ofo occurs before the invocation of o0.
• o is concurrent with o0 if neither precedes the other.

Roughly speaking, an object implementation is linearizable [25]
if, although operations can be concurrent, operations behave as if
they occur in a sequential order (called “linearization order”) that
is consistent with the order in which operations actually occur: if
an operation o precedes an operation o0, then o is before o0 in the
linearization order (the precise de�nition is given in [25]).

LetH be the set of histories of a register implementation.3 An
operation o is complete in a history H 2 H if H contains both the
invocation and response of o, otherwise o is pending.

De�nition 2. A function f is a linearization function for H (with
respect to the type register) if it maps each history H 2 H to a
sequential history f (H ) such that:

(1) f (H ) contains all completed operations ofH and possibly some
non-completed ones (with matching responses added).

(2) If operation o precedes o0 in H , then o occurs before o0 in f (H ).
(3) For any read operation r in f (H ), if no write operation occurs

before r in f (H ), then r reads the initial value of the register;
otherwise, r reads the value written by the last write operation
that occurs before r in f (H ).

De�nition 3. [19] A function f is a strong linearization function
for H if:

(L) f is a linearization function for H , and
(P) for any histories G,H 2 H , if G is a pre�x of H , then f (G) is

a pre�x of f (H ).

By restricting the strong linearization requirement, i.e., property
(P) to write operations only, we de�ne the following:

De�nition 4. A function f is a write strong-linearization function
for H if:

(L) f is a linearization function for H , and
(P) for any histories G,H 2 H , if G is a pre�x of H , then the

sequence of write operations in f (G) is a pre�x of the sequence of
write operations in f (H ).

De�nition 5. An algorithmA that implements a register is lineariz-
able, write strongly-linearizable, or strong linearizable, if there is a
linearization, write strong-linearization, or strong linearization func-
tion (with respect to the type register) for the set of histories H of A.

3 TERMINATION UNDER LINEARIZABILITY
ANDWRITE STRONG-LINEARIZABILITY

In this section, we show that in some cases linearizability is not
su�cient for termination but write strong-linearizability is. To do so,
we present a randomized algorithm, namely Algorithm 1, and prove
that (a) it fails to terminate if its registers are only linearizable but
(b) it terminates if they are write strongly-linearizable. We then use
Algorithm 1 to show that every randomized algorithmA that solves
3Note this set is pre�x-closed.

a task and terminates with probability 1 against a strong adversary,
has a corresponding randomized algorithm A

0 for the same task
such that: (a) if the registers that A 0 uses are linearizable, A 0 does
not terminate, but (b) if they are write strongly-linearizable, A 0
terminates.

Algorithm 1 A game for n � 3 processes
S�����MWMR ��������� R1,R2,C

C��� ��� pi , i 2 {0, 1}:
1: for rounds j = 1, 2, ... do

// P���� 1
2: R1  [i, j]
3: if i = 0 then

// p0 �ips a coin and
// writes it into C

4: c  coin �ip
5: C  c
6: end if

// P���� 2
7: R2  0
8: �  R2
9: if � < n � 2 then
10: exit for loop
11: end if
12: end for
13: return

C��� ���pi , i 2 {2, . . . ,n � 1}:
14: for rounds j = 1, 2, ... do

// P���� 1
15: R1  ?
16: C  ?
17: u1  R1
18: u2  R1
19: c  C
20: if u1 = ? or u2 = ? or

c = ? then
21: exit for loop
22: end if
23: if u1 , [c, j] or

u2 , [1 � c, j] then
24: exit for loop
25: end if

// P���� 2
26: R2  0
27: �  R2
28: �  � + 1
29: R2  �

30: end for
31: return

Algorithm 1 uses three MWMR registers R1, R2, and C . It can
be viewed as a game executed by n � 3 processes, which are
partitioned into two groups: the “hosts” p0 and p1 and the “play-
ers” p2, ...,pn�1. The game proceeds in asynchronous rounds, each
round consisting of two phases. In Phase 1 of a round j, process
p1 writes [1, j] into R1; while p0 �rst writes [0, j] in R1, and then it
writes the result of a 0-1 coin �ip into C (lines 2-5). After doing so,
each of p0 and p1 proceeds to Phase 2.

In Phase 1, each player pi (2  i  n�1) reads R1 twice (lines 17–
18), and then it readsC (line 19). Ifpi reads c 2 {0, 1} fromC and the
sequence of two values that it read from R1 is [c, j] and then [1�c, j],
pi proceeds to Phase 2, otherwise it exits the game (lines 20-25).
Every player pi that stays in the game resets R2 to 0 (line 26) and
tries to increment it by 1 (lines 27-29). Roughly speaking, R2 is an
approximate counter of how many of the n � 2 players complete
Phase 2: it will reach the value n�2 if all the players execute line 26,
and then they all execute lines 27-29 sequentially one after the
other. After trying to increment R2, pi proceeds to the next round.

In Phase 2, each host p0 and p1 �rst resets R2 to 0 (line 7) and
then reads R2 (line 8). If a host sees that R2 � n� 2 then it is certain
that all the players remained in the game, and so it also remains in
the game by proceeding to the next round; otherwise it exits the
game.

terminates 
for atomic 
registers and 
not for 
linearizability

https://dblp.org/db/conf/podc/podc2021.html#HadzilacosHT21
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Figure 1: Phase 1 in round j = 1 of an in�nite execution

Phase 2 (of round j = 1):
(1) Processes p0 and p1 write 0 into R2 in line 7, and processes

p2,p3, . . . ,pn�1 write 0 into R2 in line 26.
(2) After all the above write operations complete,

processes p2,p3, . . . ,pn�1 successively read and increment
R2 by executing lines 27–29 in the following order: p2 exe-
cutes lines 27–29, and then, for each i 2 {3, . . . ,n � 2}, pro-
cess pi+1 starts reading R2 in line 27 after pi completes its
write of R2 in line 29.
Let t 00 be the time when the above n � 2 write operations by
p2,p3, . . . ,pn�1 have completed.
Note that at time t 00: (i) register R2 contains n � 2, and (ii) all
processes p2,p3, . . . ,pn�1 have completed Phase 2 of round
j = 1.

(3) After time t 00, p0 and p1 read R2 into � in line 8, and so they
set � = n � 2 in that line.

(4) Then p0 and p1 execute line 9 and �nd that the condition
“� < n � 2” of this line does not hold. So p0 and p1 complete
Phase 2 of round j = 1 without exiting in line 10.

Figure 2: Phase 2 in round j = 1 of an in�nite execution

Thus all the n processes p0,p1, . . . ,pn�1, have completed
Phase 2 of round 1 without exiting; they are now poised to
execute round j = 2.

The adversary S continues to build the run by repeating the above
scheduling of p0,p1, . . . ,pn�1 for rounds j = 2, 3 . . .. This gives
a non-terminating run of Algorithm 1 with probability 1: in this
run, all processes are correct, i.e., they take an in�nite number of
steps, but they loop forever and never reach the return statement
in lines 13 or line 31. ⇤

3.2 Write strong-linearizability ensures
termination

In [22] we prove the following:

Theorem7. If registersR1,R2, andC are write strongly-linearizable,
then Algorithm 1 terminates with probability 1 against a strong ad-
versary.

Combining Theorems 6 and 7, we have:

Corollary 8. If R1, R2, and C are
(1) only linearizable, then a strong adversary can prevent the

termination of Algorithm 1;
(2) write strongly-linearizable, then Algorithm 1 terminates with

probability 1 against a strong adversary.

Consider any randomized algorithm A that solves some task
T , such as consensus, for n � 3 processes p0,p1,p2, . . . ,pn�1, and
terminates with probability 1 against a strong adversary. Using
A, we can construct a corresponding randomized algorithm A

0

as follows: every process pi with i 2 {0, 1, 2, ...,n � 1} �rst exe-
cutes Algorithm 1; if pi returns then it executes algorithm A. From
Corollary 8 we have:

From Vassos Hadzilacos, Xing Hu, Sam 
Toueg: On Register Linearizability and 
Termination. PODC 2021

https://dblp.org/db/conf/podc/podc2021.html#HadzilacosHT21
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Strong linearization

With linearizability the order of all 
operations is made off-line given the 
entire execution. 
 With strong linearizability the order of 
all operations has to be fixed 
irrevocably on-line without the 
knowledge of the rest of the execution.
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Strong linearization

 Let  the set of histories: a linearization 
function  maps each  to a sequential  
(Linearization) 

A function  is a strong linearization function for 
 is a linearization function such that for all 

histories  if  is a prefix of ,  is 
a prefix of 

ℋ
f H ∈ ℋ f(H)

f
ℋ

G, H ∈ ℋ G H f(G)
f(H)
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But…
Some (most?) problems do not have strong 
linearizable implementations from SWMR-registers. 

• MWMR registers from SWMR registers… 
• Max-registers 
• Counters 
• Snapshot 
• … 

•
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