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What are realizability models?



Realizability

Qo Provides]models for theories (such as HA2 / HOL / ZF / ...)

Tarski

A |[AleB «--.

(intuition: level of truthness)

\
Boolean

algebra

Realizability
A {t:tIF A}

(intuition: programs whose computa-

tional behavior is guided by A)
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Realizability

Qo Provides]models for theories (such as HA2 / HOL / ZF / ...)

Tarski Realizability

AP |Al€B e A {t:tIF A}

Boolean D 0
(intuition: programs whose computa-

tional behavior is guided by A)

(intuition: level of truthness) algebra

Q@ a/tool|for analyzing programs computational behavior
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Realizability: a 3-steps recipe

@ formulas (a.k.a. types)
S simple types, SOL, ZF, ...

@ a computational system (aka. your favorite calculus)

9 some A-calculus, a combinators algebra, etc.

© formulas interpretation (aka. truth values)
S |Al={teA:tI A}
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@ formulas (a.k.a. types)
S simple types, SOL, ZF, ...

@ a computational system (aka. your favorite calculus)

9 some A-calculus, a combinators algebra, etc.

© formulas interpretation (aka. truth values)
S |Al={teA:tI A}

Key ideas:

« realizers compute
« realizers defend the validity of their formula
o truth values are saturated: ot A t' € |A] = t€|A|

3/30



Formal definition
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Formal definition?

iki/Realizability a8 &

Reallzablllty ¥A 4 languages v

Article  Talk Read Edit View history

From Wikipedia, the free encyclopedia

In mathematical logic, realizability is a collection of methods in proof theory used to study constructive proofs and extract additional
information from them.[1] Formulas from a formal theory are "realized" by objects, known as "realizers", in a way that knowledge of the
realizer gives knowledge about the truth of the formula. There are many variations of realizability; exactly which class of formulas is
studied and which objects are realizers differ from one variation to another.

Realizability can be seen as a formalization of the BHK interpretation of intuitionistic logic; in realizability the notion of "proof" (which is
left undefined in the BHK interpretation) is replaced with a formal notion of "realizer". Most variants of realizability begin with a theorem
that any statement that is provable in the formal system being studied is realizable. The realizer, however, usually gives more
information about the formula than a formal proof would directly provide.

Beyond giving insight into intuitionistic provability, realizability can be applied to prove the disjunction and existence properties for
intuitionistic theories and to extract programs from proofs, as in proef mining. It is also related to topos theory via the realizability
topos.

Example: Kleene's 1945-realizability 1 edit1

Kleene's original version of realizability uses natural numbers as realizers for formulas in Heyting arithmetic. A few pieces of notation
are required: first, an ordered pair (n,m) is treated as a single number using a fixed primitive recursive pairing function; second, for
each natural number n, ¢y, is the computable function with index n. The following clauses are used to define a relation "n realizes A"
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Formal definition?

wiki/Boolean_algebra_(structure) 8 %

Definition 1edit]

A Boolean algebra is a six-tuple consisting of a set A, equipped with two binary operations a {called "meet” or "and"), v (called “join"
or "or"), a unary operation = (called "complement" or "not") and two elements 0 and 1 in A (called "bottom" and "tep", or "least" and

"greatest" element, also denoted by the symbols L and T, respectively), such that for all elements &, b and c of A, the following axioms

hold:2!
avibveo=lavblvce anbac)=(@nbyac associativity
avb=bva anb=bna commutativity
aviaab)=a anlavb)=a absorption
avo=a anl=a identity
avibac)=(avb)alavc) an(bvc)=(anb)vianc) distributivity
av-a=1 an-a=0 complements

Note, however, that the absorption law and even the associativity law can be excluded from the set of axioms as they can be derived
from the other axioms (see Proven properties).

A Boolean algebra with only one element is called a trivial algebra or a algebra. (In older works,

some authors required 0 and 1 to be distinct elements in order to exclude this case.)[c/tation needed]
It follows from the last three pairs of axioms above (identity, distributivity and complements), or from the absorption axiom, that
a=bna if and only if avb=h.

The relation = defined by a = b if these equivalent conditions hold, is a partial order with least element 0 and greatest element 1. The
meet a A b and the join a v b of two elements coincide with their infimum and supremum, respectively, with respect to <.

The first four pairs of axioms constitute a definition of a bounded lattice.
It follows from the first five pairs of axioms that any complement is unique.

The set of axioms is self-dual in the sense that if one exchanges v with A and 0 with 1 in an axiom, the result is again an axiom.
Therefore, by applying this operation to a Boolean algebra (or Boolean lattice), one obtains another Boolean algebra with the same
elements; it is called its dual.[>]
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Formal definition?

tlab.org/nlab/show/realizability +topos GRS

Home Page

Latest Revisior

realizability topos

Contents Context
1. Idea Topos Theory
. Constructivism,
2. Constructions Realizability,
Via tripos theory Computability

Via assemblies

3. Properties

Axiomatic characterization
4. Related concepts

5. References

1. Idea

A realizability topos is a topos which embodies the realizability interpretation of intuitionistic
number theory (due to Kleene) as part of its internal logic. Realizability toposes form an
important class of elementary toposes that are not Grothendieck toposes, and don't even have a
geometric morphism to Set.

The input datum for forming a realizability topos is a partial combinatory algebra, or PCA.

« When the PCA is Kleene's first algebra K, the resulting topos is called the effective topos
RT(K,).

« When the PCA is Kleene's second algebra ¥, then RT(K,) is the function realizability
topos.
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Formal definition?

Anne S. Troelstra (Ed.)

Metamathematical
Investigation of Intuitionistic
Arithmetic and Analysis

Lecture Notes in Mathematics

@ Springer
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Formal definition?

#® | STUDIES IN LOGIC

FLSEVIER AND

THE FOUNDATIONS OF MATHEMATICS

VOLUME 132

5. ANRAMSKY [ %, ARTEMOY [ DA, OABDAY [ A, KECHRES { A, FILLAY { WA, SHOKE
EDITORS

Realizability:
An Introduction to
its Categorical Side

JAAP VAN OOSTEN

ELSEVIER
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

A realizability model

MEA & 3ttlFA
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

Tripos

realizability

+ A functor 7 : Set’” — pHA with:

! |
f 1
! |
. . quantifiers !
| + computability w. substitutions !
1
i 1

- generic predicate
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

PCA Tripos

realizability

| Codes: a set C

' Application: a partial binary operator
- : Cx C — C with the functional
completeness property.
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

Tripos
PCA T
realizability
A A
| |
No logic! No realizers!
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This Talk: Goal #1

Pitts’ PhD (80s)

/' Evidenced Tripos
PCA T
' Frame realizability
T R S
No logic! No realizers!

Introduce an intermediate structure that connects

the logical and computational aspects
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Computational Choices Matter

With side-effects come new reasoning principles:

« exceptions ~ Markov’s principle

- control operators ~ classical logic

« quote instruction ~ dependent choice
« memoization ~ dependent choice

« monotonic memory ~ Cohen’s forcing

« monotonic memory ~ nonstandard analysis

6/ 30



Computational Choices Matter

With side-effects come new reasoning principles:

« exceptions ~ Markov’s principle

- control operators ~ classical logic

« quote instruction ~ dependent choice
« memoization ~ dependent choice

« monotonic memory ~ Cohen’s forcing

« monotonic memory ~ nonstandard analysis

But PCAs can only support non-termination!
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This Talk: Goal #2

. ~

/" Evidenced \ Tripos Topos
PCA i .
' Frame ¥ realizability model

7/ 30



This Talk: Goal #2

computational

effects
/' Evidenced Tripos Topos
PCA p p
'\ Frame realizability model
—_— h —_—

Smooth integration of useful computational effects

7/ 30



Realizability (from an algebraic perspective)



Realizability, a 3-steps recipe

@ formulas (aka types)
S simple types, 2" _ order logic , ZF, ...

@ a computational system (ak.a. your favorite calculus)

G some A — calculus , a combinators algebra, PCF, etc.

@ formulas interpretation

If p:(T+A) and olFT then o(p*) € |A|
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Realizability, a 3-steps recipe

next slide

@ formulas (aka. types)
% simple types, 2" — order logic , ZF, ...

@ a computational system (ak.a. your favorite calculus)

% some A — calculus , a combinators algebra, PCF, etc.

@ formulas interpretation (aka. truth values)
S Al ={teA:tI A}

If Trt:A and olFT then o(t) €Al
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A simple realizability interpretation

Types & terms: (excerpt)
*-order exp. e x=x|0]|S(e)| fler...,en)
Formulas A,B = Nat(e) | X(ey,...,en) | A—> B ...
|Vx.A|3x.A|VX.A|3X.A
Terms t,bu == x| 0|succ|rec|Ax.t|tul...

where f : N — N is any arithmetical function.

Typing rules:

T'r0:Nat(0) Trrec:VZ.Z(0) —» (VNy.(Z(y) — Z(5(y)))) — V™N.Z(x)

I'x:Art:B Trt:A>B  Tru:A _
TrAx.t:A—> B Trtu:B ¢
I'+t:A[x:=n] IF'ri:A[X(x1,...,x,) = B]
I'rt:3dxA T'rt:3AX.A
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A simple realizability interpretation

Types & terms: (excerpt)
*-order exp. e x=x|0]|S(e)| fler...,en)
Formulas A,B = Nat(e) | X(ey,...,en) | A—> B ...
|Vx.A|3x.A|VX.A|3X.A
Terms t,bu == x| 0|succ|rec|Ax.t|tul...

where f : N — N is any arithmetical function.

Typing rules:

Reductions:

(Ax.tyuvg tlu/x] rec ug u; (succt) »p up t (rec uguy t)
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A simple realizability interpretation

Realizability interpretation:

[Nat(e)|, £ {teA:tvr"succ"0, where n = lelo}
|X(e1,...,en)|p = P(X)([[el]]p’“w[[en]]p)
|A > B|, & {teA:VYuelAl,.(tueclB|,)}
| Vx ~A|p £ Mnen |A|p,x<—n
| 3x -Alp £ UnE]N |A|p,x<—n
IVX.Al, 2 Nppies, sar MAloxer
|3X~A|p = UF:]Nk_, SAT |A|p,X<—F

If Trt:A and olFT then o(¢) €Al
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A simple realizability interpretation

Realizability interpretation:

INat(e)|,
X (e, ....en)lp
A — B,

| Vx .Al,
| 3x Al,
IVX.Al,

13X A,

Key ideas:

« realizers compute

> > >

> 1> >

(1>

{t € A: t>* succ™0, where n = [e] .}

P(X)([[el]]p’ R [enﬂp)
{teA:Vu€elAl, .(tuelB|,)}

ﬂne]N |A|p,x<—n
Une]N |A|p,xen
Npne sar Alpxer

Upaess sar [Alpxer
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A simple realizability interpretation

Realizability interpretation:

INat(e)|, = {t€A:t>"succ"0, wheren = [e],}
|X(e1, .- en)lp = P(X)([[el]]p,-u,[enﬂp)
A > Bl, & {teA:NuelAl,.(tuelB|,)}
|Vx Alp £ Npen [Alpxen
|3x Al = Unew lAlpxen
IVX.Al, 2 Nppies, sar MAloxer
I3XAl, = Uppes, sar Alpxer

Key ideas:

« realizers compute

- realizers defend the validity of their formula
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A simple realizability interpretation

Realizability interpretation:

INat(e)|, = {t€A:t>"succ"0, wheren = [e],}
|X(e1, .- en)lp = P(X)([[el]]p,-u,[enﬂp)
|A > Bl, & {teA:VYuelAl,.(tuelB|,)}
| Vx Al 2 Npen Alpxen
|3x Aly 2 Unen [Alpxen
IVX.Al, 2 Nppes, sar MAloxer
I3XAl, = Uppe, sar AlpxeF

Key ideas:

« realizers compute
- realizers defend the validity of their formula

o truth values are saturated: to*t" A t' €|A] = t€|A|
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Models and triposes

Realizability model

MEA & FttlFA
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Models and triposes

Realizability model

MEA © FttlFA

Triposes

PCA/

A-calculus /| ——m8 ™ ——>

Tripos

realizability

Categorically speaking

Topos

model
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Models and triposes

A triposis a functor 7 :Set’” — pHA s.t.:
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Models and triposes

A triposis a functor 7 : Set’” — - s.t.:

Intuition T (T) : predicates ¢(xX) s'C o )2 0( s (1)
NI SSg—
eT(I”) s:I'—I7
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Models and triposes

A triposis a functor 7 :Set’” — pHA s.t.:
Intuition T (T) : predicates ¢(x) s*(9) £ o(s(7))

Quantifiers. Any s* has left/right adjoints [[,/[]; : 7(T) — 7 (I"):
p<s'(y) e (o) <y ‘o) <y o o<IL{)
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Models and triposes

A triposis a functor 7 :Set’” — pHA s.t.:
Intuition T (T) : predicates ¢(x) s*(9) £ o(s(7))
Quantifiers. Any s* has left/right adjoints [[,/[]; : 7(T) — 7 (I"):
p<s'(¥) o (o) =y ') <y o o <ILY)
Intuition AxX.— : T(T'x X) —» T(T) = left adjoint to nrx : T X X — T;

Vi, x. [o(@.x) = ¥(H)] & Vi [Fx.e(y.x) = ¥(7)]
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Models and triposes

A triposis a functor 7 :Set’” — pHA s.t.:
Quantifiers. Any s* has left/right adjoints [ [,/ : 7 (T') — 7 (I"):
p<s'(y) e (o) <y ') <y o o <[LW)

Compatibility w. substitutions.

r -1’

|
If Ul l” then [[,or* =s"o[], and s*o [[, =[[,0r".

rl/ — r//l
N

Intuition (Fx.0(y, x)) [y :=s(y")] = Ix.@(s(y’), x))
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Models and triposes

A triposis a functor 7 :Set’” — pHA s.t.:
Quantifiers. Any s* has left/right adjoints [ [,/ : 7 (T') — 7 (I"):
p<s'(y) e (o) <y s'() <y o o =<[LW)

Compatibility w. substitutions.

r— 1’

J
If Ul lu then [[,or* =s*o[[,and s*o[],=1[,or".

r/l — rl//
N

Generic predicate There exists Q € Set and - € T(Q),s.t:
forall ¢ € 7(I), we have yg : T — Q satisfying

Intuition Q = set of propositions holds(x, (X)) = ¢(X)
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Models and triposes

A triposis a functor 7 :Set’” — pHA s.t.:

Quantifiers. Any s* has left/right adjoints [[/[]s : 7(T) — 7 (I'’):

Compatibility w. substitutions. ...

Generic predicate. There exists Q € Set and holds € 7(Q), s.t. ...

Standard example (with H € pHA)
T(I) =H' T(s:I>])=Ah:H").hos
Quantifiers. arbitrary meets/joins

Compatibility. yes.

Generic predicate. Q = H and holds £ Ax.x
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Models and triposes
A triposis a functor 7 :Set’” — pHA s.t.:
Quantifiers. Any s* has left/right adjoints [[/[]s : 7(T) — 7 (I'’):

Compatibility w. substitutions. ...

Generic predicate. There exists Q € Set and holds € 7(Q), s.t. ...

So far so good but:
« It is a heavy structure

« What about terms and the realizability interpretation?
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Models and triposes

A triposis a functor 7 :Set’” — pHA s.t.:

Quantifiers. Any s* has left/right adjoints [[/[]s : 7(T) — 7 (I'’):
Compatibility w. substitutions. ...

Generic predicate. There exists Q € Set and holds € 7(Q), s.t. ...

So far so good but:
« It is a heavy structure

« What about terms and the realizability interpretation?

Recently

PCA/ ...

I Tripos Topos
R ——
/ realizability model
classical TStreiche” 3]

realizability
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Implicative algebra [Miquel 20]

B mduced Mode;

S

PCA/.. />

7

classical Completenes®

i Pitts 80,
o A O Tripos ;» Topos

realizability
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Implicative algebra [Miquel 20]

complete lattice (A, <, A) + - — - € AP “implication”
+ ScA separator

% Coq formalization available : https://gitlab.com/emiquey/ImplicativeAlgebras 11730


https://gitlab.com/emiquey/ImplicativeAlgebras

Implicative algebra [Miquel 20]

complete lattice (A, <, \) + - — - € AR “implication”

+ ScA separator
Application a@b =& (ceA:axb—c}
Abstraction Af & Aacala— f(a))

‘P() Coq formalization available : https://gitlab.com/emiquey/ImplicativeAlgebras 11730


https://gitlab.com/emiquey/ImplicativeAlgebras

Implicative algebra [Miquel 20]

complete lattice (A, <, \) + - — - € AR “implication”

+ ScA separator
Types Formulas Order relation - < -
« AXB A subtype of B
et A t realizes A
Programs Proofs eI u t is more defined than u

‘P() Coq formalization available : https://gitlab.com/emiquey/ImplicativeAlgebras
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https://gitlab.com/emiquey/ImplicativeAlgebras

Implicative algebra [Miquel 20]

complete lattice (A, <, \) + - — - € AR “implication”

+ ScA separator
Types Formulas Order relation - < -
« AXB A subtype of B
et A t realizes A
Programs Proofs et <ku t is more defined than u
Soundness
QIf-rt:A then t7 g A (w.rt. typing)
Q If t —pu then t71 < u”. (w.r.t. computation)

‘Pg) Coq formalization available : https://gitlab.com/emiquey/ImplicativeAlgebras 11730


https://gitlab.com/emiquey/ImplicativeAlgebras

Implicative algebra [Miquel 20]

Internal logic
AN
arsb = a—>beS8S

Connectives
N
axb2 \ ((a—b—c)—oc)
ceA
% similar definitions for +/VY /3

arsb—c iff axXbtrsc

& (A/S, ks, X, +, —) is a Heyting algebra
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Implicative algebra [Miquel 20]

Internal logic
AN
arsb = a—>beS8S

Connectives
N
axb2 \ ((a—b—c)—oc)
ceA
% similar definitions for+/V/3

arsb—c iff axXbtrsc

& (A/S, ks, X, +, —) is a Heyting algebra

Implicative tripos

7. Set’” — HA
I —  AS[I]
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Great, but...

« implicative algebras : a (too?) minimal structure

€ A > formulas
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Great, but...

« implicative algebras : a (too?) minimal structure
€ A > formulas

« tripos: does not account for realizers

propositional logic < Heyting prealgebra
quantifiers < adjoints to substitutions
higher-order & generic predicate
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« implicative algebras : a (too?) minimal structure
€ A > formulas

« tripos: does not account for realizers
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quantifiers < adjoints to substitutions
higher-order & generic predicate

« lack of a smooth integration for

states / non-determinism / dependent types / ...
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Great, but...

« implicative algebras : a (too?) minimal structure
€ A > formulas

« tripos: does not account for realizers

propositional logic < Heyting prealgebra
quantifiers < adjoints to substitutions
higher-order & generic predicate

« lack of a smooth integration for

states / non-determinism / dependent types / ...

In short

Two general structures, none account for realizers!
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Evidenced Frames




Evidenced Frame: A Unifying Framework for Realizability Models

(®, E, 1> ¢ )

TN

propositions evidences e realizes ¢; — ¢,
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Evidenced Frame: A Unifying Framework for Realizability Models

(®, E, 1> ¢ )

TN

propositions evidences e realizes ¢; — ¢,

Intuitively: a “specification” of the minimal structure
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Evidenced Frame (O, E, - — )

Reflexivity. ¢4 € E s.t.:
S99

Transitivity. ;€ EXE — Es.t:

. ¢1i>¢2/\¢2i>¢3 = ¢712>¢3
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Evidenced Frame (O, E, - — )

Reflexivity. ¢4 € E s.t.:
S99

Transitivity. ;€ EXE — Es.t:

. ¢1i>¢2/\¢2i>¢3 = ¢712>¢3

Top. Tedander € Est:
. ¢e—T)T

Conjunction ANEDPXDP -, -,-)) €E><E—>E and efst, €snd € E s.t.:

€fst | erez])

« Pinds — C DD PAPD = — A
o P1APy = o)
Universal implication. > € X P(®) - &, 1 € E — E, and e, € E:
- (V¢ €¢ o} /\¢z—> $) = ¢ 5 $of
- V€ B.L($108) A d1 = §]
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Goal #1: An intermediate structure




PCA to Evidenced Frame

. RS
. N
’ N

PCA :' Evidenced\‘l

i
\ Frame
\ 4
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PCA to Evidenced Frame

. RS
. N
’ N

:' Evidenced\\l

PCA

i
\ Frame
\ 4

« C of “codes”

o partial application c; - ¢,

expressions ex=ieN|ceCle-e
substitutions  e|[c]
reduction elcr

+ functional completeness:
assignment e € Epp1 = cjn, € Csit.

Cyrn+l o " Cq l CAn e[cq)

Cloe "Ca lep &= elcal ler
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PCA to Evidenced Frame

PCA

. RS
. N
’ N

:' Evidenced\‘l

« C of “codes”

o partial application c; - ¢,

expressions ex=ieN|ceCle-e
substitutions  e|[c]
reduction elcr

+ functional completeness:
assignment e € Eyy1 > cjn, € Csit.

Cyrn+l o " Cq l CAn e[cq)

Ci0e " Ca ler &= elcal L cr

i
\ Frame
\ 4

The triple (P(C),C,-— -), where:
- a proposition in ® = P(C) is
defined by its set of realizers
« anevidence in E = C is a code
. $1> ¢ ifforalle; € ¢y

o e - e; terminates
. 6‘811,82 = €2€¢2
S connectives and their evidences are defined

as usual in realizability models
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Evidenced Frame to Tripos

’ \
S \
+ Evidenced {
‘
.

. Tripos
v Frame
3 /

UFam construction
Given &F = (@, E, - — ), the structure UFam(&EF) is defined by:

Predicates. T € Set is mapped to @' € pHA

« <P 2 TeVy. H(y) = ¢’ (y) uniform entailment
« Heyting prealgebra: pointwise via ®

Substitution. s:T' — I' is mapped to 7 (s) = Ah.hos as usual

Quantifiers. [, € ® — &/ 2 1¢$.Aj. [Licu1(j) ¢(D) as usual
[, €@ — & 22p.Aj. icur(y) $(0)-

Generic predicate. Q £ @, holds £ idg, and X6 2 4. as usual
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Goal #2: Smooth integration of

useful computational effects




More Computational Effects into Evidenced Frame

Computational System:
computational

« ¥ - inhabited set of states ¢ effects
« 0 < o’ —“possible future” preorder \\“
« e ]7, ¢ - reduction relation / Evidenced}

o . . . '\ Frame ,"
+ el — termination relation

o OJ o_//
erlo ey eallnca  cpocallmer
clgc ef-eq L7mcr cl?

’
o

erl? Vo',crep |9, cp = eal? AV, ca. eq 12, ca= cp - cal®”

er-eql®
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More Computational Effects into Evidenced Frame

Computational System:
computational

« ¥ - inhabited set of states o effects
« 0 < o’ —“possible future” preorder \\“
« e ]7, ¢ - reduction relation ! Evidenced )
e} . . . ' Frame :"
+ el — termination relation
+

Functional completeness: assighment e € E,; — cjn, € C s.t.:

reduction Cin+l " Ca lg

CroeCall, cr = elcal 17, cr
termination Cyntt - Cal®

elcall” = cpo.-cal?

4
) Cr = 0 =0 NCr =Cpnelcy]

Preservation: Yo, cr, ¢y, 0’ ¢, ¢cpcq L3 ¢, = o< 0’
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Common Effects

PCA-%

. states X : singleton
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Common Effects

PCA-%

. states X : singleton

Non-determinism - G,

flip-cl? flip-c 2 cap flip-c 12 ¢y

18/ 30



Common Effects

PCA-%

. states X : singleton

Non-determinism - G,

flip-cl? flip-c 2 cap flip-c 12 ¢y

% Mutable state - Gj,okup
« X — finite partial maps from N to codes
e 0 < o’ —inclusion

« codes — generated from the combinators lookup,,

n—c eco (3. n—c €o0)
lookup,, - c|? lookup,, -¢ |2 ¢’ lookup,, - ¢ |2 .. ¢
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Common Effects

PCA-%

. states X : singleton

Non-determinism - G,

flip-cl? flip-c 2 cap flip-c 12 ¢y

% Mutable state - Gj,okup
« X — finite partial maps from N to codes
e 0 < o’ —inclusion

« codes — generated from the combinators lookup,,

n—c eco (3. n—c €o0)
lookup,, - c|? lookup,, -¢ |2 ¢’ lookup,, - ¢ 1§ e €
* Failure - Gy
fail - c|?

18/ 30



The Induced Evidenced Frame

« propositions “future-stable” ¢ € P(C X X)
% notation: $°(c) £ (c,0) € §

. ¢y 5 ¢, if for all e; such that ¢, (e;):

o e-e |7 terminates

1
1
1
1
1
1
1
1
1
L. evidences E = C are codes,
1
1
1
1
1
1
1
1

ceelle = $:.7(e)
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The Induced Evidenced Frame

' Intuition:
« propositions “future-stable” ¢ € P(C X X)
% notation: ¢°(c) £ (c,0) € ¢

« ¢1— ¢, if for all e; such that ¢;(e;):

| 1
| 1
| 1
| 1
| 1
1 1
| 1
1 1
. . 1
'« evidences E =C are valid codes, |
! l
! I
1
: . e-e; |7 terminates :
i |

cecer e = $(e)

separator S = functionally complete subset of C
+ closed under reduction
+ Progress VYo € 3,cr,cqa €S.¢recal” = Fo',¢r. cpocald e
Examples:
« S+: all codes (when progress holds for all codes)

« S): generated solely from functional completeness
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The Induced Evidenced Frame

Intuition:
« propositions “future-stable” ¢ € P(C X X)
% notation: ¢°(c) £ (c,0) € ¢

o P N ¢, if for all e; such that ¢;7(e;):
. e-e; |7 terminates
« {V/3}ler,0". e-e1ll e = $:7 (e2)

E « evidences E = C are valid codes, :

Interpretation D of non-determinism
« Demonic: when all possible results of the reduction are realizers.
croca Ul ¢ £ crocal” AV crcrca S o =97 (c,)
« Angelic: when a possible result of the reduction is a realizer.

croca ll9 ¢ £ crocal” Aol e cpca LS er A ()
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Computational Effects to Evidenced Frame

¢, S,D

\, .
3 N

Ao \
© Evidenced |
.
i
. Frame
\s 'l
. -

The triple 87"%’8 = (D,E,- = -} defines an evidenced frame where:
« propositions ® € P (X x C) are “future-stable” stateful predicates:
Vo,0',c. 0 <0 AgP(c) = ¢ (c)
« Eis the set of codes in the separator S.

o« P 5 ¢, is defined as

Vo,c. ¢7(c) = e-c ||] ¢2
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A Bit More...




Byproduct: Robust interpretations

Countable choice

Eff F VR € N X B.Tot(R) = 3S € N X B.Tot(S) A S € R A Det(S)
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Byproduct: Robust interpretations

Countable choice

Eff F VR € N X B.Tot(R) = 3S € N X B.Tot(S) A S € R A Det(S)

Sketch
@ Propositions € P(Code)
Q v;o; IF Tot(R) = Vn € N.3b € B. v;0;71 | v, € R(n, b)
@ For each n pick’ one such b, and define S(n, b,) £ {v,}

Then

* Utot I TOt(S)
e AxxIFSCR
« Det(S) by construction
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Byproduct: Robust interpretations

Countable choice

Eff F VR € N X B.Tot(R) = 3S € N X B.Tot(S) A S € R A Det(S)

Sketch
@ Propositions € P(Code)
Q v;o; IF Tot(R) = Vn € N.3b € B. v;0;71 | v, € R(n, b)
@ For each n pick’ one such b, and define S(n, b,) £ {v,}

Then

e Utor I TOt(S) ?
e AxxIFSCR
« Det(S) by construction
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Byproduct: Robust interpretations

A short story [Cohen, Abreu, Tate 2019]

« Thm 1. - the realizability model induced by a PCA models CC.

UFam(EF¢) E CC
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Byproduct: Robust interpretations

A short story [Cohen, Abreu, Tate 2019]

« Thm 1. - the realizability model induced by a PCA models CC.

UFam(&F ) E cC|

« Thm 2. - adding non-determinism makes it negate CC.

UFam(&F §") ¥ ccl

« Thm 3. - adding states and using memoization restores CC.

\UFam(asfff”""”"k”P) )= ccl
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Byproduct: Robust interpretations

A short story [Cohen, Abreu, Tate 2019]

« Thm 1. - the realizability model induced by a PCA models CC.

UFam(&F ) E cC|

« Thm 2. - adding non-determinism makes it negate CC.

UFam(&F ') ¥ Ccl

« Thm 3. - adding states and using memoization restores CC.

UFam(&F o'ty ccl

(gi ooku . . . 9
UFam(STDﬂ Ploodkepy - — specification # implementation
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From Implicative Algebras to Evidenced frames

Any implicative algebra (A, <, —, S) induces an evidenced frame

UEFA)E (A, S . -—>>) where a5b2e<a—b
—_—— ——

prop. evidences

Proof. Connectives and quantifiers from the internal logic of A / evidences via the

expected A-terms.
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From Implicative Algebras to Evidenced frames

Any implicative algebra (A, <, —, S) induces an evidenced frame

UEFA)E (A, S . -—>>) where a5b2e<a—b
—_—— ——

prop. evidences

Proof. Connectives and quantifiers from the internal logic of A / evidences via the

expected A-terms.

Remark

« blurs the distinction btw. evidences & propositions

o UEF(A) is consistent if and only if A is.

« the implicative tripos 7' and UFam(UEF(A)) are equivalent.
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From Implicative Algebras to Evidenced frames

induced mode|

imp. alg. UEF(A) [ &F \ UFam(&F) Tripos

B

PCA ———

realizability

classical
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From Implicative Algebras to Evidenced frames

induced mode|

imp. alg. UEF(A) L eF 3 UFam(&F) Tripos

B

PCA ———

realizability

classical

completeness
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The induced implicative algebra

Implicative algebras II: complete-
ness w.r.t. Set-based triposes
A. Miquel [2020]

Remarks
O+{ped:Fe.T 5 ¢} fully characterize the logical facet of EF ...
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The induced implicative algebra

Implicative algebras II: complete-
ness w.r.t. Set-based triposes
A. Miquel [2020]

Remarks
O+{ped:Fe.T 5 ¢} fully characterize the logical facet of EF ...

Lbutg < ¢ 2 3e. 5 ¢’ regretably lacks the structure required

by implicative algebras.

Tricks
Y- see the paper or Miquel’s completeness result

Q IA(EF) is an implicative algebra.
@ UEF(IA(EF) and &F are (extensionally) equivalent.
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Completeness wrt. triposes

One trick

() in T reflecting external truth
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Completeness wrt. triposes

One trick

() in T reflecting external truth

Wh=@i:{Q 1]y} T)
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Completeness wrt. triposes

One trick

() in T reflecting external truth

Reflected axiom schema : Set-relation R € P(Q X Q) s.t.:

TES: QP :Q|(pRP). ¢+ ¢

(i.e. collection of premise-conclusion pairs that R entails)
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Completeness wrt. triposes

One trick

(-) in 7~ reflecting external truth

Reflected axiom schema : Set-relation R € P(Q X Q) s.t.:

TE¢:Qe QI (PR SF¢

(i.e. collection of premise-conclusion pairs that R entails)

Given a tripos 7, the structure EF(7") 2 (Q,E -— -) where:
o @ is the set Q
« E is the set of reflected axiom schemas of 7~
N 5 ¢2 is defined as (1, P2) € e

defines an evidenced frame.
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Completeness wrt. triposes

One trick
(-) in 7~ reflecting external truth

Reflected axiom schema : Set-relation R € P(Q X Q) s.t.:

TE: Qe QI (PR )P

Given a tripos 7, the structure EF(77) £ (&, E, - — -) where:
o @ is the set Q
« E is the set of reflected axiom schemas of 7~
« 1 ¢ is defined as (¢, ¢;) € e

defines an evidenced frame.

Bonus: UFam and EF extend to a biadjoint biequivalence bw EF;,¢ and Tripjnt
24/ 30



Final picture

induced mode|

B
PCA ——> ﬂ ‘ Rext ¢ &F ] Eint Tripos
3 /
.
\/ S "\/
/ completenes® Completeness
classical
realizability

completeness

"’1) Coq formalization available : https://www.i2m.univ-amu.fr/perso/etienne.miquey/ ,; 3,


https://www.i2m.univ-amu.fr/perso/etienne.miquey/

Final picture
5\
classical
realizability
completeness

induced mode|

Tripos

completenes® completeness

Tripos = evidenced frame that has forgotten its evidence.

¥ Coq formalization available : https://www.i2m.univ-amu.fr/perso/etienne.miquey/ 25/ 30
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Final picture

states failure

induced mode|

non-det.

5\
classical
realizability
completeness

Tripos

completenes® completeness

Tripos = evidenced frame that has forgotten its evidence.

% Coq formalization available : https://www.i2m.univ-amu.fr/perso/etienne.miquey/ 25/ 30
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Bonus




Reasoning on models

Non-determinism & forcing In STff“p, eflip(e1, €2):
« conducts a coin flip
- reduces to e; or e; depending on the result
« angelisms ~ it can explore both options concurrently.

Moral:
eflip (€fst €snd) evidences that ¢ A ¢ entails ¢; and ¢ A ¢, entails ¢;.
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Reasoning on models

« e . cgi
Non-determinism & forcing In 87"Af"’, eflip(e1, €2):
« conducts a coin flip
- reduces to e; or e; depending on the result

« angelisms ~ it can explore both options concurrently.

Finitely lorced
Grii 9 —> 1,2 ;
8? flip ': He~v¢1, ¢2. ¢ A ¢ nlE{ > } i

finitely forced + E finitely generated = forcing tripos
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Reasoning on models

.. . G
Non-determinism & forcing In 87"Af'p, eflip (€1, €2):
« conducts a coin flip
- reduces to e; or e; depending on the result

« angelisms ~ it can explore both options concurrently.

Finitely ‘Orced
Grii 9 —> 1,2 ;
8; A lip ': 36.V¢1, ¢2~ ¢1 A ¢ nle{ > } pe

finitely forced + E finitely generated = forcing tripos

Realizability: V=A A =X I=y V=+

Forcing: V=A= A IJ=v=Y
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Reasoning on models

Models with failure

In traditional realizability triposes: (~ when S is a valid separator)
- many predicates for T,

« only one for L: the predicate with no realizers
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Reasoning on models

Models with failure

In traditional realizability triposes: (~ when S is a valid separator)
- many predicates for T,

« only one for L: the predicate with no realizers

No longer the case when computations can fail:

UFam(ST;@;fa”’S") has many predicates that model L
Example
(In.Nat(n)) A (Vn.Nat(n) D L)

26/ 30



Let’s use this! (1/2)

P-translation
c2 > Q2

Int Int
relativization relativization

Y

P-translation

- Realizability
c2r i2r

A-calculus

Y

Krivine’s classical realizability

Figure 5: Alternative interpretation of c2

https://www.eecs.gmul.ac.uk/~pbo/papers/paperd16.pdf
27/ 30
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CPS translat,bn

Krivine Kleene

realizability realizability

EFx EFr
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Let’s use this! (1/2)

CPS translatio,,

Krivine Kleene
realizability realizability

EFx EFr

Question - Does the CPS define an EF morphism?
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Let’s use this! (1/2) [Gardelle,M.23]

EFx e - EFr

Question - Does the CPS define an EF morphism?

The CPS does not, in general, define an EF morphism.

Proof :
We can exhibit t IFg B such that [¢t] ¥; (B —> R) — R.

https://hal.inria.fr/hal-03910311
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Let’s use this! (1/2) [Gardelle,M.23]

CPS trans[aﬁm7

EFk B - EF;

Question - Can we choose 1L and 1.y = |R] so that it works?

https://hal.inria.fr/hal-03910311
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Let’s use this! (1/2) [Gardelle,M.23]

CPS trans[at,-On

EFx e -7 EFr

Question - Can we choose 1L and 1Ly = |R| so that it works?

@ Forward EF - Given 1L, we can pick
W= {t:3ce st —p [c]}

then EF g = (P, Efw, -—fw ) defines an evidenced frame,
and [.] is a morphism from EF  to EF .

https://hal.inria.fr/hal-03910311
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Let’s use this! (1/2) [Gardelle,M.23]

CPS trans[at,-On

EFx e -7 EFr

Question - Can we choose 1L and 1Ly = |R| so that it works?

@ Backward EF - Given 1L, we can pick
s ={c:[c] € Ly}

then EF bw = (Phw, Ebws -—bw -) defines an evidenced frame
and [.] is a morphism from EF  to EF .

https://hal.inria.fr/hal-03910311
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Let’s use this! (1/2) [Gardelle,M.23]

CPS tranSIﬁtion

EFx e e- - EF7

Question - Can we choose 1L and 1Ly = |R| so that it works?

Krivine is Kleene after a CPS... if restricted to the CPS image!
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Let’s use this! (1/2) [Gardelle,M.23]

Are they realizers which are always compatible with CPS
translations?

Y universal realizers?

% what about other syntactic translation/effects?
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Let’s use this! (2/2)

TABLE VII
TREE-BASED DEPENDENT CHOICE AND BAR INDUCTION DUAL PRINCIPLES

[Brede-Herbelin’21]

ill-foundedness-style

well-foundedness-style

T branching over arbitrary B

Tree-based Dependent Choice
ead
ocgze)

Alternative Bar Induction
(Blbarricaded)
BT

T has an infinite branch

T spread = T barred =
T has an infinite branch T is barricaded
Alternative Tt e based Depend: Bar Inds (BI};%)
. roductive
Choice (DCH! )
T productive = T barred =

T inductively barred

T branching over

non-empty finite B

KLpre™® 2 DC g™ (finite B)

FTbericaded 2 Bllarric: (fin, B)

KL;g;duutws a chg;dv (fin. B)

FTipd 2 BIgd, (finite B)

Alternative
bounded
(KLunbounded)

T with unbounded paths =
T has an infinite branch

Kénig’s  Lemma

Fan Theorem (FT;‘B";f oy

T barred =
T uniform bar

K6nig’s Lemma (KL;L;?M)

T staged-infinite tree =
T has an infinite branch

Staged Fan Theorem (FTE‘;?“!)

T barred and monotone =-
T staged barred

How to capture the exact computational content of these principles?

https://hal.inria.fr/hal-03144849v5
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The countable reals

It is just a matter of technique

Bauer, Andrej !

> Let p be Miller’s sequence.

» A tripos for O,-computability.

» The tripos-to-topos construction yields a topos PRT(0,.).
» Show that p: N — [0,1] is epi in PRT('DM).

Andrej Bauer, The countable reals - youtu.be/4CBFUojXog4.
29/ 30


youtu.be/4CBFUojXoq4

The countable reals

The parametric realizability tripos & topos § '
Bauer; Andrej

¢:X'9 e

dx) <IN
Let O C 2™ be a non-empty set of oracles.

Define the tripos Predo : Set® — Heyt by Predo (X) = (PN¥, <y)
where for ¢, 1) € PNX

O <x Y = El'e_EIN.VxeX.Vn€¢(x).\/a€0.tp§‘(n) € P(x).

®

Andrej Bauer, The countable reals - youtu.be/4CBFUojXog4.
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The countable reals

The parametric realizability tripos & topos § '
Bauer; Andrej

¢:X'9 e

dx) <IN
Let O C 2™ be a non-empty set of oracles.

Define the tripos Predo : Set® — Heyt by Predo (X) = (PN¥, <y)
where for ¢, 1) € PNX

O <x Y = El'e_EIN.VxeX.Vn€¢(x).\/a€0.tp§‘(n) € P(x).

®

“we spent five days to verify that this is a tripos”

Andrej Bauer, The countable reals - youtu.be/4CBFUojXog4.
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The countable reals

What can be said about the induced topos already within the EF?

Andrej Bauer, The countable reals - youtu.be/4CBFUojXoqg4.
29/ 30
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Conclusion




Summary

An algebraic structure accounting for realizability models.
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Summary

flexible

A |uniform algebraic structure accounting for realizability models.

complete
Any evidenced frame satisfying ... models

structure / meta-theory / ...

What’s next?

« Tackle the questions #1, #2, #3, ...
« Study the notion of morphism for evidenced frames
+ Consequences of effects on the resulting model

30/ 30



The end

Thank you for your attention!
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