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What are realizability models?



Realizability

1 Provides models for theories (such as HA2 / HOL / ZF / …)

Tarski

𝐴 ↦→ |𝐴| ∈ 𝔹

(intuition: level of truthness)

Realizability

𝐴 ↦→ {𝑡 : 𝑡  𝐴}

(intuition: programs whose computa-

tional behavior is guided by 𝐴)

2 a tool for analyzing programs computational behavior

2/ 30

Boolean
algebra



Realizability

1 Provides models for theories (such as HA2 / HOL / ZF / …)

Tarski

𝐴 ↦→ |𝐴| ∈ 𝔹

(intuition: level of truthness)

Realizability

𝐴 ↦→ {𝑡 : 𝑡  𝐴}

(intuition: programs whose computa-

tional behavior is guided by 𝐴)

2 a tool for analyzing programs computational behavior

2/ 30

Boolean
algebra



Realizability: a 3-steps recipe

1 formulas (a.k.a. types)
# simple types, 𝑆𝑂𝐿, ZF, …

2 a computational system (a.k.a. your favorite calculus)
# some _-calculus, a combinators algebra, etc.

3 formulas interpretation (a.k.a. truth values)
# |𝐴| = {𝑡 ∈ Λ : 𝑡  𝐴}

Key ideas:
• realizers compute
• realizers defend the validity of their formula
• truth values are saturated: 𝑡 ⊲∗ 𝑡 ′ ∧ 𝑡 ′ ∈ |𝐴| ⇒ 𝑡 ∈ |𝐴|
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Formal definition

?
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Topoi, Triposes and PCAs

Pis’ PhD (80s)

Topos
model

A realizability model

M � 𝐴 ⇔ ∃𝑡 .𝑡  𝐴

Tripos
realizability

PCA

Goal #1

Introduce an intermediate structure that connects
the logical and computational aspects 5/ 30



Topoi, Triposes and PCAs

Pis’ PhD (80s)

Topos
model

Tripos
realizability

• A functor T : Set𝑜𝑝 → pHA with:

• quantifiers
• computability w. substitutions
• generic predicate

PCA

Goal #1

Introduce an intermediate structure that connects
the logical and computational aspects 5/ 30



Topoi, Triposes and PCAs

Pis’ PhD (80s)

Topos
model

Tripos
realizability

PCA

Codes: a set 𝐶
Application: a partial binary operator
· : 𝐶 × 𝐶 ⇀ 𝐶 with the functional
completeness property.

Goal #1

Introduce an intermediate structure that connects
the logical and computational aspects 5/ 30
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This Talk: Goal #1

Pis’ PhD (80s)

Topos
model

Tripos
realizability

PCA

No realizers!No logic!

Evidenced
Frame

Goal #1

Introduce an intermediate structure that connects
the logical and computational aspects
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Computational Choices Maer

With side-effects come new reasoning principles:

• exceptions ∼ Markov’s principle

• control operators ∼ classical logic

• quote instruction ∼ dependent choice

• memoization ∼ dependent choice

• monotonic memory ∼ Cohen’s forcing

• monotonic memory ∼ nonstandard analysis

• …

But PCAs can only support non-termination!
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This Talk: Goal #2

Topos
model

Tripos
realizability

PCA
Evidenced
Frame
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This Talk: Goal #2

Topos
model

Tripos
realizability

PCA
Evidenced
Frame

computational
eects

Goal #2

Smooth integration of useful computational eects
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Realizability (from an algebraic perspective)



Realizability, a 3-steps recipe

𝑛𝑒𝑥𝑡 𝑠𝑙𝑖𝑑𝑒

1 formulas (a.k.a. types)
# simple types, 2nd − order logic , ZF, …

2 a computational system (a.k.a. your favorite calculus)
# some _ − 𝑐𝑎𝑙𝑐𝑢𝑙𝑢𝑠 , a combinators algebra, PCF, etc.

3 formulas interpretation

Adequacy
If 𝔭 : (Γ ` 𝐴) and 𝜎  Γ then 𝜎 (𝔭∗) ∈ |𝐴|.
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A simple realizability interpretation

Types & terms: (excerpt)

1st-order exp. 𝑒 ::= 𝑥 | 0 | 𝑆 (𝑒) | 𝑓 (𝑒1, . . . , 𝑒𝑛)
Formulas 𝐴, 𝐵 ::= Nat(𝑒) | 𝑋 (𝑒1, . . . , 𝑒𝑛) | 𝐴→ 𝐵 | . . .

| ∀𝑥 .𝐴 | ∃𝑥 .𝐴 | ∀𝑋 .𝐴 | ∃𝑋 .𝐴

Terms 𝑡,𝑢 ::= 𝑥 | 0 | succ | rec | _𝑥.𝑡 | 𝑡 𝑢 | . . .
where 𝑓 : ℕ𝑛 → ℕ is any arithmetical function.

Typing rules:

Γ ` 0 : Nat(0) Γ ` rec : ∀𝑍 .𝑍 (0) → (∀ℕ𝑦.(𝑍 (𝑦) → 𝑍 (𝑆 (𝑦)))) → ∀ℕ𝑥 .𝑍 (𝑥)

Γ, 𝑥 : 𝐴 ` 𝑡 : 𝐵
Γ ` _𝑥 . 𝑡 : 𝐴→ 𝐵

Γ ` 𝑡 : 𝐴→ 𝐵 Γ ` 𝑢 : 𝐴
Γ ` 𝑡 𝑢 : 𝐵

(→𝐸 )

Γ ` 𝑡 : 𝐴[𝑥 := 𝑛]
Γ ` 𝑡 : ∃𝑥 .𝐴

Γ ` 𝑡 : 𝐴[𝑋 (𝑥1, . . . , 𝑥𝑛) := 𝐵]
Γ ` 𝑡 : ∃𝑋 .𝐴

Reductions:

(_𝑥.𝑡)𝑢 ⊲𝛽 𝑡 [𝑢/𝑥] rec 𝑢0 𝑢1 (succ 𝑡) ⊲𝛽 𝑢1 𝑡 (rec 𝑢0 𝑢1 𝑡) · · ·

Realizability interpretation:

|Nat(𝑒) |𝜌 , {𝑡 ∈ Λ : 𝑡 ⊲∗ succ𝑛0, where 𝑛 = J𝑒K𝜌 }
|𝑋 (𝑒1, . . . , 𝑒𝑛) |𝜌 , 𝜌 (𝑋 ) (J𝑒1K𝜌 , . . . , J𝑒𝑛K𝜌 )
| 𝐴 → 𝐵 |𝜌 , {𝑡 ∈ Λ : ∀𝑢 ∈ |𝐴|𝜌 .( 𝑡 𝑢 ∈ |𝐵 |𝜌 )}
| ∀𝑥 .𝐴|𝜌 ,

⋂
𝑛∈ℕ |𝐴|𝜌,𝑥←𝑛

| ∃𝑥 .𝐴|𝜌 ,
⋃

𝑛∈ℕ |𝐴|𝜌,𝑥←𝑛

|∀𝑋 .𝐴|𝜌 ,
⋂

𝐹 :ℕ𝑘→ SAT |𝐴|𝜌,𝑋←𝐹

|∃𝑋 .𝐴|𝜌 ,
⋃

𝐹 :ℕ𝑘→ SAT |𝐴|𝜌,𝑋←𝐹

Key ideas:

• realizers compute

• realizers defend the validity of their formula

• truth values are saturated : 𝑡 ⊲∗ 𝑡 ′ ∧ 𝑡 ′ ∈ |𝐴| ⇒ 𝑡 ∈ |𝐴|
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Models and triposes

Realizability model

M � 𝐴 ⇔ ∃𝑡 .𝑡  𝐴

Categorically speaking

a topos

Triposes

Topos
model

Tripos
realizability

PCA /
_-calculus /

. . .
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Models and triposes

A tripos is a functor T : Set𝑜𝑝 → pHA s.t.:

Intuition T (Γ) : predicates 𝜑 ( ®𝑥) 𝑠∗ ( 𝜑︸︷︷︸
∈T (Γ′)

) , 𝜑 ( 𝑠︸︷︷︸
𝑠 :Γ→Γ′

( ®𝑦))

antifiers. Any 𝑠∗ has le/right adjoints
∐

𝑠/
∏

𝑠 : T (Γ) → T (Γ′):

𝜑 ≤ 𝑠∗ (𝜓 ) ⇔ ∐
𝑠 (𝜑) ≤ 𝜓 𝑠∗ (𝜑) ≤ 𝜓 ⇔ 𝜑 ≤ ∏

𝑠 (𝜓 )

Compatibility w. substitutions.

If

Γ Γ′

Γ′′ Γ′′′

y
𝑟

𝑣 𝑢

𝑠

then
∏

𝑣 ◦ 𝑟 ∗ = 𝑠∗ ◦∏𝑢 and 𝑠∗ ◦∐𝑢 =
∐

𝑣 ◦ 𝑟 ∗ .

Generic predicate There exists Ω ∈ Set and holds ∈ T (Ω), s.t.:
for all 𝜙 ∈ T (Γ), we have 𝜒𝜙 : Γ → Ω satisfying

𝜒∗
𝜙
(holds) = 𝜙 𝜒𝑠∗ (holds) = 𝑠 10/ 30
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Models and triposes

A tripos is a functor T : Set𝑜𝑝 → pHA s.t.:

antifiers. Any 𝑠∗ has le/right adjoints
∐

𝑠/
∏

𝑠 : T (Γ) → T (Γ′):

Compatibility w. substitutions. …

Generic predicate. There exists Ω ∈ Set and holds ∈ T (Ω), s.t. …

Standard example (withH ∈ pHA)

T (𝐼 ) = H 𝐼 T (𝑠 : 𝐼 → 𝐽 ) = _(ℎ : H 𝐽 ). ℎ ◦ 𝑠

antifiers. arbitrary meets/joins

Compatibility. yes.

Generic predicate. Ω , H and holds , _𝑥 .𝑥
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So far so good but:

• It is a heavy structure

• What about terms and the realizability interpretation?

Recently

Topos
model

Tripos
realizability

PCA / …

classical
realizability

[Streich
er 13]
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Implicative algebra [Miquel 20]

imp. alg.
A � Tripos ToposPCA / …

𝔹

classical
realizability

[Pis 80]

induced model

completeness

11/ 30



Implicative algebra [Miquel 20]

Implicative algebra

complete laice (A,4,
c
) + · → · ∈ AA×A “implication”

+ S ⊆ A separator

Application

Abstraction

𝑎@𝑏 ,
c
{𝑐 ∈ A : 𝑎 4 𝑏 → 𝑐}

_𝑓 ,
c

𝑎∈A (𝑎 → 𝑓 (𝑎))

11/ 30Coq formalization available : https://gitlab.com/emiquey/ImplicativeAlgebras

https://gitlab.com/emiquey/ImplicativeAlgebras
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FormulasTypes

ProofsPrograms

Order relation · 4 ·:

• 𝐴 4 𝐵 𝐴 subtype of 𝐵

• 𝑡 4 𝐴 𝑡 realizes 𝐴

• 𝑡 4 𝑢 𝑡 is more defined than 𝑢

Soundness

1 If ` 𝑡 : 𝐴 then 𝑡A 4 𝐴A (w.r.t. typing)

2 If 𝑡 →𝛽 𝑢 then 𝑡A 4 𝑢A . (w.r.t. computation)
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Implicative algebra [Miquel 20]

Internal logic

𝑎 `S 𝑏 , 𝑎 → 𝑏 ∈ S

Connectives
𝑎 × 𝑏 ,

k

𝑐∈A
((𝑎 → 𝑏 → 𝑐) → 𝑐)

# similar definitions for +/∀/∃

Adjunction
𝑎 `S 𝑏 → 𝑐 i 𝑎 × 𝑏 `S 𝑐

# (A/S, `S,×, +,→) is a Heyting algebra

Implicative tripos

T :

{
Set𝑜𝑝 → HA
𝐼 ↦→ A𝐼/S[𝐼 ]
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Great, but…

• implicative algebras : a (too?) minimal structure

realizers ∈ A 3 formulas

• tripos: does not account for realizers

propositional logic ↔ Heyting prealgebra
quantifiers ↔ adjoints to substitutions

higher-order ↔ generic predicate

• lack of a smooth integration for

states / non-determinism / dependent types / …

In short

Two general structures, none account for realizers!
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Evidenced Frames



Evidenced Frame: A Unifying Framework for Realizability Models

propositions evidences 𝑒 realizes 𝜙1 → 𝜙2

( Φ , 𝐸 , 𝜙1
𝑒−→ 𝜙2 )

Intuitively: a “specification” of the minimal structure
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Evidenced Frame (Φ, 𝐸, · ·−→ ·)

14/ 30

Reflexivity. 𝑒id ∈ 𝐸 s.t.:
• 𝜙

𝑒id−→ 𝜙

Transitivity. ; ∈ 𝐸 × 𝐸 → 𝐸 s.t.:

• 𝜙1
𝑒−→ 𝜙2 ∧ 𝜙2

𝑒′−→ 𝜙3 =⇒ 𝜙1
𝑒 ;𝑒′−−→ 𝜙3

Top. > ∈ Φ and 𝑒> ∈ 𝐸 s.t.:
• 𝜙

𝑒>−→ >

Conjunction. ∧∈Φ×Φ→Φ, 〈|·,·|〉 ∈𝐸×𝐸→𝐸, and 𝑒fst, 𝑒snd ∈ 𝐸 s.t.:
• 𝜙1∧𝜙2

𝑒fst−→ 𝜙1

• 𝜙1∧𝜙2
𝑒snd−−→ 𝜙2

• 𝜙
𝑒1−→ 𝜙1 ∧ 𝜙

𝑒2−→ 𝜙2 =⇒ 𝜙
〈|𝑒1,𝑒2 |〉−−−−−→ 𝜙1∧𝜙2

𝜙1 ∧ 𝜙2
𝑒snd−−→ 𝜙27

Universal implication. ⊃ ∈ Φ × P(Φ) → Φ, _ ∈ 𝐸 → 𝐸, and 𝑒eval ∈ 𝐸:

• (∀𝜙 ∈ ®𝜙. 𝜙1 ∧ 𝜙2
𝑒−→ 𝜙) =⇒ 𝜙1

_𝑒−→ 𝜙2⊃ ®𝜙
• ∀𝜙 ∈ ®𝜙.[(𝜙1⊃ ®𝜙) ∧ 𝜙1

𝑒eval−−→ 𝜙]
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Goal #1: An intermediate structure



PCA to Evidenced Frame

PCA
Evidenced
Frame

• 𝐶 of “codes”

• partial application 𝑐1 · 𝑐2

expressions 𝑒 F 𝑖 ∈ ℕ | 𝑐 ∈ 𝐶 | 𝑒 · 𝑒
substitutions 𝑒 [𝑐 ]
reduction 𝑒 ↓ 𝑐𝑟

+ functional completeness:
assignment 𝑒 ∈ 𝐸𝑛+1 ↦→ 𝑐_𝑛 .𝑒 ∈ 𝐶 s.t.

𝑐_𝑛+1 .𝑒 · 𝑐𝑎 ↓ 𝑐_𝑛 .𝑒 [𝑐𝑎 ]
𝑐_0 .𝑒 · 𝑐𝑎 ↓ 𝑐𝑟 ⇐⇒ 𝑒 [𝑐𝑎 ] ↓ 𝑐𝑟

The triple (P(𝐶),𝐶, · ·−→ ·), where:

• a proposition in Φ = P(𝐶) is
defined by its set of realizers

• an evidence in 𝐸 = 𝐶 is a code

• 𝜙1
𝑒−→ 𝜙2 if for all 𝑒1 ∈ 𝜙1:

• 𝑒 · 𝑒1 terminates
• 𝑒 · 𝑒1 ↓ 𝑒2 ⇒ 𝑒2 ∈ 𝜙2

# connectives and their evidences are defined

as usual in realizability models
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Evidenced Frame to Tripos

Evidenced
Frame

Tripos

UFam construction
Given EF = (Φ, 𝐸, · ·−→ ·), the structure UFam(EF ) is defined by:

Predicates. Γ ∈ Set is mapped to ΦΓ ∈ pHA
• 𝜙 4 𝜙 ′ , ∃𝑒.∀𝛾 . 𝜙 (𝛾) 𝑒−→ 𝜙 ′(𝛾) uniform entailment

• Heyting prealgebra: pointwise via Φ

Substitution. 𝑠 : Γ → Γ′ is mapped to T (𝑠) = _ℎ. ℎ ◦ 𝑠 as usual

antifiers.
∏

𝑢 ∈ Φ𝐼 → Φ𝐽 , _𝜙._ 𝑗 .
∏

𝑖∈𝑢−1 ( 𝑗) 𝜙 (𝑖) as usual∐
𝑢 ∈ Φ𝐼 → Φ𝐽 , _𝜙._ 𝑗 .

∐
𝑖∈𝑢−1 ( 𝑗) 𝜙 (𝑖).

Generic predicate. Ω , Φ, holds , idΩ , and 𝜒𝜙 , 𝜙 . as usual
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Goal #2: Smooth integration of
useful computational eects



More Computational Eects into Evidenced Frame

Computational System:

• Σ – inhabited set of states 𝜎

• 𝜎 4 𝜎 ′ –“possible future” preorder

• 𝑒 ↓𝜎
𝜎′ 𝑐 – reduction relation

• 𝑒↓𝜎 – termination relation

Evidenced
Frame

computational
eects

𝑐 ↓𝜎𝜎 𝑐

𝑒𝑓 ↓𝜎𝜎′ 𝑐 𝑓 𝑒𝑎 ↓𝜎
′

𝜎′′ 𝑐𝑎 𝑐 𝑓 · 𝑐𝑎 ↓𝜎
′′

𝜎′′′ 𝑐𝑟

𝑒𝑓 · 𝑒𝑎 ↓𝜎𝜎′′′ 𝑐𝑟 𝑐↓𝜎

𝑒𝑓 ↓𝜎 ∀𝜎′, 𝑐 𝑓 .𝑒𝑓 ↓𝜎𝜎′ 𝑐 𝑓 =⇒ 𝑒𝑎↓𝜎
′ ∧ ∀𝜎′′, 𝑐𝑎 . 𝑒𝑎 ↓𝜎

′
𝜎′′ 𝑐𝑎 =⇒ 𝑐 𝑓 · 𝑐𝑎↓𝜎

′′

𝑒𝑓 · 𝑒𝑎↓𝜎

+

Functional completeness: assignment 𝑒 ∈ 𝐸𝑛+1 ↦→ 𝑐_𝑛 .𝑒 ∈ 𝐶 s.t.:

reduction 𝑐_𝑛+1 .𝑒 · 𝑐𝑎 ↓𝜎𝜎′ 𝑐𝑟 =⇒ 𝜎′ = 𝜎 ∧ 𝑐𝑟 = 𝑐_𝑛 .𝑒 [𝑐𝑎 ]
𝑐_0 .𝑒 · 𝑐𝑎 ↓𝜎𝜎′ 𝑐𝑟 =⇒ 𝑒 [𝑐𝑎 ] ↓𝜎𝜎′ 𝑐𝑟

termination 𝑐_𝑛+1 .𝑒 · 𝑐𝑎↓𝜎

𝑒 [𝑐𝑎 ]↓𝜎 =⇒ 𝑐_0 .𝑒 · 𝑐𝑎↓𝜎

Preservation: ∀𝜎, 𝑐 𝑓 , 𝑐𝑎, 𝜎 ′, 𝑐𝑟 . 𝑐 𝑓 · 𝑐𝑎 ↓𝜎𝜎′ 𝑐𝑟 =⇒ 𝜎 4 𝜎 ′
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Common Eects

F PCA – C
• states Σ : singleton

F Non-determinism - Cflip

flip · 𝑐↓𝜎 flip · 𝑐 ↓𝜎𝜎 𝑐_1 .0 flip · 𝑐 ↓𝜎𝜎 𝑐_1 .1

F Mutable state - Clookup

• Σ – finite partial maps from ℕ to codes
• 𝜎 4 𝜎 ′ – inclusion
• codes – generated from the combinators lookup𝑛

lookup𝑛 · 𝑐↓𝜎
𝑛 ↦→ 𝑐 ′ ∈ 𝜎

lookup𝑛 · 𝑐 ↓𝜎𝜎 𝑐 ′

¬(∃𝑐 ′. 𝑛 ↦→ 𝑐 ′ ∈ 𝜎)

lookup𝑛 · 𝑐 ↓𝜎𝜎,𝑛 ↦→𝑐 𝑐

F Failure - Cfail

fail · 𝑐↓𝜎
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The Induced Evidenced Frame

Intuition:
• propositions “future-stable” 𝜙 ∈ P(𝐶 × Σ)

# notation: 𝜙𝜎 (𝑐) , (𝑐, 𝜎) ∈ 𝜙

• evidences 𝐸 = 𝐶 are codes,

• 𝜙1
𝑒−→ 𝜙2 if for all 𝑒1 such that 𝜙1

𝜎 (𝑒1):
• 𝑒 · 𝑒1 ↓𝜎 terminates
• 𝑒 · 𝑒1 ↓𝜎𝜎′ 𝑒2 ⇒ 𝜙2

𝜎′ (𝑒2)
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𝑒−→ 𝜙2 if for all 𝑒1 such that 𝜙1

𝜎 (𝑒1):
• 𝑒 · 𝑒1 ↓𝜎 terminates
• 𝑒 · 𝑒1 ↓𝜎𝜎′ 𝑒2 ⇒ 𝜙2

𝜎′ (𝑒2)

separator S = functionally complete subset of 𝐶

+ closed under reduction

+ Progress ∀𝜎 ∈ Σ, 𝑐 𝑓 , 𝑐𝑎 ∈ S. 𝑐 𝑓 · 𝑐𝑎↓𝜎 =⇒ ∃𝜎 ′, 𝑐𝑟 . 𝑐 𝑓 · 𝑐𝑎 ↓𝜎𝜎′ 𝑐𝑟
Examples:

• S>: all codes (when progress holds for all codes)
• S_ : generated solely from functional completeness
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• {∀/∃}𝑒2, 𝜎 ′. 𝑒 · 𝑒1 ↓𝜎𝜎′ 𝑒2 ⇒ 𝜙2

𝜎′ (𝑒2)

Interpretation𝔇 of non-determinism

• Demonic: when all possible results of the reduction are realizers.

𝑐 𝑓 · 𝑐𝑎 �𝜎
𝐷
𝜙 , 𝑐 𝑓 · 𝑐𝑎↓𝜎 ∧ ∀𝜎 ′, 𝑐𝑟 . 𝑐 𝑓 · 𝑐𝑎 ↓𝜎𝜎′ 𝑐𝑟 =⇒𝜙𝜎′ (𝑐𝑟 )

• Angelic: when a possible result of the reduction is a realizer.

𝑐 𝑓 · 𝑐𝑎 �𝜎
𝐴
𝜙 , 𝑐 𝑓 · 𝑐𝑎↓𝜎 ∧ ∃𝜎 ′, 𝑐𝑟 . 𝑐 𝑓 · 𝑐𝑎 ↓𝜎𝜎′ 𝑐𝑟∧𝜙𝜎′ (𝑐𝑟 )
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Computational Eects to Evidenced Frame

Evidenced
Frame

C , S , 𝔇

The triple EFC ,S
𝔇

= 〈Φ, 𝐸, · ·−→ ·〉 defines an evidenced frame where:

• propositions Φ ∈ P(Σ ×𝐶) are “future-stable” stateful predicates:

∀𝜎, 𝜎 ′, 𝑐 . 𝜎 4 𝜎 ′ ∧ 𝜙𝜎 (𝑐) =⇒ 𝜙𝜎′ (𝑐)

• 𝐸 is the set of codes in the separator S.

• 𝜙1
𝑒−→ 𝜙2 is defined as

∀𝜎, 𝑐. 𝜙𝜎
1 (𝑐) =⇒ 𝑒 · 𝑐 �𝜎

𝔇
𝜙2
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A Bit More…



Byproduct: Robust interpretations

Countable choice

E𝑓𝑓 � ∀𝑅 ∈ ℕ × 𝐵.Tot(𝑅) ⇒ ∃𝑆 ∈ ℕ × 𝐵.Tot(𝑆) ∧ S ⊆ R ∧ Det(S)

Sketch
1 Propositions ∈ P(Code)
2 𝑣𝑡𝑜𝑡  Tot(𝑅) ⇒ ∀𝑛 ∈ ℕ.∃𝑏 ∈ 𝐵. 𝑣𝑡𝑜𝑡𝑛 ↓ 𝑣𝑛 ∈ 𝑅(𝑛,𝑏)
3 For each 𝑛 pick† one such 𝑏𝑛 and define 𝑆 (𝑛,𝑏𝑛) , {𝑣𝑛}

Then

• 𝑣𝑡𝑜𝑡  Tot(𝑆)
• _𝑥.𝑥  𝑆 ⊆ 𝑅

• Det(𝑆) by construction
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Byproduct: Robust interpretations

A short story [Cohen, Abreu, Tate 2019]

• Thm 1. - the realizability model induced by a PCA models CC.

UFam(EFC ) � CC

• Thm 2. - adding non-determinism makes it negate CC.

UFam(EFCflip

𝐷
) 2 CC

• Thm 3. - adding states and using memoization restores CC.

UFam(EFCflip,lookup

𝐷
) � CC

UFam(EF Cflip,lookup

𝐷
) = specification ≠ implementation
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From Implicative Algebras to Evidenced frames

Any implicative algebra (A,4,→,S) induces an evidenced frame

UEF(A) , ( A︸︷︷︸
prop.

, S︸︷︷︸
evidences

, · ·−→ ·) where 𝑎
𝑒−→ 𝑏 , 𝑒 4 𝑎 → 𝑏

Proof. Connectives and quantifiers from the internal logic of A / evidences via the

expected _-terms.

Remark

• blurs the distinction btw. evidences & propositions

• UEF(A) is consistent if and only if A is.

• the implicative tripos T A and UFam(UEF(A)) are equivalent.
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From Implicative Algebras to Evidenced frames

imp. alg.
A EF TriposPCA

𝔹

classical
realizability

UEF(A) UFam(EF )

induced model

completeness
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The induced implicative algebra

Remarks
Φ + {𝜙 ∈ Φ : ∃𝑒.> 𝑒−→ 𝜙} fully characterize the logical facet of EF…

… but 𝜙 4 𝜙 ′ , ∃𝑒. 𝜙 𝑒−→ 𝜙 ′ regretably lacks the structure required
by implicative algebras.

Tricks
# see the paper or Miquel’s completeness result
Theorem

1 IA(EF ) is an implicative algebra.

2 UEF(IA(EF ) and EF are (extensionally) equivalent.

23/ 30

Implicative algebras II: complete-
ness w.r.t. Set-based triposes
A. Miquel [2020]
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Completeness wrt. triposes

One trick

L·M in T reflecting external truth

Reflected axiom schema : Set-relation 𝑅 ∈ P(Ω × Ω) s.t.:

T |= 𝜙 : Ω, 𝜙 ′ : Ω | L𝜙 𝑅 𝜙 ′M, 𝜙 ` 𝜙 ′

(i.e. collection of premise-conclusion pairs that 𝑅 entails)

Completeness

Given a tripos T , the structure EF(T ) , (Φ, 𝐸, · ·−→ ·) where:

• Φ is the set Ω

• 𝐸 is the set of reflected axiom schemas of T

• 𝜙1
𝑒−→ 𝜙2 is defined as 〈𝜙1, 𝜙2〉 ∈ 𝑒

defines an evidenced frame.

Bonus: UFam and EF extend to a biadjoint biequivalence bw EFint and Tripint 24/ 30



Completeness wrt. triposes

One trick

L·M in T reflecting external truth

L𝜓M = (∃𝑖 : {〈〉 ∈ 1 | 𝜓 }.>)

Reflected axiom schema : Set-relation 𝑅 ∈ P(Ω × Ω) s.t.:

T |= 𝜙 : Ω, 𝜙 ′ : Ω | L𝜙 𝑅 𝜙 ′M, 𝜙 ` 𝜙 ′

(i.e. collection of premise-conclusion pairs that 𝑅 entails)

Completeness

Given a tripos T , the structure EF(T ) , (Φ, 𝐸, · ·−→ ·) where:

• Φ is the set Ω

• 𝐸 is the set of reflected axiom schemas of T

• 𝜙1
𝑒−→ 𝜙2 is defined as 〈𝜙1, 𝜙2〉 ∈ 𝑒

defines an evidenced frame.

Bonus: UFam and EF extend to a biadjoint biequivalence bw EFint and Tripint

24/ 30



Completeness wrt. triposes

One trick

L·M in T reflecting external truth

Reflected axiom schema : Set-relation 𝑅 ∈ P(Ω × Ω) s.t.:

T |= 𝜙 : Ω, 𝜙 ′ : Ω | L𝜙 𝑅 𝜙 ′M, 𝜙 ` 𝜙 ′

(i.e. collection of premise-conclusion pairs that 𝑅 entails)

Completeness

Given a tripos T , the structure EF(T ) , (Φ, 𝐸, · ·−→ ·) where:

• Φ is the set Ω

• 𝐸 is the set of reflected axiom schemas of T

• 𝜙1
𝑒−→ 𝜙2 is defined as 〈𝜙1, 𝜙2〉 ∈ 𝑒

defines an evidenced frame.

Bonus: UFam and EF extend to a biadjoint biequivalence bw EFint and Tripint 24/ 30



Completeness wrt. triposes

One trick

L·M in T reflecting external truth

Reflected axiom schema : Set-relation 𝑅 ∈ P(Ω × Ω) s.t.:

T |= 𝜙 : Ω, 𝜙 ′ : Ω | L𝜙 𝑅 𝜙 ′M, 𝜙 ` 𝜙 ′

(i.e. collection of premise-conclusion pairs that 𝑅 entails)

Completeness

Given a tripos T , the structure EF(T ) , (Φ, 𝐸, · ·−→ ·) where:

• Φ is the set Ω

• 𝐸 is the set of reflected axiom schemas of T

• 𝜙1
𝑒−→ 𝜙2 is defined as 〈𝜙1, 𝜙2〉 ∈ 𝑒

defines an evidenced frame.

Bonus: UFam and EF extend to a biadjoint biequivalence bw EFint and Tripint 24/ 30



Completeness wrt. triposes

One trick

L·M in T reflecting external truth

Reflected axiom schema : Set-relation 𝑅 ∈ P(Ω × Ω) s.t.:

T |= 𝜙 : Ω, 𝜙 ′ : Ω | L𝜙 𝑅 𝜙 ′M, 𝜙 ` 𝜙 ′

Completeness

Given a tripos T , the structure EF(T ) , (Φ, 𝐸, · ·−→ ·) where:

• Φ is the set Ω

• 𝐸 is the set of reflected axiom schemas of T

• 𝜙1
𝑒−→ 𝜙2 is defined as 〈𝜙1, 𝜙2〉 ∈ 𝑒

defines an evidenced frame.

Bonus: UFam and EF extend to a biadjoint biequivalence bw EFint and Tripint
24/ 30



Final picture

imp. alg.
A EF TriposPCA

𝔹

classical
realizability

induces induce
s

completeness completeness

uext uint

induced model

completeness

non-det.

states failure …

Slogan
Tripos = evidenced frame that has forgotten its evidence.

25/ 30Coq formalization available : https://www.i2m.univ-amu.fr/perso/etienne.miquey/
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Bonus



Reasoning on models

Non-determinism & forcing In EFCflip

𝐴
, 𝑒flip (𝑒1, 𝑒2):

• conducts a coin flip

• reduces to 𝑒1 or 𝑒2 depending on the result

• angelisms ∼ it can explore both options concurrently.

Moral:
𝑒flip (𝑒fst, 𝑒snd) evidences that 𝜙1 ∧ 𝜙2 entails 𝜙1 and 𝜙1 ∧ 𝜙2 entails 𝜙2.

Finitely forced

EFCflip

𝐴
� ∃𝑒.∀𝜙1, 𝜙2. 𝜙1 ∧ 𝜙2

𝑒−→∏
𝑖∈{1,2} 𝜙𝑖 .

Proposition
finitely forced + 𝐸 finitely generated = forcing tripos

Realizability: ∀ =
c

∧ = × ∃ =
b

∨ = +

Forcing: ∀ = ∧ =
c

∃ = ∨ =
b
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Reasoning on models

Models with failure
In traditional realizability triposes: (∼ when S> is a valid separator)

• many predicates for >,

• only one for ⊥: the predicate with no realizers

No longer the case when computations can fail:

UFam(EFCfail,S_
𝐷

) has many predicates that model ⊥

Example

(∃𝑛.Nat(𝑛)) ∧ (∀𝑛.Nat(𝑛) ⊃ ⊥)
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Let’s use this! (1/2)

Krivine is Kleene aer a CPS [Oliva-Streicher’08]

c2 ✲
P-translation

❄

Int

relativization

i2

❄

Int

relativization

c2r ✲
P-translation

i2r ✲
Realizability

λ-calculus

✻

Krivine’s classical realizability

Figure 5: Alternative interpretation of c2

fi fi

fi

fi
fi

fi fi

fi

https://www.eecs.qmul.ac.uk/∼pbo/papers/paper016.pdf
27/ 30
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Let’s use this! (1/2) [Gardelle,M.’23]

⊥⊥s

•〈𝑡 || 𝑒〉

•
J𝑡KJ𝑒K

⊥⊥t

CPS translation

•k

EFK EFI

estion - Does the CPS define an EF morphism?

Bad news
The CPS does not, in general, define an EF morphism.

Proof :
We can exhibit 𝑡 K 𝔹 such that [𝑡] 1I (𝔹→ R) → R.

https://hal.inria.fr/hal-03910311
27/ 30
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⊥⊥t

CPS translation

•k

EFK EFI

estion - Can we choose ⊥⊥s and ⊥⊥t = |R | so that it works?
Theorem

1 Forward EF - Given ⊥⊥s, we can pick

⊥⊥t , {𝑡 : ∃𝑐 ∈ ⊥⊥s.𝑡 →𝛽 [𝑐]}

then EF fw = (Φfw, 𝐸fw, ·
·−→fw ·) defines an evidenced frame,

and [.] is a morphism from EFK to EF fw.
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Let’s use this! (1/2) [Gardelle,M.’23]

⊥⊥s

•〈𝑡 || 𝑒〉

•
J𝑡KJ𝑒K

⊥⊥t

CPS translation

•k

EFK EFI

estion - Can we choose ⊥⊥s and ⊥⊥t = |R | so that it works?
Theorem

2 Backward EF - Given ⊥⊥t, we can pick

⊥⊥s = {𝑐 : [𝑐] ∈ ⊥⊥t}

then EF bw = (Φbw, 𝐸bw, ·
·−→bw ·) defines an evidenced frame

and [.] is a morphism from EFK to EF fw.

https://hal.inria.fr/hal-03910311
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Let’s use this! (1/2) [Gardelle,M.’23]

⊥⊥s

•〈𝑡 || 𝑒〉

•
J𝑡KJ𝑒K

⊥⊥t

CPS translation

•k

EFK EFI

estion - Can we choose ⊥⊥s and ⊥⊥t = |R | so that it works?

Conclusion
Krivine is Kleene aer a CPS… if restricted to the CPS image!

https://hal.inria.fr/hal-03910311
27/ 30
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Let’s use this! (1/2) [Gardelle,M.’23]

Open question #1
Are they realizers which are always compatible with CPS
translations?

# universal realizers?
# what about other syntactic translation/eects?

27/ 30



Let’s use this! (2/2) [Brede-Herbelin’21]

TABLE VII
TREE-BASED DEPENDENT CHOICE AND BAR INDUCTION DUAL PRINCIPLES

ill-foundedness-style well-foundedness-style

T branching over arbitrary B

Tree-based Dependent Choice

(DC
spread
BT

)

Alternative Bar Induction
(BIbarricaded

BT
)

T spread ⇒

T has an infinite branch
T barred ⇒

T is barricaded

Alternative Tree-based Dependent

Choice (DC
productive
BT

)

Bar Induction (BIind
BT

)

T productive ⇒

T has an infinite branch
T barred ⇒

T inductively barred

T branching over non-empty finite B

KL
spread
BT

� DC
spread
BT

(finite B) FTbarricaded
BT

� BIbarric.
BT

(fin. B)

KL
productive
BT

� DC
prod.
BT

(fin. B) FTind
BT

� BIind
BT

(finite B)

Alternative Kőnig’s Lemma
(KLunbounded

BT
)

Fan Theorem (FT
uniform
BT

)

T with unbounded paths ⇒ T barred ⇒

T has an infinite branch T uniform bar

Kőnig’s Lemma (KL
staged
BT

) Staged Fan Theorem (FT
staged
BT

)

T staged-infinite tree ⇒ T barred and monotone ⇒

T has an infinite branch T staged barred

Open question #2
How to capture the exact computational content of these principles?

https://hal.inria.fr/hal-03144849v5
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The countable reals

Andrej Bauer, The countable reals - youtu.be/4CBFUojXoq4.
29/ 30
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The countable reals

Open question #3
What can be said about the induced topos already within the EF?

Andrej Bauer, The countable reals - youtu.be/4CBFUojXoq4.
29/ 30
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Conclusion



Summary

Evidenced Frame

An algebraic structure accounting for realizability models.

What’s next?

• Tackle the questions #1, #2, #3, …

• Study the notion of morphism for evidenced frames

• Consequences of eects on the resulting model

• …
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The end

Thank you for your aention!
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