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Syntax and Categories

Lambek’s Slogan
Categories are Deductive Systems.

Morphisms are proofs, composition is the cut rule:

A B

C
g◦f

f

g

π1...
A ` B

π2...
B ` C

A ` B



From Categories to Multicategories

Typed Calculi

Typed Terms

π...
x1 : A1, . . . , xn : An ` M : B

Substitution Operation

M ∈ Λ(A1, . . . ,An; B),Ni ∈ Λ(Γ; Ai )

7→
M{N1, . . . ,Nn/x1, . . . , xn} ∈ Λ(Γ,B)

Multicategories

Multimorphisms

M...

x1 : A1

xn : An

B

Composition

M...
N1Γ

NnΓ
x1 : A1

xn : An

B



Calculi as Free Constructions
Free cartesian closed multicategories:

Λ(X )(Γ,A;B) Λ(X )(Γ,A⇒ B)

λx .−

−x

Inverse Maps

(λx .M)x =β M{x/x} = M (Γ, x : A ` M : B)

M =η λxA.(Mx) (Γ ` M : A⇒ B)

Triangular Equalities

λy .(λx .M)y =βη λx .M (Γ, x : A ` M : B)

(λx .(Mx))x =βη Mx (Γ,` MA⇒ B)



Calculi as Free Constructions
Free cartesian closed multicategories:

Λ(X )(Γ,A;B) Λ(X )(Γ,A⇒ B)

λx .−

−x

Free CCC

X Λ(X )

C

ηX

J−K



Switching to Linear and Unbiased

We use the (rigid) resource calculus (ER08; MPV17).

Λr (X )(γ, a1, . . . , ak ; b) Λr (X )(γ, (a1 ⊗ · · · ⊗ ak) ( b)

λ〈x1,...,xk〉.−

−〈x1,...,xk〉

(λx1, . . . , xk .s)〈t1, . . . , tk〉 →β s{t1, . . . , tk/x1, . . . , xk}

Substitution is Linear

(λ〈x , y〉.x〈y〉)〈s, t〉 → s〈t〉
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Coherence by Normalization

We shall consider (symmetric) representable and closed structures.

Adjoint POV
Structural adjunctions express an operational semantics.

Slogan
Structural morphisms are terms up to βη.

Theorem (General Coherence)
Two structural morphisms are equal iff their NF is the same.
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Representable Multicategories

Representable Maps

rea1,...,ak : a1, . . . , ak → (a1⊗· · ·⊗ak)

R(δ1, (a1 ⊗ · · · ⊗ ak), δ2; a) R(δ1, a1, . . . , ak , δ2; a)

−◦〈δ1,re,δ2〉

let(−)



Representable Multicategories

Representable Maps

x1 : a1, . . . , xk : ak ` 〈x1, . . . , xk〉 : (a1⊗· · ·⊗ak)

R(δ1, (a1 ⊗ · · · ⊗ ak), δ2; a) R(δ1, a1, . . . , ak , δ2; a)

−{〈x1,...,xk〉/x}

−[xa1
1 ,...,xak

k :=x ]



Syntax

Representable Terms

γ1 ` s1 : a1 . . . γk ` sk : ak

γ1, . . . , γk ` 〈s1, . . . , sk〉 : (a1 ⊗ · · · ⊗ ak) x : a ` x : a

γ ` s : (a1 ⊗ · · · ⊗ ak) δ, x1 : a1, . . . , xk : ak , δ
′ ` t : b

δ, γ, δ′ ` t[xa1
1 , . . . , x

ak
k := s] : b



Reduction: η and β

β and η

s[x1, . . . , xk := 〈t1, . . . , tk〉]→β s{t1, . . . , tk/x1, . . . , xk}

s →η 〈x1, . . . , xk〉[x1, . . . , xk := s] (γ ` s : (a1 ⊗ · · · ⊗ ak))

η is not normalizing: restrict base case and contexts.

s → s[~x := s]→ ~x [~x := (~y := s)] . . .

Restricted η and β normalize via combinatorial methods.



Reduction: Let rules

〈s1, . . . , si [~x := t], . . . , sn〉 →x 〈s1, . . . , sn〉[~x := t]

s[~x := (t[~y := u])]→x s[~x := t][~y := u]

The reduction is sn but not confluent.
we need commutative equivalence:

s[~x := t][~y := u] =c s[~y := u][~x := t]



Coherence

Define a multicategory RM(X ) :

ob(RM(X )) 3 a ::= o ∈ X | (a1 ⊗ · · · ⊗ ak) (k ∈ N).
RM(X )(γ; a) = { well-typed terms γ ` s : a} / ∼ .
If s ∼ s ′ then nf(s) = nf(s ′).
If nf([s]) = nf([s ′]) then s ∼ s ′.

Theorem (Mac Lane)
Let s, s ′ ∈ nf(RM(X )(γ; a)). Then s = s.
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Symmetric Case

We add symmetries to the calculus, staying syntax directed.

γ1 ` s1 : a1 . . . γk ` sk : ak σ ∈ shu(γ1, . . . , γk)
(γ1, . . . , γk) · σ ` 〈s1, . . . , sk〉 : (a1 ⊗ · · · ⊗ ak)

γ ` s : ~a δ,~x : ~a, δ′ ` t : b σ ∈ shu(δ, γ, δ′)
(δ, γ, δ′) · σ ` t[xa1

1 , . . . , x
ak
k := s] : b

(a1, . . . , an) · σ = aσ(1), . . . , aσ(n)

Theorem (Subject reduction)
If γ ` s : a and s → s ′ then γ ` s ′ : a.



Symmetric Case

We add symmetries to the calculus, staying syntax directed.

γ1 ` s1 : a1 . . . γk ` sk : ak σ ∈ shu(γ1, . . . , γk)
(γ1, . . . , γk) · σ ` 〈s1, . . . , sk〉 : (a1 ⊗ · · · ⊗ ak)

γ ` s : ~a δ,~x : ~a, δ′ ` t : b σ ∈ shu(δ, γ, δ′)
(δ, γ, δ′) · σ ` t[xa1

1 , . . . , x
ak
k := s] : b

(a1, . . . , an) · σ = aσ(1), . . . , aσ(n)

Theorem (Subject reduction)
If γ ` s : a and s → s ′ then γ ` s ′ : a.



Canonicity via Shuffles

!σ

y !

x !τ

v w

6=

!στ

y !

x !

v w

y ` y
x ` x

v ` v w ` w τ

w , v ` 〈v ,w〉 id
x ,w , v ` 〈x , 〈v ,w〉〉 σ

x , y ,w , v ` 〈x , 〈v ,w〉〉
y ` y

x ` x
v ` v w ` w id

v ,w ` 〈v ,w〉 id
x , v ,w ` 〈x , 〈v ,w〉〉 στ

x , y ,w , v ` 〈x , 〈v ,w〉〉
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Autonomous Syntax

Closed Structure

γ, x1 : a1, . . . , xk : ak ` s : b
γ ` λ〈xa1

1 , . . . , x
ak
k 〉.s : (a1 ⊗ · · · ⊗ ak) ( b

γ ` s : ~a ( b δ ` t : ~a σ ∈ shu(γ, δ)
(γ, δ) · σ ` st : b



Coherence

Define a multicategory RM(X ) :
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If nf([s]) = nf([s ′]) then s ∼ s ′.

Theorem
Let [s], [s ′] ∈ RM(X )(γ; a). Then s ∼ s ′ iff nf(s) = nf(s ′).

More general than (Kelly,Mac Lane)
No problems with types that contains a ( ().
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Towards a Parametric Type Theory for Algebraic Theories

We could generalize to arbitrary structural rules:

R(γ, a1, . . . , ak ; a) ∼= R(γ, aα(1), . . . , aα(k); a)

where α : k → k ′.
Different choices of α gives different structures (affine,
cartesian...).
Canonicity of type derivations is lost (?).
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Normalization by Standardization

Two dimensional setting:

A B

M

N

Theorem
Let α, β ∈ Free(X )[M,N]. α = β iff nf(α) = nf(β).



Thank You!
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