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@ /ntroduction



Lambek's Slogan
Categories are Deductive Systems.

Morphisms are proofs, composition is the cut rule:

1 2

N AFB_ BFC

C Ar-B




Multicategories
Typed Terms

Multimorphisms
X1 A1
T
x1:A1, ..., X AnEM: B .
Xn @ An
Substitution Operation Composition

M € N(A1, ..., Aq B), N; € A(T; Ar)

r:XliAl

M

= FD .%
M{Ni1,...,No/x1,...,xa} € N(T, B) Xp 1 A




Free cartesian closed multicategories:

AX.—

/_\

ANX)(T, A; B) AX)(T,A= B)

|<

Inverse Maps
(M.M)x =g M{x/x} =M (I,x:AFM:B)
M =, A (Mx) (THM:A= B)

Triangular Equalities
Ay.(Ax.M)y =g, Ax.M  (I,x:AFM:B)
(Ax.(Mx))x =g, Mx (', MA= B)




Free cartesian closed multicategories:

AX.—

/_\

A(X)(T, A; B) AX)(T,A= B)

\_/

—X

Free CCC
X 5 A(X)

\ =

C




We use the (rigid) resource calculus (ER08; MPV17).

A (X) (7, a1, .., ak; b) AN (X)(7, (a1 @ -+ @ ax) — b)

\/

_<X17"'7Xk>

(AXl, - 7X/(.S)<t'1, cey tk> — 3 S{tl, ce tk/Xl, - ,Xk}



We use the (rigid) resource calculus (ER08; MPV17).

/\r(X)(’y, al,...,ak;b) /\,(X)(fy,(al®---®ak) —o b)

\/

= (X1 Xk)

(AXl, - 7Xk.$)<t'1, cey tk> — 3 S{tl, ce tk/Xl, - 7Xk}

Substitution is Linear

(A0 y) x())(s, t) — s(t)
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We shall consider (symmetric) representable and closed structures.

Adjoint POV
Structural adjunctions express an operational semantics. J

Slogan J

Structural morphisms are terms up to (7.

Theorem (General Coherence)

Two structural morphisms are equal iff their NF is the same.




@ Representable Structures



Representable Maps

real7._.7ak . a]_, ey ak — (al® . ®ak)

—o(d1,re,02)

/\

R(51,(a1®...®ak),52;a) R(51,al,...,ak,52;a)

\_/

let(—)



Representable Maps

X1 :a1,. . ,%k Ak b (. xk) s (a1®0 - - ®ak)

—{ 0 x) /x}

T

R(61, (a1 @ - - - @ ax), d2; @) R(01,a1,...,ak, 02; @)

\_/

—[Xlal,...,xzk::x]



Representable Terms

yibsiiar.. .y b sk ak
Vyoeoy Ve E{S1, e ysk) i (A1 @+ ® ag) x:akx:a

yhEs:(a1®---®ak) dxy:al,...,Xk:a,0 Ft:b
8,7, Ft[xi*, ..., x*:=s]: b




S[Xl,...,Xk = <t1,...,tk>] —3B S{t]_,...,tk/Xl,...,Xk}

S =g (X1, xi)x, o xe =] (YRSt (a1 ®--- ® ax))

@ 1 is not normalizing: restrict base case and contexts.
s = s[X =s] > X[X:=(:=9)]...

@ Restricted 1 and 8 normalize via combinatorial methods.



(s1,...,si[X:=t],...,sn) =« (s1,...,5n)[X :=t]

s[X = (t[y := u])] =« s[X = t][y := u]

@ The reduction is sn but not confluent.

@ we need commutative equivalence:

s[X = t][y := u] = s[y = u][X = t]
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Define a multicategory RM(X) :

@ ob(RM(X))sau=o0eX|(a1®---®ax) (keN).
@ RM(X)(~; a) = { well-typed terms vFs:a} / ~.

@ If s ~ s’ then nf(s) = nf(s’).

e If nf([s]) = nf([s']) then s ~ 5.

Theorem (Mac Lane)

Let s,s" € nf(RM(X)(~; a)). Then s = s.




We add symmetries to the calculus, staying syntax directed.
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We add symmetries to the calculus, staying syntax directed.

71"51231...’)//('—51(:8;( UEShU(’yl,...,’yk)
(Y1y--s7k) o F (s1,..y86) (a1 @ -+ - ® ak)

yks:3 0,X:3,0'Ft:b o €shu(d,y,d)
(0,7,8") o b t[x{*, ..., x* :=s]: b

(al,...,an)‘a: ao.(l),...,aa(,,)

Theorem (Subject reduction)

Ifybs:aands— s thenyt s :a.




Pere

vEv wkw 7 vEv wkFw id
x bk x w, v (v, w) id x bk x v,w bk (v, w) id
yky X w,v E(x, (v, w)) o yky X v, w b (x, (v, w)) a7

X,y W, v (x, (v, w)) X, y, W, v E (x, (v, w))
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Define a multicategory RM(X) :

@ ob(SRM(X)) s au=o0e X |(a1® - -®ak) (keN).
@ SRM(X)(v; a) = { well-typed terms yFs:a} / ~.

Let s € nf(SRM(X)(~; a)). There exists unique o € Stab(~y) and
non-symmetric t s.t. o -t =s.

Theorem (Mac Lane)

Let s,s" € nf(SRM(X)(7; a)). If sym(s) = sym(s’) then s = s'.




@ Autonomous Structures



Closed Structure

YyX1:al,...,Xkaks:b

YEXX, o x¥) s (1@ - Qak) — b

yEs:d—ob dFt:3 o €shu(y,d)
(7,0)-oFst:b




Define a multicategory RM(X) :
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Define a multicategory RM(X) :

@ ob(RM(X))sau=o0eX|(a1®@---®ar) (keN).
@ RM(X)(~; a) = { well-typed terms vFs:a} / ~.

@ If s ~ s’ then nf(s) = nf(s’).

@ If nf([s]) = nf([s']) then s ~ 5.

Let [s],[s'] € RM(X)(y; a). Then s ~ s iff nf(s) = nf(s’).

More general than (Kelly,Mac Lane) J

No problems with types that contains a — ().




@ Conclusion



@ We could generalize to arbitrary structural rules:
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@ We could generalize to arbitrary structural rules:

R(’% aty .-, dk; a) = R(f% Aa(1)s - -+ a(k) a)

where o : k — K.

@ Different choices of « gives different structures (affine,
cartesian...).

@ Canonicity of type derivations is lost (7).



Two dimensional setting:

Let o, B € Free(X)[M, N]. a = B iff nf(cr) = nf(5).




Thank You!
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