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use event structuresGame Semantics
[Winskel, Clairambault,

Castellan,
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Propstrategy A -> B
I monad?

valuestrategyA -> iB
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Objects:games A, B, C, ...

Morphisms AB:strategies
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Composition ofstrategies (notstrictlyassociative (

in the category of event structures:

① T15 ②
T1r- To5

↓ ↓
5*C AQT

/ v
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Bicategories
· objects A, B,...
· morphisms f.A ,B,... (with identity and composition)
· 2-cells f

A 4B
g

· associativity af,g,h:(hog)of => ho (907)
· identity of:foid => f

1. idof f
· coherence axioms
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Composition ofstrategies
universal property of too?

XBT
A ↓

s
C

idea: send synchronized
7

pair (x8,27) to seg.
j

Prop:There is a universal multimap
5,i -> to-

Cf. *in Vect
& bilinear maps
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Virtualcategories
· objects A, B,...
· morphisms f:A B.... (no composition
.

multi-2-cellsAs....EAn
1 # 7

g

AvirtualLcatis representable if there is always
a universal cell:

n(Ack....EAn f,..., fr-c fr.,....off

↓
V 17!

fn-10... of, Sg
andthe universal cells are closedunder composition.



[Hermida 2000,

representable Leinster 200s]

Virtual
~

2-categories
- bicategories

↑
no structural 2-cells

(Coherence is automatic)
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strategies, and multimaps is
representable.

So the binary composition togives a bicategory.

not well-understood*
for bicategories.
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M
↑
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2 X

↓

· S

symmetric strong
monoidal X,-

adjunction
adjunction



Summary ofbicategory theory
Everything holds upto coherent invertible 2cells

pseudofunctor F:B-2
· acts on objects, morphisms, 2-cells

·functor up to iso:

FfFB Fg idFA

FA
- -

FC
S

=Y FA =4 FA
-> 7

F(g0f) F(id)
+ coherence axioms:44compatible with a, r,l.



Summary ofbicategory theory
monoidal bicategory (B, 0, I):
a:(AxB)C-A*(BxC) 3 equivalences
6: IQA-A pseudo-natural

f:AQI-A

& &

(AB)C)D -> ABS (AI)B >A(IB)
=

aD! eB AS

(A(BC)D =
(*((B) SABC

#c
...<XA((BC)B)



· similar notions ofsymmetric monoidal bicats,
pseudomonads, etc.

· Main difficulty is to find the "right"axioms

· We give a definition of strong pseudomonads,
axioms are justified by a correspondence theorem.

strengths & actions or
the Kleisli bilat.
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Monads and computation
Distinguish between:Values AB

Computations A-TB

(So we can make sense of (On.M) V = M/V/n] in CBV)

Can compose computations:M M:B B -N=C

N TBIN,TM - TC

need strength in general: M M:B A,B1-N:C

AQM ARTE ICTARB)IN> T'c TC



Definition.A strength for a pseudomonad T.B-B
on a monoidal bicategory (B,0,I) is a pseudo-
natural transformationta,B:ANTBTA*B)

equipped with 2-cells:

(A*B)*TCIAQ(BOTC)
IQTA

t
> *A( -

↓At

=T It A*T(B0C)
l

TS ↓ t

STA T((AxB)xC)T(Ax(B*4)
+axioms

AQBIT A*TB A*TBA AxTB
=

-> d

7 It T(A*TB) = It>

T(AQB) IchxB)πT(AQB)
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Another view:strengths as actions of(B,0) on B

3 x3 - 3
T T

A B 1 > A*B
I

V M V*M

V
V

Al TB
\ A'*TB

↓ t

T(A'xB')
Theorem:

S.t.
*

actions BxB+TB+

strengths ~ *:BXB+->BT ↑ =T-

3xB-B
④
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premonoidal cats.Premonoidal bicategories (Power&Robinson]
97

Apremonoidal bicategory K has

-① A and AR-forallACK
+the coherence data for a monoidal bicategory.

Prop:(B,0) symmetric monoidal bicategory
↑

strong pseudomonad
=> B+is premonoidal.

B- B+

values computations
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Dialogue categories
Dialogue bicategories (Mellies &Tabarea]

(tensor& negation

Adialogue bicategory is
a symmetric monoidal B
an objectI

such thatBAOB,1 =B(A,LB) for some 2B.

* autonomous Symm. Monoidal

(A-01)-01 FA C closed
f ↓ 2 Dialogue

1A =A-01



Dialogue categories
Dialogue bicategories (Mellies &Tabarea]

(tensor& negation

Adialogue bicategory is
a symmetric monoidal B
an objectI

such thatBAOB,1 =B(A,LB) for some 2B.

Keyproperties:
· is a pseudofunctor B-BOP
· is is a strong pseudomonad on B

· Biis premonoidal
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Adding an exponentialmodality:
↓

G 7

↓ 60
#

6- i 7

! =
⑤ 1 2 3 4

· ..

r1

( leventstructures with symmetry)
symmetric copies Clairambault,

Castellan,
Winskel



Strategies playing Symmetrically:

7 ~
7

1
-

2

5 5'

V L

&

* I 7 *
...

O 1 2 3
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Strategies need to be bi-invariant:
7symmetry of strategy

xr-> z5

↓
xA syn<- z
X opponentJplayer1

symmetry symmetry



idea: send synchronized
XB I pair (x5,2) up to symmetryA ↓

s
C
7

to xg.
j

Thm. The virtual 2- category of games
with symmetry, strategies,
and multimaps is representable.



↓

7 opSummary G ↓ G
G X

#

· Generalize the foundations
7

of game semantics from categories 31 ! D

to bicategories 2 !
1

3

33.
4 !

· 2-dimensional setting: : " 7

"proof-relevant"all the time 10

N...N)

· Other applications of premonoidal bicategories:
graded monads, "PARA"construction


