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Formally praving normalisation for dependent type theary
~ with a side of categorical gluing ~
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The PL thearist's approach

» First, we define a calculus of untyped terms:
AN = x| tu ] Ax.t | ..
» Then we define a family of typing judgments
r=t:A lEt=zu: A NrN=t~u:A
which are inductively generated by typing rules:

Mx:AFt:B Frt=u:A
M=Ax.t:NM(x:A).B NrN-uszt:A
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The PL thearist's approach

» If we want to prove a metathearetical praperty of well-typed
terms, our only option is induction on typing derivations

» For complex properties, a naive induction will not go through:
we must strengthen the induction hypathesis

» The standard tool for this is logical relations

» We interpret every well-formed type as a partial equivalence
relation (PER) on terms, such that any term in the PER satisfies
the desired property

» Then we prave that every well-typed term is in the PER
assaciated to its type, using induction on derivations

» The chaice of PERs is nat always easy with dependent types!
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The algebraist's approach

Instead of reasoning on syntax, we shift our focus to a well-behaved
category of models. For dependent type theory, a comman option is
Categories with Families (CwF)

A category with families is the data of:

A category of contexts and subtitutions

» For every context I, a set of types Ty I

» For every subst. o : A —» I, a function Ty I - Ty A
» Far every context I and type A, a set of terms Tm ' A
>
| 2

\ 4

For every subst. o : A - I, a function TmIr'A - Tm A A[o]

Context extensions I~ A, cantext projections wk : T>A » T
and var, : Tm (F'>A) (A[wk])

and more...

v
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The algebraist's approach

The paint is, CwFs are presented by an algebraic theory with sorts,
terms and equations.

General thearems ensure the existence of an initial CwF
This initial madel is the "syntax"

(intrinsically well-typed terms quatiented by canversion.)
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The algebraist's approach

We can reformulate most meta-thearetical properties to be about
the initial CwF, without needing to mention raw terms.

In order to prove them, we ditch logical relations for a newer and
fancier tool: gluing

M In the end, this is still a form of induction.

glue
X But instead of using PERs on raw syntax, we use proof-
\ relevant predicates on well-typed syntax quotiented by

conversion.

4 The resulting proof is arguably mare principled and
Tewr cleaner...at least on paper!
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Gluing in a proof assistant

First abstacle:
In order to formalise a proof of normalisation by gluing, we need
quotient types, and function extensionality...

...bath of which are problematic in dependent type theory.

Good news: in 2024, this is not an insurmountable problem anymare.
We have several solutions:

» Cubical type theary (available in Agda)
» Observational type theory (available in Coq and Agda)
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Gluing in a proof assistant

The first step is a definition of the initial CwF
Most natural option: same form of inductive type

More specifically, the initial CwF is best described as a quotient
inductive-inductive type

Con HE 8 §

Sub : Con » Con » Set j

Zo_: V{[ A} > Sub A [ » V{0} » Sub 0 A >

ass  : v{r A}{v R Sub A T}6}s : sub @ A}{ }{e : Sub 20} > ((yo5)°8)~(vo(508))
id  :v{f}ssubrr

idl o ovir A}{v :Sub AT} (idoy) ~y

idr  : v{r A}y : Sub AT} > (v o id) ~y

o : Con

€ :v{r} >subr o

on  : ¥{r}o : Sub T o} >0~ (¢ {I})

Ty  : Con » Set k

_[]T : V{[} > Ty T > V{A} > Sub AT > Ty

[o]T : V{r}A : Ty F}{A}{v : Sub A r}{e}{a :SubOA}>A[yoesIT~A[yIT[6]T
[1d]T : V{r}{A : Ty r} > A [ id IT

Tm (T :Con) » Tyl »Setl

[-Jt s V{THA : Ty T} > T A V{A}(y : SubAT) > Tma (A[yIT)

[o]t : V{THA : Ty rHa : ™[ A}{A}{v :Sub AT}HOHS : SubO A} »a[yodlt~al[ylt[s]t
[id]t : V{r}{A : TyrHa : Tmr A} sa [ id Jt ~a

—o_ : (T :Con) » TyT »Con
Z[-1-: VT A}(v : Sub AT) >V {AA'}>A[yIT~A" >TnAA »Suba (T > A)

p 2 V{r A} 5> Sub (F » A) I

q : Vil A} > Tm (T = A) (A [p T

“Br i V{r AMy : Sub AT}HAHa : TmA (A[ vy I} >po (v,[ ~refl ]a)~y
B2 i Vir AMy : Sub A T}HAHa : Tma (A [y 1T} > q [y ,[ ~refl ]alt~a
en i V{r A AMva : Sub A (T = A)} > ((p o va) [ [o

T1(a[valt)) ~va 11



Gluing in a proof assistant

Then, we want to define indexed CwFs over the initial CwF
— another, even more complex, list of fields

12



Gluing in a proof assistant

Then, we want to define indexed CwFs over the initial CwF
— another, even mare complex, list of fields

Finally, we want to define the glued model as an indexed CwF
— welcome to transport hell!
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Gluing in a proof assistant

The transport hell is much worse than what we are used to:

In traditional proofs, terms are a first order abject and substitutions
are defined by recursion on terms.
Most substitution laws become definitional equalities

(MAB)lo] =N (A[o]) (B[o 1])

But in our QIIT formulation, substitutions are part of the algebra
signature, and we only get propositional equalities

(MAB)lo] =N (A[o]) (B[o 1])

13



Gluing in a proof assistant

In conclusion, normalisation by gluing
is even less tractable than old fashioned
normalisation proofs.
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Strictification
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From propositional to definitional

Paint of today's talk:
give an alternative definition of the initial CwF, for which almaost all
of the administrative equations become definitional equalities.
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Strictifying groups

Suppose G is a group:

G : Set unit,
_x_ : G»G-G unit,
inv. : G—-G inv
e : G inv,

assoc : Vxyz, (xxy)xz=xx(y

x

VX,
VX,
VX,
VX,
z)

exx=x
Xxe=Xx

(invx)xx=e
xx(invx)=e
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Suppose G is a group:

G : Set unit, @ Vx, exx=x
_x_ : G»G-G unit, : Vx, xxe=x
inv : G-G inv, : Vx, (invx)xx=e
e G inv, : Vx, xx(invx)=e

assoc : Vxyz, (xxy)xz=xx(yxz)
Then G embeds in the group of permutations of G (Cayley's thearem)

Perm(G) :={ f : G - G | isBijective f}
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Strictifying groups

Suppose G is a group:

G : Set unit, @ Vx, exx=x
_x_ : G»G-G unit, : Vx, xxe=x
inv : G-G inv, : Vx, (invx)xx=e
e G inv, : Vx, xx(invx)=e

assoc : Vxyz, (xxy)xz=xx(yxz)
Then G embeds in the group of permutations of G (Cayley's thearem)
Perm(G) :={ f : G - G | isBijective f}

Essential paint: the group law on Perm(G) is given by function
compasition, which is definitionally assaciative and unital!
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Strictifying groups

If we have access to a sort of proof-irrelevant propositions, we can
define a group that is isomorphic to G:

G :={f:6-G | Ag:G),f=14}
With G' being definitionally associative and unital:
((f, fe) - (9,9e)) - (h, he) = (f, fo) - (g, Ge) - (h, he))

(f.fo)-(id,idg) = (f, f)
(idrid£)°(f1f£) = (fvfe)
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Strictifying CwFs, first attempt

Cayley's thearem is an instance of the Yoneda lemma:
any category C embeds into the category C := Hom(C®P, Set).
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Strictifying CwFs, first attempt

Cayley's thearem is an instance of the Yoneda lemma:
any category C embeds into the category C := Hom(C®P, Set).
The Yoneda generalises to categories with families:

Given a CwF c, the presheaf categary C is naturally equipped with a
CwF structure inherited from Set. Additionally, there is an
embedding of CwFs ¢ - C.

We can thus try the same trick: define ' to be the image of C under
the embedding.
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Strictifying CwFs, first attempt

C’ is thus isomarphic to C, and enjoys mare definitional eqs:
» substitutions are definitionally assaciative
» substitutions are definitionally unital
» wk and var, satisfy their equations definitionally
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Strictifying CwFs, first attempt

C’ is thus isomarphic to C, and enjoys mare definitional eqs:
» substitutions are definitionally assaciative
» substitutions are definitionally unital
» wk and var, satisfy their equations definitionally

...BUT
The commutation of substitutions with binders is not definitional

(MAB)lo] %N (Alo]) (B[o 1])
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Prefascist sets

Unfolding the computations, the reasan why substitutions do not
commute with binders boils down to natural transformations not
being definitional

Fy(aly) & (Fya)ly
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Prefascist sets

Unfolding the computations, the reasan why substitutions do not
commute with binders boils down to natural transformations not
being definitional

Fy(aly) % (Fea)ly

In "Russian constructivism in a prefascist theory" (2020), Pédrot
intraduces prefascist sets, an alternative definition of presheaves
that is strictly natural.
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Strictifying CwFs, second attempt

If we reproduce our strictification construction using prefascist sets,
we obtain a new CwF ¢, in which all* the administrative equalities
are definitional.
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Strictifying CwFs, second attempt

If we reproduce our strictification construction using prefascist sets,
we obtain a new CwF ¢, in which all* the administrative equalities
are definitional.

We formalised the construction of ¢” and its isamorphism with C in
Agda. Surprisingly doable, even when the CwF is equipped with
dependent praducts and booleans!
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Back to our original goal

Applying our strictification construction to the initial CwF, it
becomes much easier to construct gluing models. We were able to
define a canonicity model (which computes normal forms for closed
terms) in about 200 lines!

(the strictification construction is about 4000 lines)
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Thank you!
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