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The Shannon capacity of a graph

α(G) =stable set number of G = max{|S | | S ⊆ V (G) stable}.

For undirected graphs G1 and G2, the
‘strong product’ G�G2 is defined by:

{
V (G1 � G2) = V (G1)× V (G2)
(u1, u2) ∼= (v1, v2) ⇐⇒ u1

∼= v1 and u2
∼= v2.

Shannon capacity Θ(G) := sup
d∈N

d

√
α(G�d) (Shannon 1956)

α(C5) = 2 α(C�2
5 ) = 5

{(0, 0), (1, 2), (2, 4), (3, 1), (4, 3)}

=⇒
√

5 ≤ Θ(C5) ≤ 5
2

= α∗(C5)

α∗(G) := max{
∑

v∈V (G)

x(v) | x : V (G)→ R+, ∀ clique C :
∑
v∈C

x(v) ≤ 1}.

(i) ∀G : α(G) ≤ α∗(G) (ii) ∀G ,H: α∗(G � H) ≤ α∗(G)α∗(H) =⇒ ∀G : Θ(G) ≤ α∗(G).

Lovász
1978:

ϑ(G) := max{1TX1 | X ∈ RV (G)×V (G),X PSD, tr(X ) = 1, ∀u∼v : Xuv = 0}.

(i) ∀G : α(G) ≤ ϑ(G) (ii) ∀G ,H: ϑ(G � H) ≤ ϑ(G)ϑ(H) =⇒ ∀G : Θ(G) ≤ ϑ(G).

ϑ(C5) =
√

5 =⇒ Θ(C5) =
√

5
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The Haemers bound

Let F be a field and G = (V ,E) be a graph.

Haemers bound (1978):

hF(G) := min{rank(X ) | X ∈ FV×V , ∀v : Xv,v = 1, ∀u 6∼= v : Xu,v = 0}.

(i) ∀G : α(G) ≤ hF(G) (ii) ∀G ,H: hF(G � H) ≤ hF(G)hF(H) =⇒ ∀G : Θ(G) ≤ hF(G).

If G is the Schläfli graph:

hR(G) = 7 < 9 = ϑ(G)Θ(G) ≤
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Jeroen Zuiddam’s theorem (2018)

Θ(G) = min
f∈∆

f (G),

where ∆ := {f : {graphs} → R | for all graphs G ,H :

f (G t H) = f (G) + f (H), “additive”

f (G � H) = f (G)f (H), “multiplicative”

if ∃ a homomorphism G → H, then f (G) ≤ f (H), “monotone”

↗
ϕ : V (G)→ V (H) with
u 6∼= v ⇒ ϕ(u) 6∼= ϕ(v)

f (K1) = 1}. “unital”

∆
compact

· ϑ · α∗ · Θ

Find f ∈ ∆ with f (C7) = Θ(C7).

Is ∆ connected ?

What about the Haemers bound???

· hF
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The fractional Haemers bound

Let F be a field and G = (V ,E) be a graph.

Haemers bound:

hF(G) := min{rank(X ) | X ∈ FV×V , ∀v : Xv,v = 1, ∀u 6∼= v : Xu,v = 0}.Θ(G) ≤

Blasiak 2013: fractional Haemers bound:

h∗F(G) := inf{ rank(X )
k

| k ∈ N, X ∈ (Fk×k)V×V , ∀v : Xv,v = Ik , ∀u 6∼= v : Xu,v = 0}.

(i) ∀G : α(G) ≤ h∗F(G) (ii) ∀G ,H: h∗F(G � H) ≤ h∗F(G)h∗F(H) =⇒ ∀G : Θ(G) ≤ h∗F(G).

Bukh & Cox 2018: Theorem: h∗F is multiplicative

=⇒ h∗F belongs to ∆.

∆

·ϑ ·α∗
·h∗F2
·h∗F3
· · · ·

lim
p→∞

h∗Fp = h∗Q ? lim
p→∞

h∗Fp = h∗Q ?
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“Right convergence”

Recall: ∆ := {f : {graphs} → R | for all graphs G ,H :

f (G t H) = f (G) + f (H), f (G � H) = f (G)f (H),

if ∃ a homomorphism G → H, then f (G) ≤ f (H), f (K1) = 1}.

d(G ,H) := max
f∈∆
|f (G)− f (H)| semimetric on {graphs}

What is the completion? Is it larger than {graphs} ?

Candidates to consider: graphs Ck,n

{
V (Ck,n) = V (Cn)
u ∼ v ⇐⇒ distCn (u, v) < k.

C2,n = Cn, C3,7 = C7, C4,9 = C9, C5,11 = C11, . . .

Note: if n
k

= n′

k′ , then ∃ homomorphism Ck,n → Ck′,n′ , hence d(Ck,n,Ck′,n′) = 0 .

Is the function n
k
7→ Ck,n continuous ?

Special cases: Is the function n
k
7→ Θ(Ck,n) continuous ?

Is the function n
k
7→ ϑ(Ck,n) continuous ?
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