Call-by-Value Typing Revisited, for Free?

Victor Arrial
Université Paris Cité
Paris

11th Workshop on Intersection Types and Related Systems
(ITRS)
Tallinn, Estonia, July 09, 2024






Call-by-Name and Call-by-Value

Different Models of Computation:
Call-by-Name

NAME|

Well studied

Not used



Call-by-Name and Call-by-Value

Different Models of Computation:

Call-by-Name

INAME]|

Well studied

Not used

Call-by-Value

\VALUE|

Not understood

Very much used



Call-by-Name and Call-by-Value

Different Models of Computation:

(?a_"ﬂgﬂg CaII-by-VaIuE
NAME| VALUE|

O 7y




Call-by-Name and Call-by-Value

Different Models of Computation:

(?a_"ﬂgﬂg CaII-by-VaIuE
NAME| VALUE|

O







'« verifies P
« verifies P



Preservations

NAMEI t verifies P = R verifies P
N

VALU_E] t verifies P = tv verifies P



Preservations

NAMEI t verifies P & R verifies P
N

VALU_E] t verifies P o tv verifies P















Call-by-Name Preservations

Static Properties: |Cucriiianz 18, BucciakesnerRiosViso 20,23]

1 N
MANME t normal form = t  normal form BANG



Call-by-Name Preservations

Static Properties: |Cucriiianz 18, BucciakesnerRiosViso 20,23]

1 N
MANME t normal form = t  normal form BANG



Call-by-Name Preservations

INAME| BANG|

Static Properties:

IEAM@ # normal form o ¢+ " normal form BAN@_!

Dynamic Properties:

NAME (>




Call-by-Name Preservations

INAME| w BANG|

Static Properties:

IEAM@ # normal form o ¢+ " normal form BAN@_!

Dynamic Properties:

[NAME| t>u = >u” BANG|




Call-by-Name Preservations

NAME|

§¢

BANG

Static Properties:

@MEJ # normal form o ¢+ " normal form BANQ_!

Dynamic Properties:

[NAME| EVEE N s BANG|



Call-by-Name Preservations

Static Properties:

NAME_] t normal form = ¢ " normal form BANG
Dynamic Properties:
NAME| t»u e 1 >u BANG

Typed Properties:

NAME| Tri:o



Call-by-Name Preservations

NAME)| @ M BANG
Typegang

Static Properties:

NAME_! t normal form = ¢ " normal form BANG
Dynamic Properties:

[NAME| t»u ot >u” BANG

Typed Properties:

NAME| Tri:e = T+ri':o BANG



Call-by-Name Preservations

NAME| @ - . BANG
Typegang

Static Properties:

NAMEJ ¢t normal form o ¢ " normal form BANG
Dynamic Properties:

NAME| t»u et > BANG

Typed Properties:

NAME| Frtio o Trlt'io BANG



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) ru == x|Axt|tu



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) ru == x|Axt|tu
| 1t (value)



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)

(Ax.t) lu



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)

Axt)lu =g Hx:=u}



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)
Axt)lu =g Hx:=u}

der(lr)



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)
Axt)lu =g Hx:=u}

der(lt) , ¢



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)
Axt)lu =g Hx:=u}

der(lt) , ¢

(Ax.x!x) (I!1)



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)
Axt)lu =g Hx:=u}

der(lt) , ¢

(Axx!x)(I'I) - (Axxlx)!I



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(r) (computation)
Axt)lu =g Hx:=u}

der(lt) , ¢

(Axx!x)(I') - (Axxlx)!I - III - I



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(z) (computation)
Axt)lu =g Hx:=u}
der(lt) , ¢

(Axx!x)(I') - (Axxlx)!I - III - I
(Ax.y) Q



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(z) (computation)
Axt)lu =g Hx:=u}
der(lt) , ¢

(Axx!x)(I') - (Axxlx)!I - III - I
Ax»Q - (Axy)Q



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu
| 1t (value)
| der(z) (computation)
Axt)lu =g Hx:=u}
der(lt) , ¢

(Axx!x)(I') - (Axxlx)!I - III - I
Axy)Q - AxyQ - (AxyQ -



A Unifying Framework: Bang-Calculus [EhrhGuer’16][GuerManz’18]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu]t[x\u]
| 1t (value)
| der(r) (computation)
Axt)lu =g Hx:=u}
der(lt) , ¢

(Axx!x)(I') - (Axxlx)!I - III - I
Axy)Q - AxyQ - (WxyQ -



A Unifying Framework: Bang-Calculus [BucciaKesnerRiosVis0’20°23]

Bang-Calculus

BANG|

(Terms) tu == x|Axt|tu]t[x\u]
| 1t (value)
| der(r) (computation)

L{Axt)ylu w5 L{t[x\ul)
L)) g L{Hx = u})
der(L{!)) >, L)

(Axx!x)(I'I) - (Axxlx)!I —» III - I
Axy)Q - AxyQ - (WxyQ -



Call-by-Value Embeddings [GuerrieriManzonetto’18]



Call-by-Value Embeddings [GuerrieriManzonetto’18]



Call-by-Value Embeddings [GuerrieriManzonetto’18]



Call-by-Value Embeddings [GuerrieriManzonetto’18]

¢ [VALUE| — [BANG
et o= ot



Call-by-Value Embeddings [GuerrieriManzonetto’18]

¢ VALUE| — BANG
x" = I
At = Lt
tu’ = der(t Hu'

~
—
=
—
<
=
1l
~
<
—_
=
—
<
_=



Call-by-Value Preservations

VALUE|

Static Properties:
VALUE]

Dynamic Propetrties:

t normal form

TF'rt:0o

\%4
t normal form



Call-by-Value Preservations

VALUE]

;

Static Properties:
VALUE]

Dynamic Propetrties:

t normal form

TF'rt:0o

8¢

\%4
t normal form



Call-by-Value Preservations

[VALUE]
Typecsy
Static Properties:
iV’ALUEMi ¢t normal form ¢ ' normal form BANG
Dynamic Propetrties:
VALUE] t»u e 1 »u BANG

Typed Properties:
LUE“ F'tt:0o o et o BANG]

E



Call-by-Value Preservations

VALUE]

;

Static Properties:

Y rTETT v
VALUE| ¢t normal form =+ t normal form BANG

Dynamic Propetrties:

VALUE| t»u ot »u’ BANG

VALUE] Crt:o e Trt' o BANG|



Counterexamples

xy

VALUE| BANG



Counterexamples

xy

'VALUE]| Q BANG



Counterexamples

VALUE| @ BANG



Counterexamples

Xy ~ der( x V) y v

VALUE]| @ BANG|



Counterexamples

Xy ~~w> der(!x) y !

VALUE & BANG|



Counterexamples

Xy ~ der(!x) (ly)

'VALUE]| Q BANG



Counterexamples

Xy ~ der(!x) (ly)

VALUE| | [BANG]

x(ly)



Call-by-Value Embeddings [GuerrieriManzonetto’18]

¢ VALUE| — BANG
x" = I
At = Lt
tu’ = der(t Hu'

~
—
=
—
<
=
1l
~
<
—_
=
—
<
_=



Call-by-Value Embeddings [BucciarelliKesnerRiosVis0’20,23]

+": |VALUE| — |[BANG
x " = Ix
Ave o= Lt
tu Yoz der( t v) u” +superdevelopment
M\ul = ]



Call-by-Value Preservations

VALUE]

;

Static Properties:

Y rTETT v
VALUE| ¢t normal form =+ t normal form BANG

Dynamic Propetrties:

VALUE]| t»u ot »u’ BANG

VALUE] Crt:o e Trt o BANG|



Call-by-Value Preservations

VALUE|

Static Properties:

Y rTETT v
VYALUE| ¢t normal form = t normal form BANG

Dynamic Propetrties:

ALU

m

t>»u o t > ou BANG

(

Typed Properties:
L

T'rrt:o

<
B
L
g
—
S
w
>
=
Q



Call-by-Value Preservations

VALUE|

Wittt
Typecsy

Static Properties:

Y rTETT v
VYALUE| ¢t normal form = t normal form BANG

Dynamic Propetrties:

ALU

m

[BANG|

l
5
<
0
L
g

Typed Properties:
LUE]| Ttiio o Trt'io BANG|

E



Call-by-Value Preservations

VALUE|

Static Properties:
VALUE]

Dynamic Propetrties:

t normal form

T'rrt:o

\%4
t normal form



Counterexamples

(Ax.Q)y

VALUE] BANG|



Counterexamples

Ax.Q)y > (Ax.Q)y '

VALUE| BANG



Counterexamples

(AxQ)y > der(xQ )y "

VALUE| BANG



Counterexamples

(AxQ)y > der(x. @ )y ¥

VALUE| BANG



Counterexamples

(Ax.Q)y s a9 )y

VALUE| BANG



Counterexamples

(AxQ)y > . Q )y

VALUE| BANG



Counterexamples

(AxQ)y > (. Q Dty

VALUE| l BANG|

AxD\ A ()



Counterexamples

(AxQ)y > . Q )y

VALUE| J BANG

(Ax.2)[2\AD) y - AxG\ A ()



Counterexamples

(AxQ)y > . Q )y

VALUE| @ J BANG

(Ax.2)[2\AD) y - AxG\ A ()



Call-by-Value Embeddings [BucciarelliKesnerRiosVis0’20,23]

X = lx
Vv
Ax.t = lAx. t
Vv \%4 /
tu = der(t )u v + superdevelopment

al = e



Call-by-Value Embeddings [ArrialGuerrieriKesner’24]

¢ [VALUE| — [BANG
[VALUE|
et o= axtt

1% /
der(t ) u v + superdevelopment

t e\ ]

~
<
I

~
=
=
=
<
=
<
1l



Call-by-Value Embeddings [ArrialGuerrieriKesner’24]

¢': |VALUE| — BANG
x = I
axe o= ot
tu’ = der(der( ¢ V) u V) + superdevelopment

t x\u ]

~
=~
=
=
<
&
<
1l



Call-by-Value Preservations

VALUE|

Static Properties:

Y rTETT v
VYALUE| ¢t normal form = t normal form BANG

Dynamic Propetrties:

ALU

m

[BANG|

l
5
<
?
L
g

Typed Properties:
L

T'rrt:o

<
B
L
g
—
S
w
>
=
Q



Call-by-Value Preservations

VALUE]

;

Static Properties:
VALUE]

Dynamic Propetrties:

t normal form

TFrr:0o

\%4
t normal form



Call-by-Value Preservations

VALUE]

;

Typecsy

Static Properties:

Y rTETT v
VYALUE| ¢t normal form = t normal form BANG

Dynamic Propetrties:

VALUE| t»u ot »u’ BANG

VALUE] Crt:o e Trt' o BANG|



Call-by-Value Quantitative Typing System



Call-by-Value Quantitative Typing System

I'r t : M= o] Ik u: M

(var)

xMrx M l"1+l"2|-lu:0'

(app)

(Fi;x:Mi ot :O'i)iel Fl;x:Ml- t .o r2|- u ZM
(abs) (es)
+,-511",~ FoAxt [M, = O-i]id Iﬂl + FZ [ t[x\u] Lo




Call-by-Value Quantitative Typing System

et : M= o]

(var)

x:MrE x M l"1+l"2|-lu:

Fx:Mrt

(abs)

Or Axxt :[] I +r tx\u] :o



Call-by-Value Quantitative Typing System

Fll—t:[M=>a'] Ik u: M

(var) (app)
x:MEx M F1+F2|-t1430'
Coix: M vt 0D I'ix:Mvrt:0 Toru:M
(abs) (es)
+,-611",» FoAxt [Ml = Ui]ie[ i+ [[X\M] o

Theorem ([BucciarelliKesnerRiosVis0’20°23])

Let t € A, then t is — -normalizing iff it is <V -typable.




Call-by-Value Quantitative Typing System

Fll—t:[M=>a'] Ik u: M

——— (var) (app)
xMrx M F1+F2|-t1430'
Tix: M bt 0 I';x:Met o ok u M
(abs) (es)
+,-611",» FoAxt [Ml = Ui]ie[ i+ [[X\M] o

Theorem ([BucciarelliKesnerRiosVis0’20°23])

Let t € A, then t is — -normalizing iff it is <V -typable.

(abs) %%
Axt [NV =0 i



Call-by-Value Quantitative Typing System

Fll—t:[M=>a'] Ik u: M

——— (var) (app)
xMrx M F1+F2|-t1430'
Tix: M bt 0 I';x:Met o ok u M
(abs) (es)
+,-611",» FoAxt [Ml = Ui]ie[ i+ [[X\M] o

Theorem ([BucciarelliKesnerRiosVis0’20°23])

Let t € A, then t is — -normalizing iff it is <V -typable.

(abs) %%
Axt (M= 0 i m (bg)
1Ax. t [ =4 ]iEI




Call-by-Value Quantitative Typing System

I'r t : M= o] Ik u: M
———— (van) (app)
x:Mrx M I+0r tu o
CTox: M bt 0D Fpx:Mrt:o Toru:M
(abs) (es)
+,-€11",» FoAxt [Mz = O-i]iEI Iﬂl + rZ [ I[X\M] Lo
Theorem ([BucciarelliKesnerRiosVis0’20°23])
Let t € A, then t is — -normalizing iff itis <V -typable.
1%
t
t v (abs)
(abs) > Ax. t = iei
Axt [M= 0 i (bg)

Wt = o iy



Call-by-Value Quantitative Typing System

Lirt :M=[o]] Tru:M
— (var) (app)
x:Mrx oM [ +DoF tu o
Tox: M vt 2 0)ier F'iyx: Myt io ru:M
(abs) (es)
+igli b Axt [Ml = Tilies i+ k fx\u] o
ikt 0
—_— (frz)
+ietli b 1 [0idier
v
t
t v (abs)
@bs) Ax. t = -
Ax.t [ = ]iEI v (bg)
x.t M =0 )i



Call-by-Value Quantitative Typing System

(var)

x:Mr x M

(Fi;X:M,' I+ t :0',')1'(;1

(abs)
+,-e,1",~ FoAxt [M, = O’i]iel

Myt :M=lo]l] Toru:M
(app)
i+ r tu 0o
I'x:Mrt:o Toru M

I+ F fx\u] :o

ik 1 0D

+ierli b 1 [oilier

(fr2)

(es)

(frz)

tol

ljes iel

Axt [ = [0 ljerlier

(abs)



Call-by-Value Quantitative Typing System

Myt :M=lo]l] Toru:M

——————— (van) (app)
x:MrE x M F1+F2Ftu:0'
Topx: M v ¢ 0D I'ix:Mvrt o Iku:M
(abs) (es)
+i i b Axt [M, = Tilier i+ v t[x\u] o
@ik 1 o)
—_—  (fr3
+ieli b 1 (Ol
t
(frz)
t [0 ljes iel ~
(abs) L.
Axt | = [0 Ljeslier = (bg)

x!'t [ = [0 jerlier



Call-by-Value Quantitative Typing System

Myt :M=lo]l] Toru:M

——————— (van) (app)
x:MrE x M F1+F2Ftu:0'
Topx: M v ¢ 0D I'ix:Mvrt o Iku:M
(abs) (es)
+,-e,1",~ FoAxt [M, = O’i]iel Ir+Ihr t[x\u] o
ikt 0
_— (fr2)
+ierli b 1 [oilier
t
(frz)
t [0 ljes iel ~ y (abs)
(abs) Ax\t ' = [ ]
. jeJ ici
Axt o[ = [0 jesLier - = (bg)

1
x!'t [ = [0 jerlier



Call-by-Value Quantitative Typing System

(var)

x:Mr x M

(Fi;X:M,' I+ t :0',')1'(;1

(abs)
+,-e,1",~ FoAxt [M, = O’i]iel

I'r t : [ M= [o]]

Ik u M

i+ r tu 0o

I'x:Mrt :o

Ik u

(app)

M

I+ F fx\u] :o

(es)

ik 1 0D
—_—  (fr2)
+ierli b 1 [oilier

p - (bg)
(frz) 't o )jes
t [0 ey iel ~ v (abs)
(abs) Ax.) t = [ ]
. jeJ ici
Axt | = [0 jeslier " =
axtt [ = [0 jerlier

(bg)



Call-by-Value Preservations

VALUE]

;

Typecsy

Static Properties:

Y rTETT v
VYALUE| ¢t normal form = t normal form BANG

Dynamic Propetrties:

VALUE| t»u ot »u’ BANG

VALUE] Crt:o e Trt o BANG|



Call-by-Value Preservations

VALUE|

Wittt
Typecsy

Static Properties:

Y rTETT v
VYALUE| ¢t normal form = t normal form BANG

Dynamic Propetrties:

ALU

m

t>»u o t > ou BANG

(

Typed Properties:

Tri:o o et o BANG|

E:.
B
r
m;

|
L



Usual Story with Intersection Types



Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Il>qy '+t : o forsomeT,o.




Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Il>qy '+t : o forsomeT,o.

Lemma (Weighted Subject Reduction)
Let t > u with TI>qy T+t : o . Then there exists I1' >q» I' - u : o such that #(I1) > #(IT").




Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Il>qy '+t : o forsomeT,o.

Lemma (Weighted Subject Reduction)
Let t > u with TI>qy T+t : o . Then there exists I1' >q» I' - u : o such that #(I1) > #(IT").

Lemma (Subject Expansion)

Let t > u with Ileqy '+ u: o . Then there exists I'bqp 't : 0 .




Usual Story with Intersection Types
Lemma (Typability of Normal Forms)
Let t be a normal form , then there exists Il>qy '+t : o forsomeT,o.

Lemma (Weighted Subject Reduction)

Let t > u with TI>qy T+t : o . Then there exists I1' >q» I' - u : o such that #(I1) > #(IT").

Lemma (Subject Expansion)

Let t > u with Ileqy '+ u: o . Then there exists I'bqp 't : 0 .

Theorem (Characterization of Normalizability)

Let te A ,then t is V' -typable if and only if it is — -normalizable.



Typability of Normal Forms

VALUE] [BANG|

e



Typability of Normal Forms

VALUE] [BANG|

e



Typability of Normal Forms

VALUE] [BANG|

o é



Typability of Normal Forms

VALUE] [BANG|

o é



Typability of Normal Forms

VALUE] [BANG|

@



Usual Story with Intersection Types
Lemma (Typability of Normal Forms)
Let t be a normal form , then there exists Il>qy '+t : o forsomeT,o.

Lemma (Weighted Subject Reduction)

Let t > u with TI>qy T+t : o . Then there exists I1' >q» I' - u : o such that #(I1) > #(IT").

Lemma (Subject Expansion)

Let t > u with Ileqy '+ u: o . Then there exists I'bqp 't : 0 .

Theorem (Characterization of Normalizability)

Let te A ,then t is V' -typable if and only if it is — -normalizable.












Subject Reduction and Expansion

VALUE] BANG

u
M
e




Subject Reduction and Expansion

VALUE|

M
@w :




Subject Reduction and Expansion

VALUE|

M
@w :




Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Il>qy '+t : o forsomeT,o.

Lemma (Weighted Subject Reduction)

Let t > u with TI>qy T+t : o . Then there exists I1' bq» ' + u : o= such that #(I1) > #(IT").

Lemma (Subject Expansion)

Let t > u with IIeqy '+ u: o . Then there exists II'bqy 't : o .

Theorem (Characterization of Normalizability)

Let te A ,then t is V' -typable if and only if it is — -normalizable.




Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Il>qy '+t : o forsomeT,o.

Lemma (Weighted Subject Reduction)

Let t > u with TI>qy T+t : o . Then there exists I1' bq» ' + u : o= such that #(I1) > #(IT").

Lemma (Subject Expansion)

Let t > u with IIeqy '+ u: o . Then there exists II'bqy 't : o .

Theorem (Characterization of Normalizability)

Let te A ,then t is V' -typable if and only if it is — -normalizable.




Characterization of Normalizability

VALUE] [BANG|

e @



Characterization of Normalizability

VALUE] [BANG|

e @



Characterization of Normalizability

VALUE] [BANG|

e @



Characterization of Normalizability

VALUE] [BANG|

o @



Characterization of Normalizability

VALUE] [BANG|

o®



Conclusion and Future Work

Summary:
m Alternative call-by-value typing system
m Preservation of typing
m Characterization of Normalization



Conclusion and Future Work

Summary:
m Alternative call-by-value typing system
m Preservation of typing
m Characterization of Normalization

Future work:
m s inhabitation affected ?
m What about the type equivalence ?
m Better approximations ? (Béhm, Taylor, ...)



Conclusion and Future Work

Summary:
m Alternative call-by-value typing system
m Preservation of typing
m Characterization of Normalization

Future work:
m s inhabitation affected ?
m What about the type equivalence ?
m Better approximations ? (Béhm, Taylor, ...)

Thank you !



