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Paris

Call-by-Name and Call-by-Value

Different Models of Computation:

Call-by-Name

Call-by-Value

Well studied

Not used

Not understood

Very much used

⊆

⊇



Victor Arrial
Université Paris Cité
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Paris

Call-by-Name and Call-by-Value

Different Models of Computation:

Call-by-Name Call-by-Value

Well studied

Not used

Not understood

Very much used

⊆
⊇



Victor Arrial
Université Paris Cité
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(λx.y)Ω → (λx.y)Ω → (λx.y)Ω → · · ·
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Université Paris Cité
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Université Paris Cité
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Université Paris Cité
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Paris

Call-by-Value Preservations

NFBang

TypeBang

ImCBV

NFCBV

TypeCBV

•
t

•
u •

t
V

•
u V

⇝
f

Static Properties:

t normal form ⇔ t
V

normal form

Dynamic Properties: [GuerrieriManzonetto’18]

t ↠ u ⇔ t
V
↠ u V

Typed Properties: [GuerrieriManzonetto’18]

Γ ⊢ t : σ ⇔ Γ ⊢ t
V

: σ



Victor Arrial
Université Paris Cité
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Paris

Counterexamples

(λx.Ω) y ⇝ der(!λx. Ω
V

) y V

y
y

(λx.(zz)[z\∆]) y ⇝ (λx.(z!z)[z\! ∆
V

]) (!y)



Victor Arrial
Université Paris Cité
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Paris

Counterexamples

(λx.Ω) y ⇝ (λx. Ω
V

) !y

y

y

(λx.(zz)[z\∆]) y ⇝

(λx.(z!z)[z\! ∆
V

]) (!y)



Victor Arrial
Université Paris Cité
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x :M ⊢ x :M
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(Γi; x :Mi ⊢ t : σi)i∈I
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Γ1; x :M ⊢ t : σ Γ2 ⊢ u :M
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Theorem ([BucciarelliKesnerRı́osViso’20’23])
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(Γi ⊢ t : σi)i∈I
(frz)
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 (Γ j
i ; x :M j

i ⊢ t : σ j
i ) j∈J

(frz)

+ j∈JΓ
j
i ; x : ⊎ j∈JM

j
i ⊩ t : [σ j

i ] j∈J


i∈I
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j
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i ] j∈J]i∈I

⇝
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V
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i∈i

(bg)

+i∈I+ j∈JΓ
j
i ⊢ !λx.! t

V
: [⊎ j∈JM

j
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Call-by-Value Preservations

NFBang

TypeBang

ImCBV

NFCBV

TypeCBV

•
t

•
u •

t
V

•
u V

⇝
f

Static Properties: [ArrialGuerrieriKesner’24]

t normal form ⇔ t
V

normal form

Dynamic Properties: [ArrialGuerrieriKesner’24]

t ↠ u ⇔ t
V
↠ u V

Typed Properties:

[ArrialGuerrieriKesner’24]

Γ ⊢ t : σ ⇎ Γ ⊢ t
V

: σ
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Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Π ▷V′ Γ ⊢ t : σ for some Γ, σ.

Lemma (Weighted Subject Reduction)

Let t → u with Π ▷V′ Γ ⊢ t : σ . Then there exists Π′ ▷V′ Γ ⊢ u : σ such that #(Π) > #(Π′).

Lemma (Subject Expansion)

Let t → u with Π ▷V′ Γ ⊢ u : σ . Then there exists Π′ ▷V′ Γ ⊢ t : σ .

Theorem (Characterization of Normalizability)

Let t ∈ Λ , then t is V′ -typable if and only if it is → -normalizable.
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Paris

Typability of Normal Forms

ImCBV

NFBANG

TypeBANG

NFCBV

TypeCBV

⇝
f



Victor Arrial
Université Paris Cité
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Paris

Subject Reduction and Expansion

ImCBV

Typed(Γ, σ)Typed(Γ, σ)

⇝
f



Victor Arrial
Université Paris Cité
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Paris

Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Π ▷V′ Γ ⊢ t : σ for some Γ, σ.

Lemma (Weighted Subject Reduction)

Let t → u with Π ▷V′ Γ ⊢ t : σ . Then there exists Π′ ▷V′ Γ ⊢ u : σ such that #(Π) > #(Π′).

Lemma (Subject Expansion)

Let t → u with Π ▷V′ Γ ⊢ u : σ . Then there exists Π′ ▷V′ Γ ⊢ t : σ .

Theorem (Characterization of Normalizability)

Let t ∈ Λ , then t is V′ -typable if and only if it is → -normalizable.



Victor Arrial
Université Paris Cité

Paris

Usual Story with Intersection Types

Lemma (Typability of Normal Forms)

Let t be a normal form , then there exists Π ▷V′ Γ ⊢ t : σ for some Γ, σ.

Lemma (Weighted Subject Reduction)

Let t → u with Π ▷V′ Γ ⊢ t : σ . Then there exists Π′ ▷V′ Γ ⊢ u : σ such that #(Π) > #(Π′).

Lemma (Subject Expansion)

Let t → u with Π ▷V′ Γ ⊢ u : σ . Then there exists Π′ ▷V′ Γ ⊢ t : σ .

Theorem (Characterization of Normalizability)

Let t ∈ Λ , then t is V′ -typable if and only if it is → -normalizable.



Victor Arrial
Université Paris Cité
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Is inhabitation affected ?

What about the type equivalence ?

Better approximations ? (Böhm, Taylor, ...)
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