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The Sieve of Eratosthenes

Implementation

@ Algorithms implemented as computer programs
e + huge instances

+ speed

+ reliability

- programming errors



Introduction
coeo

The Sieve of Eratosthenes

Program Specification

The numbers returned by the Sieve of Eratosthenes are the prime
numbers below the bound.



Introduction
coeo

The Sieve of Eratosthenes

Program Specification

The numbers returned by the Sieve of Eratosthenes are the prime
numbers below the bound.

Vne N.Vpe N. (p € eratosthenes n) < (pcPAp<n)
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The Sieve of Eratosthenes

Formal Proof

@ Automatic theorem provers (ATP)
e fully automatic
e weak logics

@ Interactive theorem provers (ITP)
@ require interaction
e very expressive logics

@ Proof checkers
e require detailed proofs
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Interoperability between Proof Systems

Interoperability

@ Proof development is expensive
@ 4-color theorem, Kepler conjecture, Feit-Thomson theorem

Proof systems use incompatible logics
o Axioms (classical vs. constructive)
o Empty types

They are specializing
e Counterexamples, proof by reflection, decision procedures,
specialization to theories, ..
@ They do not interoperate

o Proof exchange between Isabelle and HOL Light harder than it
seems

Deducteam proposes a common formalism: Dedukti
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oq HOL

Zenon Modulo

’C—‘ Matita

iProver Modulo ]

[Expressing Theories in the N\I-Calculus Modulo Theory and in the
DEDUKTI System, Assaf et all, 2016]
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’C—‘ [Matita | @ More translators needed

oq HOL
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Dedukti

[Expressing Theories in the N\I-Calculus Modulo Theory and in the
DEDUKTI System, Assaf et all, 2016]
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Interoperability between Proof Systems

Interoperability in Dedukti

’—‘ [Matita | @ More translators needed

Coq HOL
o Link Dedukti developments

Zenon Modulo FoCalLiZe
iProver Modulo

Dedukti

[Expressing Theories in the N\I-Calculus Modulo Theory and in the
DEDUKTI System, Assaf et all, 2016]
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Dedukti

Dedukti

@ Deduction modulo:
e Proof search modulo rewriting
e Computation steps not recorded
@ Dependent type theory

e Basis for proof checkers
e Logical framework
e No Deduction modulo

@ Dedukti = Dependent type theory + rewriting

10/41
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Examples

Rewriting — First Example

succ
+

0+n
m+0
succ(m) + n
m + succ(n)

: Type

:N
:N—> N
:N—-N-—-N

—n
—m
— succ(m + n)
— succ(m + n)

11/41
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Dedukti
oceo

Rewriting — Smart Constructor

7 : Type
(o, @) ‘N—-N-=>Z

(succ(m),succ(n)) < (m,n)

|o| :Z — N
[(m, 0)] = m
€0, )| —n

12 /41
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Examples

Dependent Type — Vectors

Element : Type

Vector : N — Type

nil : Vector 0

cons : IIn : N. Element — Vector n — Vector (succ(n))

append :IIm:N. IIn: N. Vector m — Vector n — Vector (m + n)

append 0 n nil w — w
append m Q v nil — v
append (succ(m)) n (cons m e v) w —

cons (m+ n) e (append m n v w)

13 /41
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Encodings

Encoding Logics

_‘
]
©

W< || <>F4D

: Type

: Prop

: Prop

: Prop — Prop — Prop
: Prop = Prop — Prop
: Prop — Prop — Prop
:N— N — Prop

: (N — Prop) — Prop
: (N — Prop) — Prop
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Encoding Logics

_‘
]
©

o TW<C| | <>H4D3

: Type

: Prop

: Prop

: Prop — Prop — Prop
: Prop — Prop — Prop
: Prop — Prop — Prop
:N — N — Prop

: (N — Prop) — Prop
: (N — Prop) — Prop
: Prop — Type
:IIn:N. F (n=n)
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Encodings

Encoding Logics

_‘
]
©

o TW<C| | <>H4D3

myproof

: Type

: Prop

: Prop

: Prop — Prop — Prop
: Prop — Prop — Prop
: Prop — Prop — Prop
:N —- N — Prop

: (N — Prop) — Prop
: (N — Prop) — Prop
: Prop — Type
:ln:N. F(n=n)
H(2+2=14)

myproof < refl 4

14 /41
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Encodings

Encoding Programming Languages

w:1IA : Type. II1B: Type. (A—B) - A—-B) - A— B
wABFx— F(uABF)x

@ Shallow encoding: operational semantics preserved

[Objects and Subtyping in the NI-calculus modulo, TYPES 2014]

15/41
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FoCalLiZe

FoCalLiZe, a Formal IDE

Development of efficient and formally verified programs
First-order specifications
Automated proofs

Modularity (inheritance and parameterization)

Compilation to OCaml and Coq

17 /41
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FoCalLiZe

Programming Language: ML

Types : polymorphism and algebraic datatypes

First-class functions, recursion, pattern-matching

Clear semantics

Easy to translate to OCaml and Coq

18 /41
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FoCalLiZe

Object-Oriented Mechanisms

Species

Multiple inheritance
Parameterization
Redefinition

Static mechanisms

19/41



Compiling FoCalLiZe to Dedukti
®00000

Focalide

Compilation Scheme

FoCalLiZe compiler

typing + dependencies +
A-lifting + OO
Coq output ’Hm OCaml output
lZenon‘ lZenon Modulo‘
’ Coq ‘ l Dedukti ‘ l OCaml ‘

20 /41
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| 0 ->0
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Focalide

Pattern-Matching: Naive Translation

let f (x) = f Z—-Z
match x with
| 0 ->0 fo <=0
' n ->n-1; fn —<n-1

@ f 0 reduces to both 0 and —1.

@ Inconsistency!: we can prove 0 = —1

21 /41
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let £ (x) = let £ (x) =
match x with if x = 0 then 0 else
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Compiling FoCalLiZe to Dedukti
00®000

Focalide

Pattern-Matching: Destructors

let £ (x) = let £ (x) =
match x with if x = 0 then 0 else
| 0 -> 0 ~> let n = x in n - 1;

| n -> n-1;

let £ (x) = let £ (x) =
match x with match x with
| 0 -> 0 ~ | 0 -> 0
| S(n) -> n; | _ -> match x with
| S(n) -> n
| _ -> ERROR;

22 /41



Compiling FoCalLiZe to Dedukti
00000

Focalide

Recursion: Naive Translation

let rec fact (x) =
if x <=1
then 1
else x * fact(x - 1)

23 /41



Compiling FoCalLiZe to Dedukti
00000

Focalide

Recursion: Naive Translation

fact: Z — 7Z
let rec fact (x) =
if x <= 1 fact x —
then 1 if (x<1)
else x * fact(x - 1) then 1
else (x x fact(x—1))

23 /41
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Focalide

Recursion: Naive Translation

Vx. fact(x) > 0 —
Vx. (if x <1 then 1 else x x fact(x—1)) > 0 —
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Compiling FoCalLiZe to Dedukti
0000e0

Focalide

Recursion: Naive Translation

Vx. fact(x) > 0 —
Vx. (if x <1 then 1 else x x fact(x—1)) > 0 —
Vx. (...fact(x—2)...) >0 —

24 /41
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oooo0e

Focalide

Recursion

fact: Z — Z.
fact' : Z — Z.
let rec fact (x) = fact’ (m, n) < fact (m, n)
if x <=1
then 1
else x * fact(x - 1) fact x —
if (x<1)
then 1

else (x x fact'(x— 1))

25 /41



Evaluation

Compiling FoCalLiZe to Dedukti

Evaluation: Focalide Coverage

{ Jele}

Library Size | Coverage (%)
stdlib 160kB 99.42
extlib 155kB 100
contribs 124kB 99.54
iterators | 78.4kB 88.33
term-proof | 24.4kB 99.62
ejcp 13.7kB 95.16

26

41
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Evaluation

Evaluation: Time (s)

Library Zen M Coq Dk | Zen + Coq ZM + Dk
stdlib 11.73 32.87 | 17.41 1.46 29.14 34.33
extlib 048 26.50 | 19.45 1.64 28.93 28.14
contribs 538 9.96 | 26.92 1.17 32.30 11.13
iterators 258 385 | 6.59 0.27 9.17 4.12
term-proof | 1.10 0.55 | 2454 0.02 25.64 0.57
ejcp 044 0.86 | 11.13 0.06 11.57 0.92
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Evaluation: Time (s)

Library Zen M Coq Dk | Zen + Coq ZM + Dk
stdlib 11.73 32.87 | 17.41 1.46 29.14 34.33
extlib 048 26.50 | 19.45 1.64 28.93 28.14
contribs 538 9.96 | 26.92 1.17 32.30 11.13
iterators 258 385 | 6.59 0.27 9.17 4.12
term-proof | 1.10 0.55 | 2454 0.02 25.64 0.57
ejcp 044 0.86 | 11.13 0.06 11.57 0.92

@ Zenon Modulo is slower (?)
@ Dedukti is faster

27 /41
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Evaluation

Evaluation: Time (s) — Computation-intensive proof

n Zenon Coq | Zenon Modulo Dedukti
10 31.48 4.63 0.04 0.00
11 63.05 11.04 0.04 0.00
12 99.55 7.55 0.05 0.00
13 197.80 10.97 0.04 0.00
14 348.87 1020.67 0.04 0.00
15 492.72 1087.13 0.04 0.00
16 724.46 > 2h 0.04 0.00
17 1111.10 1433.76 0.04 0.00
18 1589.10 >2h 0.07 0.00
19 2310.48 >2h 0.04 0.00
2000 >2h >2h 0.87 1.82

28 /41
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An Informal Proof

Functional Implementation of the Sieve of Eratosthenes

let rec interval a b =

if a > b then [] else a :: interval (a+1l) b
let rec sieve = function
[ [0 -> [1
| a :: 1 ->
a :: sieve (List.filter (fun b -> b mod a > 0) 1)

let eratosthenes n = sieve (interval 2 n)

30/41
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An Informal Proof

Correctness Proof

Correctness: p € eratosthenes n< (2<p<nApebP)

e Completeness: (2 < p<nAp€P)= pc eratosthenes n

@ Soundness 1: p € eratosthenes n=2<p<n
@ Soundness 2: p € eratosthenes n=p € P

e List.filter preserves ordering
e 2 < p < n (Soundness 1)
o there is a prime number d divising p
e d<p<n
d € eratosthenes n (Completeness)
if d=pthen pecP
if d < p then dis before p in eratosthenes n, absurd
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Linking Proofs
®0

A Multi-System Proof

Cog-HOL Correctness Proof

e HOL
eVn>2.3peP.p|n
e Coq
e Implementation

e Specification
o Correctness

@ Dedukti
e Logical linking
o FoCaliZe
e Mathematical linking

32/41
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A Multi-System Proof

Scheme

HOL Cog

(Vn>2.3peP.p|n)

> 2. .
Yn>2.3peP. p| n‘ = Correctness

33 /41



A Multi-System Proof

Scheme

HOL

VnEQ.HpGP.p|n‘

Linking Proofs

oe

Coq

(Vn>2.3peP.p|n

= Correctness

)

VnEQ.HpGP.p\n‘

(Vn>2.3peP.p|n

= Correctness

)

Dedukti
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A Multi-System Proof

Scheme

HOL

VnEQ.HpGP.p\n‘

Linking Proofs

oe

Coq

(Yn>2.3p€P.p|n)

= Correctness

Vn22.3p€P.p\n‘

H—IV N
Il
r—IV N

(Vn>2.3peP.p|n)

= Correctness

Correctness

Dedukti
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A Multi-System Proof

Scheme

Linking Proofs

oe

HOL FoCalLiZe Coq

2 2 (Vn>2.3peP.p|n)

z 2 > 2. .
Vn>2 3peP. p| ”‘ T = T = Correctness

P P

2 2

> _ =

‘ = | (Vn>2.3p€P.p|n)
Yn>2 3peP. p| n‘ P P = Correctness

Correctness

Dedukti

33 /41



Mathematical Linking

Arithmetical Structures

Linking Proofs

@®0000

] Non-trivial divisibility‘

’VnEQ.HpEP.p\n‘

FoCaliZe

— Inheritance
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Mathematical Linking

Morphisms

Linking Proofs
0®000

] Non-trivial divisibility‘

’VnEQ.HpEP.p\n‘

FoCaliZe

— Inheritance
Parameterization

Vn. fsucc(n)) = succ(f(n))

f0) =0

’Vm. Vn. (m < n) < (fm) < f(”))‘

’(VnZQ.SpEP.p\n)@(VnEQ.SpEP.p\n)‘

35/41



Linking Proofs
00000

Mathematical Linking

Scheme

HOL FoCaliZe Coq

(Vn

Y

2.3peP.p|n) (Yn>2.3p€P.p|n)
=4 = Correctness
(Vn>2.3peP.p|n)

VnEQ.HpGP.p\n‘

<
B
V

>2.3peP.p|n)
A
2.3peP.p|n)

(Vn>2.3peP.p|n)
= Correctness

Vv

Correctness

¥n>2.3p€cP.p|n] (Vn

Dedukti
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Mathematical Linking

Size

Source Generated
HOL 3.4M 64M
Coq 31K 829K
FoCaliZe 61K 495K
Zenon Modulo 886K
Dedukti 9K

Linking Proofs
0000

37/41
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Mathematical Linking

Results

@ Working interoperability proof of concept
o Genericity

@ Scalability

38 /41



Conclusion

Translations to Dedukti of 2 programming paradigms
Deduction Modulo in FoCalLiZe

Working example of interoperability

General methodology based on FoCaliZe object-oriented
mechanisms

Deviant usage of the tools

e FoCaliZe as interoperability framework
o Dedukti as proof constructivizer ([A rewrite system for proof
constructivization, LFMTP 2016])

39 /41



Perspectives

@ Axiom elimination

e Constructivization
o Extensionality and choice
e Univalence

@ More translations for logical systems
@ More translations for programming languages

@ Interoperability for bigger examples, involving more systems

40 /41



Thank you!



Meta-Level Reasoning

@ Beyond proof checking, proof transformation

Prop

< > |

: Type

: Prop

: Prop — Prop

: Prop — Prop — Prop
: Prop =+ Prop — Prop
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Meta-Level Reasoning

@ Beyond proof checking, proof transformation

-

rop : Type

: Prop

: Prop — Prop

: Prop — Prop — Prop

: Prop =+ Prop — Prop

: Prop — Type
cm : IIP: Prop. ((F =P) — (- P)) — (- P)
cm P ()\_. HP) — Hp

T <> 1 H

Classical proof — — Constructive (?) proof

[A rewrite system for proof constructivization, LFMTP 2016]

41 /41
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