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AN INFORMAL INTRODUCTION



WHAT IS A PARADOX?

A paradox is usually related to the concepts of:

• Self-reference
• Cyclic reference
• Semantic closure . . .

Famous examples include:

• Russel’s paradox
• Liar’s paradox . . .
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PARADOXES AND INCONSISTENCIES

Paradoxical ̸= Inconsistent

A∧ ¬A
A

A∧ ¬A
¬A

⊥

Paradoxical = Inconsistent + ???
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AN ATTEMPT OF FORMALIZATION



NATURAL DEDUCTION

We consider the implicative fragment of natural deduction:

[
n
A]

D

B
(→ I)(n)

A→ B
A→ B A

(→ E)
B

We can then define ¬A := A→ ⊥.
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THE FLAVOR OF A PARADOX

Assume that:

A

D

¬A

¬A

E

A
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A POSSIBLE ANSWER

Paradoxical = Inconsistent + Not normalizing

6



AN EXAMPLE IN SET THEORY

Prawitz extended implicative natural deduction to express the
unrestricted axiom of comprehension in naive set theory:

A[y/x]
(∈ I)

y ∈ {x : A}
y ∈ {x : A}

(∈ E)
A[y/x]

These rules display the harmony property but the natural
deduction systems containing them fail to normalize.
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RUSSEL’S PARADOX

By picking A(x) := x /∈ x and y := {x : x /∈ x} we get:

y /∈ y
(∈ I)

y ∈ y
y ∈ y

(∈ E)
y /∈ y

As we saw, this leads to normalization failure.
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OBJECTIONS



A HIDDEN STEP

In the normalization loop a step of ∈-reduction is hidden:

A[y/x]
(∈ I)

y ∈ {x : A}
(∈ E)

A[y/x]
⇝∈ A[y/x]
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EKMAN’S PARADOX

We can mimic this behavior in propositional logic:

¬A ¬A→ A
(→ E)

A A→ ¬A
(→ E)

¬A
⇝E ¬A
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CONCLUSION

The looping normalization would not depend on the
extra-logical possibility to move, for a certain formula A, from A
to ¬A and vice versa, but on the logical feature that we can
move, for any formula A, from A↔ ¬A to absurdity.

Then, is it actually the case that non-normalizability is the
distinctive feature of paradoxical expressions?
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