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Formulas and derivation rules of uLKZ

6=V | dAY| ¢~ | TIFIXeV|Db| 06| uX.0| vX.0.

Derivation rules are those of LK together with two rules for the
modalities:
MAEA N-AA 5
al, A+ OA al - oA, 0A

and four rules for fixpoints:

M AX = uX.AlFA M= A[X = uX.A],A u
MuXArA : M uXA A ’
LAX:=vXAlFA  THAX=vXALA

LUXA-A ! M- uX.AA
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Some example of infinite proofs

Nat = uX.Tv X

Inhabitant of natural number type

T diz
7o = +~ 7V Nat T+l = 71 Nat
+ Nat ~ Nat
Tlsuccesseur -= Tdouble ‘=
T ax r Nat ~ Nat v
T+ TV Nat ,LLI ax Nat — 7 v Nat u
e — r D— e r
T + Nat T Nat — Nat THT . Nat -~ Nat vh
THTvNat 2 Nat - T v Nat TrTvNat - NatrTvNat -
r
T+ Nat Nat - Nat T+ Nat Nat+ Nat
T v Nat - Nat TvNati-Nat
Nat - Nat =~ Nat - Nat
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Example with modalities

Taking F :=vX.0X:

~F F
7Dp
FOF OF
A A%

- F F

)
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Cut-elimination for uLKZ’

Several results:

Mints & Studer '12, Briinnler & Studer '12

Cut-elimination for fragment modal p-calculus with w-rule.

Niwinski & Walukiewicz '96

Cut-free non-wellfounded system with a completness theorem.

Afshari & Leigh '16

Cut-free cyclic proof system without cut-elimination procedure.

Kloibhofer '23

Incompleteness of Afshari & Leigh’s system.
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Formulas and derivation rules of uMALL®

0= 8% 0 % $&% |60 L[1]T[0] X eV]uX.0] vX.0.

7Lax }—A,r ’—AL,A t
FAA “T.A cu
A A - B, As ® A B, T
FAQB,A1,As FA®B,T
?—A1,r 1 I—Az,r 5 |—A1,I' I—Ag,r &
A @A, T @ FAL® AT - AL & As, T
FA[X = puX. AT - A[X :=vX.A],T

o v
- uX.AT - XA T
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Multi-cut rule

Multi-cut

In order to prove the cut-elimination theorem, we use the multi-cut rule:

'—rl,Al '_rmAn
»—I'l,...,l'n

mcut

with Aq,..., A, being the cut-formulas and satisfying an acyclicity and
connexity condition (relative to the cut relation).

T 2 -
1 2
~C,T - CHT
ax "2 cut~ C =C, Iy FChHTo
C |—F1,I'2 mcut
mcut A

A
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Multi-cut reduction rule

T T2 3 ™2 3
AT + B, |—Ai,Bi,F3 T + B, »—BL,AL,F3 ¢
cu
FA®B,I'1,T2 »—A“’S’Bi,ﬁ ATy |—AL,F2,F3
M,M2, M3 I ENENE!
st To 3
'_Aurl '_Bvr2 '_AL7BLar3 3
C FA® B, 1, I—AJ‘:)S’BJ‘,F3
mcut
A
T T2 3
~ C I—A,rl »—B,I'2 I—AL,Bl,r3
mcut
FA
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Multi-cut in action

Taking F:=vX.X® X

ax

N
- FeF, FF’
—F.FL,F!
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Multi-cut in action

Taking F:=vX.X® X

————ax —————ax
- F,F* - F,F*
FF®F F F*

n n ™ ™
'_F”i’Ll 3 FF PN
PR, FFeF

-F,F* -F ;
cu
-F mcut

F
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Multi-cut in action

Taking F:=vX.X® X

CFFL O CF
-F®F,F- F*

n n ™ ™
LI 23 FF FF ®
- T Fef

-F,F* -F
mcut

- F

10/36



Multi-cut in action

Taking F:=vX.X® X

CFFL O CF
-F®F,F- F*

n n ™ ™
'_Fi"i’Fl 23 FF FF ®
~FFAF T FeF

-F,F* -F
mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

a a
CEFL T CR
FF®F,Ft Ft
T n v s s
|_F7F7F 78, - F - F ®
FF, Ft® F FFQ®F
mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

a a
CEFL T CR
FF®F,Ft Ft
T n v s s
|_F7F7F ?? - F - F ®
FF, Ft® F FFQ®F
mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax

FF,F* -F,F* ®
-FeF FYF - ﬁ
FF, FYF: FF FF

mcut
~F
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Multi-cut in action

Taking F:=vX.X® X

ax
- F,F* -F,F*

-F®F,F: Ft
—J. FJ- 14 s K
ax '_F7F77 - F - F
- FFt FEF o FF F-3F FF®F
-F®F,F- F* ™ - F,F* - F X
- F,FLFL - F - F v

mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

ax
- F,F* -F,F*

-F®F,F: Ft
—J. FJ- 14 s K
ax '_F7F77 - F - F
- FFt FEF o FF F-3F FF®F
-F®F,F- F* ™ - F,F* - F )
- F,FLFL - F - F v

mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,F* ~F,F*
FF®F,F+ F*
— ax e ax —F i ™ ™
~F,F - F, = F,F*, - F - F
- F&F, F: Ft ” - F,F:% Ft T CFeF
= 7 R L — srer .
- F,Ft Ft -F - F,Ft

mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,F* ~F,F*
FF®F,F+ F*
— ax e ax —F i ™ ™
~F,F - F, = F,F*, - F - F
- F&F, F: Ft ” - F,F:% Ft T CFeF
= 7 R L — srer .
- F,Ft Ft -F - F,Ft

mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,Ft - F,Ft
-F®F,Ft F*
F,F: F+ " "
ax ax SEELELAE L FF LA
- F,F* - F,F* - ~F,F-3 F* FF®F
® NI A — +FeF
-F®F,FY F* - F - F,F* - F .
FFeF med

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,Ft - F,Ft
- F®F,FL FL

F,F F " "
ax ax SEELELAE L FF LA

- F,F* - F,F* o - ~F,F-3 F* FF®F
- F®F,FL FL - F - F,FL - F ”t
FFeF med

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,F* - F,F*
FF®F,F F
CFFLEL i i
- CEFNE 7FF,_F®,_-'_F
— ax — ax —_— M _—
- F,F* - F - F,F*+ - F,F*
CF mcut —F mcut
FF®F ®
—_— VU

~F
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Cut-elimination theorems

Cut-elimination of uALL® (Fortier & Santocanale 2013)

The cut-rule is admissible for Additive Linear Logic with fixpoints.

Cut-elimination of uMALL®™ (Baelde et al. 2016)

Each fair multi-cut reduction sequences of uMALL®™ are converging to a
uMALL®-cut-free proof.

Cut-elimination of pLL™ (Saurin 2023)

Each fair multi-cut reduction sequences of uLL™ are converging to a
uLL*-cut-free proof.
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Goal

We want to prove cut-elimination in a syntactic way

(-)*
LK pLLE
(-)°
LMALL®™ plLL™

TABLEAUX '23

12/36



[MALL™

o pLLy

MLL°°
TABLEAUX 23
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Exponentials

We add exponentials to uMALL®:

7A and A

As well as the corresponding rules:
FC, F7APA T . AT . FA, T
TIAT Y TAT ' WIAT Y FIAW

This system is called pLL™
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Cut-elimination steps of puLL*

T2
T T2 T AL M, \ 2
F7A,7A, T, - AY M, | =?7A,7A, T, -I1AY T, ' AL M, \
— 2 ! g —2
- ?A,T, € 1AL T, ~ F?A, M1, “ F AL, T,
cut cut
=Ty, =Ty, 7M2, 71 T2
[ rl,?rz “
T T2
1 !
-y AL,
[ ~ L r
- 7A, T, LA T, — 7"
cut T, 7
= Fl,?r2
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Translation of pLL®™ in uMALL®

I F?APA T , AT ; A |
TIAT Y AT AT 4 Caar !

Translation of formulas
QA =X A @ (Le(XTX)) (A =vXA&(1&(Xe®X))

Translation of weakening

Fre

N
o e oA NG Y
AT e (Lo ((PA) B (24)%)),T*
FuXAe (Lo (X X)),

@1
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Translation of pLL®™ in uMALL®

o, F?A AT , AT ; A |
TIAT Y AT AT 4 AT

Translation of formulas
QA =X A @ (Le(XBX)) (A =vXA&(1&(X®X))

F(?A)°, (PA)°, T

- (2A)° 3 (2A)°,T* 3

2%~ Ll (A B (A ®
FAe (Lo ((PA) B (2A)), e ©
F—MX.A.@(l@(nyX))J—. 16 /36

- 2A?A,T 2

- 72A.T
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Translation of pLL®™ in uMALL®

o FIAAT FAT AT |
TIAT M AT e AT 4 oA

Translation of formulas
QA =X A @ (Lo (XBX)) (A =vXA&(1&(X®X))

Translation of dereliction

AT
2~ A (Le ((PA)° B (7A)%),I°
FuX A (Lo (XX X)),

AT ot

F?A,T

16 /36



Translation of pLL®™ in uMALL®

o, F?APA T , AT ; A |
TIAT Y AT AT 4 caar !

Translation of formulas
QA =X A @ (Le(XBX)) (A =vXA&(1&(X®X))

Translation of promotion

- (2A)°, (?N)° - (2A)°, (7N)°
-1 ! ~ (24)* ® (?A)°, (?21)°, (71)°

A, " e’
. ? . ? . ? . ? . ? L]
TIAT I~ A% () =1,(7) = (7A)* ® (?A)°, (?I)

AT (& (A 8 (A1), (1)
FUX.A®& (1& (X ® X)), (N°

®

x 2
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Translation of pLK* in pLL®

(uX.A)® = 1uX.7A°
(Apv Ap)® = 1(2A1° © 7A°)
F®:=10
X® =X
(A1 > Az)® = 1(2A1° — 745°)
r=AA N-B,A
FT-AAB,A ’

(vX.A)® :=1lwX.7A°
(A1 A Az). = !(?A]_. & ?Az.)
T =17
a®:=la

(FT=A)* :=T*+7A°

r* - 7A°,7A° r* - 7B, 7A°

M -7A°&7B*,7A°
e =71(?A° & 7B%),7A°

4, !
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Cut-elimination for uLK®*

The cut-elimination system of uLK®™ is weakly normalizing.

LK uLL™
T=To 7w =0=0
v 2
U(,) 0,
Voo oo
U(b) oo

Cut-elimination for LK Saurin 2023
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- (-)° N
pLKg pLLg
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Naive extension of the translation and issue with it

Let's consider the two-sided system uLL™ together with the two modal
rules:
MAFA o N-AA 5
al, A+ 0A ol - OA, 0A

We extend the translation, to get a translation from uLK3 to puLL3:

(DA)® = 10?A° (0A)® = 197A°
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Problem

Promotion rule

AT
1A, 7T

We want to translate:

A B

)

——0
oA, 0B
We start with the sequent:

F?10?A%?2107B°
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Problem

Promotion rule

AT
1A T
We want to translate:

A B

—— 0
+OA, 0B
We apply a dereliction a promotion:

-?2107A%,078° |
-2 O7A%, 210780
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Problem

Promotion rule

AT |
1A T
We want to translate:
A B
—0
DA OB
We apply a dereliction again:
H1O?A%, O?B®

F0?A%, 078 S
-2 O7A%, 210780 4

And we are blocked.
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Solution

Promotion rule

AL OA |
HIA T, OA
We want to translate:
A B 0
+ DA OB
We apply a dereliction again:
~1Oo?A%, 0?B°®

[

- ?2107A%, 07B° |
-2 O7A%, 210780
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Solution

Promotion rule

-AML0A
1A T, 0A

We want to translate:

A B 0
+ DA OB
Now, we can apply our promotion:
FO?A®, 078
F1o?A%, 0?B*
F?lO07A%, 078" |
-2 O7A%, 210780 Y

[
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Solution

Promotion rule

- A, 0A
1A T, 0N

We want to translate:
A B
F DA OB -
And finally our modal rule:
- 7A°. 7B
- O7A, 07B°
F1O?A%, 07B®
F?0l07A%, O7B° |
-2 O7A%, 210780 Y

[
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Solution

Promotion rule

A, 0N
1A, 7T, 0A

But what does it imply for this system?
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Extension to psuperLL

Super exponential system (TLLA '21)

Exponential signatures

An exponential signature is a boolean function on the set of rule names:

{%ms 7, | i € N}

Formulas

Given a set of exponential signatures £, we get the exponential formulas
of usuperLL™ (&) (with o € &):

6,9 =03 p@%|o&y[PoY|L|1]|T|0
| X eV | uX0| vX.6| 266 | 106,

r—iﬁ r—i—
FA, .. AT o(tm;) F25A, ... 76AT o) ,
F2.AT i F7.AT i
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Extension to usuperLL®®

Promotion rules

Given three relations <g, <f and <, on &, we have the promotion rules of
psuperLL™ (€, <4, <f, <)t

FA?LA o<g o’ | A A o <0 | A B 01 <u 02
FloA 75 A g FlgA 7oA FlogA 75, B
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Extension to psuperLL

Instances of superlL

ELL
Elementary Linear Logic (ELL) is a variant of LL where we remove (74)
and (!g) and add the functorial promotion:

AT

FA f

superLL(&, <g,<f,<y) is ELL where:
& =A{e};
o(?c,) = (?m,) = true (and (e)(r) = false otherwise);
g =% =@ and e <s e,

superLL subsume many existing system of linear logic such as LL, LL
with shifts, ELL, LLL, SLL or seLL.
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Cut-elimination axioms

Extension to psuperLL

c<go’ = (?m;) = o’ (%;) i>0 (axgmpx)
c<so! = o (m;) = J'(?,..I,) i0and s+g  (axfumpx)
oc<so! = o(%¢;) = J'(?c/.) iz2 (axcontr)
oc<sol = o' <s o’ = o <s ol (axTrans)
o<g o = o <s ol = o <g ol (axleqgs)
oo’ = oo = oo (axleqfu)
ospo’ = 'sgo” = (osgo’Mosgo = (a<g " A" (2my))) (axleqfg)
o <yo’ = o <5 0!’ = o<s ol (axlequs)

with s € {g, f, u}, all the axioms are universally quantified.

Instances of superLL satisfies cut-elimination axioms
LL, LL with shifts, ELL, LLL, SLL, seLL satisfy cut-elimination

axioms.
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Extension to psuperLL

Cut-elimination for superLL

Let's consider the following axiom:

0<g0 = & & o I

14
= 0550 (axleqgs)
We use it for the following cut-elimination step:
AT 0 <gT, T \ =C,A TP
FLA7.T.7.C e CLCh A
cut
FILA 7T, 1,0
-C,A TP .
F A 74T CLCh A
t
FA 7T, 70 cu o <gtp
F1,A 7.1, 7,A &
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Extension to psuperLL

superLL eliminates cuts

Cut-eliminations (B. & Laurent '21)

As soon as the 8 cut-elimination axioms are satisfied, cut elimination
holds for superLL(E, <g,<f,<u).
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Cut-elimination steps

If

™

FA7:A T<gT
F oA 20 vo@
CIATT mcut (e, 1)

is a pusuperLL™ (&, <g, <f, <y )-proof then

™

A 7:A @
A e mcut (e, 1) .
= A,?,;F 0 <gp I
F 1A 75T €

is also a psuperLL™ (&, <g, <¢, <y )-proof.
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Translation of psuperLL™ into pulLL™

Translation of formulas

We translate formulas by induction using:

(1,A)° = 1A° (7,A)° :=7A°
n /_/I‘H
— AL AT
FALLAT L 0(m) - S Yy X
AT fm; F A%, LA T 2 i
F?A% T
/—/n“— r—’l—
F20A L AT a(?;) ~ RIAT LA T
?c,- ?cXi
F AT A%, T°
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Translation of psuperLL™ into pulLL™

i€[1,n]
F7A7, ... TAT A°
F 20 AL, 70 An A 0 <y O ~ Lo S !
1 n g | = 2A° 2A° 1 A° P
7 A 7 A LA ‘g AL, ..., A
|—.o-1 17-"7-0',7 ny-o
ie[[l,n]] '_Aiz"'aA(r)nAo 5
°d
AL AL A o <f 0} " ~ F7AT, .. AL A° I
F20 AL 20, A leA A LA 1A P
- B° A°
I—B,A 01 <y 02 - W?d
F?0,B,15,A - %!p
~7B°,1A
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Cut-elimination for usuperLL™

Cut-elimination reduction system correctness

For every pisuperLL™ (&€, <q, <f,<y) reduction sequences (7;)jen, there
exists a uLL™ reduction sequence (6;);ey such that for each i, there
exists j such that 7} is equal to §; up to rule-permutations.

Cut-elimination reduction system completeness

If there is a uLL*-redex R sending m° to 7’° then there is also a
psuperLL™ (€, <4, <f,<y)-redex R’ sending 7 to a proof ©”, such that in
the translation of R’, R is reduced.

|

Cut-elimination theorem for usuperLL

Every fair (mcut)-reduction sequence of usuperLL™ (€, <g, <f,<y)
converges to a usuperLL™ (€, <g, <f, <y ) cut-free proof.
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Solution

Promotion rule

A, 0N
1A, 7T, 0A

But what does it imply for this system?
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Solution

Promotion rule

FALLA
- LA 2T, LA

But what does it imply for this system?
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Solution

Promotion rule

|—A,?.F,?*A ogg* |
1A 22, A €

But what does it imply for this system?

32/36



Solution

Promotion rule

A7 A Oz
1A 27, A €
But what does it imply for this system?
Axiom
o<’ = o(lm) = (%) 20 (axgmpx)

for i=0and i =1 give us

N FLAL
AN AN
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Solution

Promotion rule

A7 A ° < x |
FloA 7., 7, A €
But what does it imply for this system?
Axiom
o<’ = o) = (%) i>2 (axcontr)

for i =2, gives us:
A TLAA

F7AA
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Solution

Promotion rule

AL OA |
FIA T, OA

Consequences

A QA 0A A
'_OAaA |—<>A,A
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Ll as an instance of psuperLL®

The system plLLZ is the system psuperLL™ (€, <q, <¢, <) such that:
The set of signatures contains two elements & := {o, x}.

7, (@) =76, (%) =true 7, (@) = true, 7, (®) = 7, () = true, and all
the other elements have value false for both signatures.

e <; e o<, x, *x<¢*, and all couples for the three relations <, <t
and <, being false.

This system is uLL> when taking:
20:=7, lg=1 ?7,:=¢0 and I, :=0O

Moreover, the system satisfy cut-elimination axioms.
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o pLLy

(-)°

ulLLl™
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Translation from plLL> to uLL®

pLLZ to pLL* and cut-elimination for plLLZ

We define:

(QA)° = ?A° and (OA)° — 1A°.
We easily get weakening and contractions of () with weakening and contraction of ?.
For the modality rule, we have:

=A%, T°
~ AT 0 ??d
CoA QT DT _EALIE
1A% ?r°
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Translation from plLL> to uLL®

pLLZ to pLL* and cut-elimination for plLLZ
We define:
(QA)° = ?A° and (OA)° — 1A°.

We easily get weakening and contractions of () with weakening and contraction of ?.
For the modality rule, we have:

= A° I°
AT 0 %?d
CoA QT DT _EALIE
= 1A° e

Cut-elimination theorems
Using (—)°, we obtain cut-elimination for puLL>.

Using (-)°, we get a proof of uLL>’, from which we can eliminate

cuts, we then can come back to puLK3 and get a cut-free proof of
plLZ.
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Conclusion & future works

We proved a (syntactic) cut-elimination theorem for a general
parametrized linear logic system usuperLL™.
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Conclusion & future works

We proved a (syntactic) cut-elimination theorem for a general
parametrized linear logic system psuperLL®.

We proved a syntactic cut-elimination theorem for the modal
p~calculus.

We proved a cut-elimination procedure for the circular version of the
modal p-calculus with sequents as sets.

Integrate the digging rule (axiom S4) or the co-dereliction rules
(axiom T)

Prove cut-elimination for the system that was, actually, presented in
TLLA '21.
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