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Formulas and derivation rules of µLK∞◻

ϕ,ψ ∶∶= ϕ ∨ ψ ∣ ϕ ∧ ψ ∣ ϕ→ ψ ∣ T ∣ F ∣ X ∈ V ∣ ◻ϕ ∣ ◊ϕ ∣ µX .ϕ ∣ νX .ϕ.

Derivation rules are those of LK together with two rules for the
modalities:

Γ,A ⊢∆ ◊◻Γ,◊A ⊢ ◊∆
Γ ⊢ A,∆ ◻◻Γ ⊢ ◻A,◊∆

and four rules for �xpoints:

Γ,A[X ∶= µX .A] ⊢∆
µl

Γ, µX .A ⊢∆
Γ ⊢ A[X ∶= µX .A],∆

µr
Γ ⊢ µX .A,∆

Γ,A[X ∶= νX .A] ⊢∆
νl

Γ, νX .A ⊢∆
Γ ⊢ A[X ∶= νX .A],∆

νr
Γ ⊢ νX .A,∆
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Some example of in�nite proofs

Nat ∶= µX .⊺ ∨X

Inhabitant of natural number type

π0 ∶=
⊺⊢ ⊺ ∨1⊢ ⊺ ∨Nat µ

⊢ Nat

πn+1 ∶=

πn

⊢ Nat ∨2⊢ ⊺ ∨Nat µ
⊢ Nat

πsuccesseur ∶= πdouble ∶=
ax⊺ ⊢ ⊺ ∨r1⊺ ⊢ ⊺ ∨Nat µr

⊺ ⊢ Nat ∨r2⊺ ⊢ ⊺ ∨Nat µr
⊺ ⊢ Nat

Nat ⊢ Nat ∨r2Nat ⊢ ⊺ ∨Nat µr
Nat ⊢ Nat ∨l⊺ ∨Nat ⊢ Nat µl

Nat ⊢ Nat

ax⊺ ⊢ ⊺ ∨r1⊺ ⊢ ⊺ ∨Nat µr
⊺ ⊢ Nat

Nat ⊢ Nat ∨r2Nat ⊢ ⊺ ∨Nat µr
Nat ⊢ Nat ∨r2Nat ⊢ ⊺ ∨Nat µr
Nat ⊢ Nat ∨l⊺ ∨Nat ⊢ Nat µl

Nat ⊢ Nat
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Example with modalities

Taking F ∶= νX .◊X :
⊢ F ⊥,F ◻p
⊢ ◻F ⊥,◊F

µ, ν
⊢ F ⊥,F
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Cut-elimination for µLK∞◻

Several results:

Mints & Studer '12, Brünnler & Studer '12

Cut-elimination for fragment modal µ-calculus with ω-rule.

Niwi«ski & Walukiewicz '96

Cut-free non-wellfounded system with a completness theorem.

Afshari & Leigh '16

Cut-free cyclic proof system without cut-elimination procedure.

Kloibhofer '23

Incompleteness of Afshari & Leigh's system.
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Formulas and derivation rules of µMALL∞

ϕ,ψ ∶∶= ϕ` ψ ∣ ϕ⊗ ψ ∣ ϕ& ψ ∣ ϕ⊕ ψ ∣ � ∣ 1 ∣ ⊺ ∣ 0 ∣ X ∈ V ∣ µX .ϕ ∣ νX .ϕ.

ax

⊢ A,A�
⊢ A,Γ ⊢ A�,∆

cut
⊢ Γ,∆

⊢ A,∆1 ⊢ B,∆2
⊗

⊢ A⊗B,∆1,∆2

⊢ A,B,Γ `
⊢ A`B,Γ

⊢ A1,Γ
⊕
1

⊢ A1 ⊕A2,Γ

⊢ A2,Γ
⊕
2

⊢ A1 ⊕A2,Γ

⊢ A1,Γ ⊢ A2,Γ
&

⊢ A1 &A2,Γ

⊢ A[X ∶= µX .A],Γ
µ

⊢ µX .A,Γ

⊢ A[X ∶= νX .A],Γ
ν

⊢ νX .A,Γ

7 / 36



Context
Cut-elimination for µLL∞ and µLK∞

Modal Linear Logic and translations of µLK∞◻
Super exponentials

Back to µLL∞◻
Conclusion

Multi-cut rule

Multi-cut

In order to prove the cut-elimination theorem, we use the multi-cut rule:

⊢ Γ1,∆1 . . . ⊢ Γn,∆n
mcut⊢ Γ1, . . . ,Γn

with ∆1, . . . ,∆n being the cut-formulas and satisfying an acyclicity and
connexity condition (relative to the cut relation).

C

π1
⊢ C ,Γ1

π2

⊢ C�,Γ2
cut⊢ Γ1,Γ2

mcut⊢∆

↝ C
π1

⊢ C ,Γ1
π2

⊢ C�,Γ2
mcut⊢∆
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Multi-cut reduction rule

π1

⊢ A,Γ1

π2

⊢ B,Γ2 ⊗
⊢ A⊗B,Γ1,Γ2

π3

⊢ A�,B�,Γ3 `
⊢ A� `B�,Γ3

cut
Γ1,Γ2,Γ3

↝ π1

⊢ A,Γ1

π2

⊢ B,Γ2

π3

⊢ B�,A�,Γ3
cut

⊢ A�,Γ2,Γ3
cut

⊢ Γ1,Γ2,Γ3

C

π1
⊢ A,Γ1

π2
⊢ B,Γ2 ⊗⊢ A⊗B,Γ1,Γ2

π3

⊢ A�,B�,Γ3 `⊢ A� `B�,Γ3
mcut⊢∆

↝ C
π1
⊢ A,Γ1

π2
⊢ B,Γ2

π3

⊢ A�,B�,Γ3
mcut⊢∆
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Multi-cut in action

Taking F ∶= νX .X ⊗X

π ∶=

ax
⊢ F ,F �

ax
⊢ F ,F � ⊗

⊢ F ⊗ F ,F �,F �
ν

⊢ F ,F �,F � `⊢ F ,F � ` F �
µ

⊢ F ,F �

⊢ F ⊢ F ⊗⊢ F ⊗ F ν
⊢ F

cut⊢ F
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Cut-elimination theorems

Cut-elimination of µALL∞ (Fortier & Santocanale 2013)

The cut-rule is admissible for Additive Linear Logic with �xpoints.

Cut-elimination of µMALL∞ (Baelde et al. 2016)

Each fair multi-cut reduction sequences of µMALL∞ are converging to a
µMALL∞-cut-free proof.

Cut-elimination of µLL∞ (Saurin 2023)

Each fair multi-cut reduction sequences of µLL∞ are converging to a
µLL∞-cut-free proof.
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Goal

We want to prove cut-elimination in a syntactic way

µLL∞

µLL∞
◻

µLK∞
◻

µMALL∞

(−)●

(−)○

TABLEAUX '23
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Exponentials

We add exponentials to µMALL∞:

?A and !A

As well as the corresponding rules:

⊢ Γ ?w⊢ ?A,Γ
⊢ ?A, ?A,Γ

?c⊢ ?A,Γ
⊢ A,Γ

?d⊢ ?A,Γ
⊢ A, ?Γ

!p⊢ !A, ?Γ

This system is called µLL∞
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Cut-elimination steps of µLL∞

π1

⊢ ?A, ?A,Γ1
?c

⊢ ?A,Γ1

π2

⊢ A�, ?Γ2,
!

⊢ !A�, ?Γ2
cut

⊢ Γ1, ?Γ2

↝

π1

⊢ ?A, ?A,Γ1

π2

⊢ A�, ?Γ2
!

⊢ !A�, ?Γ2
cut

⊢ ?A,Γ1, ?Γ2

π2

⊢ A�, ?Γ2
!

⊢ !A�, ?Γ2
cut

⊢ Γ1, ?Γ2, ?Γ2
?
#Γ2
c

⊢ Γ1, ?Γ2

π1
⊢ Γ1 ?w⊢ ?A,Γ1

π2

⊢ A�, ?Γ2
!⊢ !A�, ?Γ2
cut⊢ Γ1, ?Γ2

↝
π1
⊢ Γ1

?#Γ2
w⊢ Γ1, ?Γ2
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Translation of µLL∞ in µMALL∞

⊢ Γ ?w⊢ ?A,Γ
⊢ ?A, ?A,Γ

?c⊢ ?A,Γ
⊢ A,Γ

?d⊢ ?A,Γ
⊢ A, ?Γ

!⊢ !A, ?Γ

Translation of formulas

(?A)● = µX .A● ⊕ (� ⊕ (X `X )) (!A)● = νX .A● & (1& (X ⊗X ))

Translation of weakening

⊢ Γ ?w⊢ ?A,Γ ↝

⊢ Γ● �⊢ �,Γ●
⊕1⊢ � ⊕ ((?A)● ` (?A)●),Γ●
⊕2⊢ A● ⊕ (� ⊕ ((?A)● ` (?A)●)),Γ●
µ

⊢ µX .A● ⊕ (� ⊕ (X `X )),Γ●
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(?A)● = µX .A● ⊕ (� ⊕ (X `X )) (!A)● = νX .A● & (1& (X ⊗X ))

Translation of promotion

⊢ A, ?Γ
!

⊢ !A, ?Γ
↝ ⊢ A●, (?Γ)●

1
⊢ 1

?w
●

⊢ 1, (?Γ)●

⊢ (?A)●, (?Γ)
●

⊢ (?A)●, (?Γ)
●
⊗

⊢ (?A)● ⊗ (?A)●, (?Γ)●, (?Γ)●
?c
●

⊢ (?A)● ⊗ (?A)●, (?Γ)●
& × 2

⊢ A● & (1& ((?A)● ⊗ (?A)●)), (?Γ)●
ν

⊢ νX .A● & (1& (X ⊗ X)), (?Γ)
●
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Translation of µLK∞ in µLL∞

(µX .A)● ∶= !µX .?A● (νX .A)● ∶= !νX .?A●

(A1 ∨A2)● ∶= !(?A1
● ⊕ ?A2

●) (A1 ∧A2)● ∶= !(?A1
● & ?A2

●)
F ● ∶= !0 ⊺● ∶= !⊺
X ● ∶= !X a● ∶= !a

(A1 → A2)● ∶= !(?A1
● ⊸ ?A2

●) (Γ ⊢∆)● ∶= Γ● ⊢ ?∆●

Γ ⊢ A,∆ Γ ⊢ B,∆ ∧r
Γ ⊢ A ∧B,∆

↝
Γ● ⊢ ?A●, ?∆● Γ● ⊢ ?B●, ?∆●

&r
Γ● ⊢ ?A● & ?B●, ?∆●

?d, !p
Γ● ⊢ ?!(?A● & ?B●), ?∆●
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Back to µLL∞◻
Conclusion

Cut-elimination for µLK∞

Cut-elimination for µLK∞ Saurin 2023

The cut-elimination system of µLK∞ is weakly normalizing.

µLL∞µLK∞

π=π0 π● = θ = θ0

θn

θ∞

∞

U(θn)

U(θ∞)

∞

∗ ∗
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Conclusion

µLL∞

µLL∞
◻

µLK∞
◻

µMALL∞

(−)●

(−)○

TABLEAUX '23
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Back to µLL∞◻
Conclusion

Naïve extension of the translation and issue with it

Let's consider the two-sided system µLL∞ together with the two modal
rules:

Γ,A ⊢∆ ◊◻Γ,◊A ⊢ ◊∆
Γ ⊢ A,∆ ◻◻Γ ⊢ ◻A,◊∆

We extend the translation, to get a translation from µLK∞
◻

to µLL∞
◻
:

(◻A)● ∶= ! ◻ ?A● (◊A)● ∶= !◊?A●
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Context
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Super exponentials

Back to µLL∞◻
Conclusion

Problem

Promotion rule

⊢ A, ?Γ
!⊢ !A, ?Γ

We want to translate:

⊢ A,B ◻⊢ ◻A,◊B

We start with the sequent:

⊢ ?! ◻ ?A●, ?!◊?B●
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Promotion rule

⊢ A, ?Γ
!⊢ !A, ?Γ

We want to translate:

⊢ A,B ◻⊢ ◻A,◊B

We apply a dereliction again:

⊢ ! ◻ ?A●,◊?B●
?d⊢ ?! ◻ ?A●,◊?B●
?d, !⊢ ?! ◻ ?A●, ?!◊?B●

And we are blocked.
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We want to translate:

⊢ A,B ◻⊢ ◻A,◊B

Now, we can apply our promotion:

⊢ ◻?A●,◊?B●
!⊢ ! ◻ ?A●,◊?B●
?d⊢ ?! ◻ ?A●,◊?B●
?d, !⊢ ?! ◻ ?A●, ?!◊?B●
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Promotion rule

⊢ A, ?Γ,◊∆
!⊢ !A, ?Γ,◊∆

We want to translate:

⊢ A,B ◻⊢ ◻A,◊B
And �nally our modal rule:

⊢ ?A●, ?B● ◻⊢ ◻?A●,◊?B●
!⊢ ! ◻ ?A●,◊?B●
?d⊢ ?! ◻ ?A●,◊?B●
?d, !⊢ ?! ◻ ?A●, ?!◊?B●
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Promotion rule

⊢ A, ?Γ,◊∆
!⊢ !A, ?Γ,◊∆

But what does it imply for this system?
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Back to µLL∞◻
Conclusion

Extension to µsuperLL∞

Super exponential system (TLLA '21)

Exponential signatures

An exponential signature is a boolean function on the set of rule names:

{?mi
, ?ci ∣ i ∈ N}.

Formulas

Given a set of exponential signatures E , we get the exponential formulas
of µsuperLL∞(E) (with σ ∈ E):

ϕ,ψ ∶∶= ϕ` ψ ∣ ϕ⊗ ψ ∣ ϕ& ψ ∣ ϕ⊕ ψ ∣ � ∣ 1 ∣ ⊺ ∣ 0

∣ X ∈ V ∣ µX .ϕ ∣ νX .ϕ ∣ ?σϕ ∣ !σϕ.

⊢

n
³¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹µ
A, . . . ,A,Γ σ(?mi ) ?mi⊢ ?σA,Γ

⊢

n
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
?σA, . . . , ?σA,Γ σ(?ci ) ?ci⊢ ?σA,Γ
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Conclusion

Extension to µsuperLL∞

Promotion rules

Given three relations ≤g,≤f and ≤u on E , we have the promotion rules of
µsuperLL∞(E ,≤g,≤f,≤u):

⊢ A, ?
σ⃗′∆ σ ≤g σ⃗′

!g⊢ !σA, ?σ⃗′∆

⊢ A,∆ σ ≤f σ⃗′
!f⊢ !σA, ?σ⃗′∆

⊢ A,B σ1 ≤u σ2
!u⊢ !σ1A, ?σ2B
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Back to µLL∞◻
Conclusion

Extension to µsuperLL∞

Instances of superLL

ELL

Elementary Linear Logic (ELL) is a variant of LL where we remove (?d)
and (!g) and add the functorial promotion:

⊢ A,Γ
!f⊢ !A, ?Γ

superLL(E ,≤g,≤f,≤u) is ELL where:

E = {●};
●(?c2) = ●(?m0) = true (and (●)(r) = false otherwise);

≤g = ≤u = ∅ and ● ≤f ●.

superLL subsume many existing system of linear logic such as LL, LL
with shifts, ELL, LLL, SLL or seLL.
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Back to µLL∞◻
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Extension to µsuperLL∞

Cut-elimination axioms

σ ≤g σ′ ⇒ σ(?mi
) ⇒ σ̄′(?ci ) i ≥ 0 (axgmpx)

σ ≤s σ′ ⇒ σ(?mi
) ⇒ σ̄′(?mi

) i ≥ 0 and s ≠ g (axfumpx)
σ ≤s σ′ ⇒ σ(?ci ) ⇒ σ̄′(?ci ) i ≥ 2 (axcontr)
σ ≤s σ′ ⇒ σ′ ≤s σ′′ ⇒ σ ≤s σ′′ (axTrans)
σ ≤g σ′ ⇒ σ′ ≤s σ′′ ⇒ σ ≤g σ′′ (axleqgs)
σ ≤f σ′ ⇒ σ′ ≤u σ′′ ⇒ σ ≤f σ′′ (axleqfu)
σ ≤f σ′ ⇒ σ′ ≤g σ′′ ⇒ (σ ≤g σ′′∧(σ ≤f σ′′′ ⇒ (σ ≤g σ′′′ ∧ σ′′′(?m1 ))) (axleqfg)
σ ≤u σ′ ⇒ σ′ ≤s σ′′ ⇒ σ ≤s σ′′ (axlequs)

with s ∈ {g , f ,u}, all the axioms are universally quanti�ed.

Instances of superLL satis�es cut-elimination axioms

LL, LL with shifts, ELL, LLL, SLL, seLL satisfy cut-elimination axioms.
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Extension to µsuperLL∞

Cut-elimination for superLL

Let's consider the following axiom:

σ ≤g σ′ ⇒ σ′ ≤f σ′′ ⇒ σ ≤g σ′′ (axleqgs)

We use it for the following cut-elimination step:

⊢ A, ?τ⃗Γ σ ≤gτ⃗ , τ
!g

⊢ !σA, ?τ⃗Γ, ?τC

⊢ C ,∆ τ ≤f ρ⃗
!f

⊢ !τC
⊥, ?ρ⃗∆

cut
⊢ !σA, ?τ⃗Γ, ?ρ⃗∆

↝

⊢ A, ?τ⃗Γ

⊢ C ,∆ τ ≤f ρ⃗
!f

⊢ !τC
⊥, ?ρ⃗∆

cut
⊢ A, ?τ⃗Γ, ?ρ⃗∆ σ ≤gτ⃗ , ρ⃗

!g
⊢ !σA, ?τ⃗Γ, ?ρ⃗∆
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Back to µLL∞◻
Conclusion

Extension to µsuperLL∞

superLL eliminates cuts

Cut-eliminations (B. & Laurent '21)

As soon as the 8 cut-elimination axioms are satis�ed, cut elimination
holds for superLL(E ,≤g,≤f,≤u).
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Back to µLL∞◻
Conclusion

Extension to µsuperLL∞

Cut-elimination steps

Example

If
π

⊢ A, ?τ⃗∆ σ ≤g τ⃗
!g⊢ !σA, ?τ⃗∆ C!

mcut(ι,⊥⊥)
⊢ !σA, ?ρ⃗Γ

is a µsuperLL∞(E ,≤g,≤f,≤u)-proof then

π

⊢ A, ?τ⃗∆ C!
mcut(ι,⊥⊥)

⊢ A, ?ρ⃗Γ σ ≤g ρ⃗
!g⊢ !σA, ?ρ⃗Γ

is also a µsuperLL∞(E ,≤g,≤f,≤u)-proof.
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Extension to µsuperLL∞

Translation of µsuperLL∞ into µLL∞

Translation of formulas

We translate formulas by induction using:

(!σA)○ ∶= !A○ (?σA)○ ∶= ?A○

⊢

n
³¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹µ

A, . . . ,A,Γ σ(?mi ) ?mi
⊢ ?σA,Γ

↝ ⊢

i
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

A○, . . . ,A○,Γ○
?d × i

⊢ ?A○, . . . , ?A○,Γ○
?c × i

⊢ ?A○,Γ○

⊢

n
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

?σA, . . . , ?σA,Γ σ(?ci ) ?ci
⊢ ?σA,Γ

↝ ⊢

i
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

?A○, . . . , ?A○,Γ○
?c × i

⊢ ?A○,Γ○
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Extension to µsuperLL∞

Translation of µsuperLL∞ into µLL∞

⊢ ?σ1A1, . . . , ?σnAn,A

i ∈ J1,nK
σ ≤g σi

!g⊢ ?σ1A1, . . . , ?σnAn, !σA

↝ ⊢ ?A○1, . . . , ?A○n,A○ !p⊢ ?A○1, . . . , ?A○n, !A○

⊢ A1, . . . ,An,A

i ∈ J1,nK
σ ≤f σi

!f⊢ ?σ1A1, . . . , ?σnAn, !σA

↝
⊢ A○1, . . . ,A○n,A○

?d⊢ ?A○1, . . . , ?A○n,A○ !p⊢ ?A○1, . . . , ?A○n, !A○

⊢ B,A σ1 ≤u σ2
!u⊢ ?σ2B, !σ1A

↝
⊢ B○,A○

?d⊢ ?B○,A○
!p⊢ ?B○, !A○
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Conclusion

Extension to µsuperLL∞

Cut-elimination for µsuperLL∞

Cut-elimination reduction system correctness

For every µsuperLL∞(E ,≤g,≤f,≤u) reduction sequences (πi)i∈N, there
exists a µLL∞ reduction sequence (θi)i∈N such that for each i , there
exists j such that π○i is equal to θj up to rule-permutations.

Cut-elimination reduction system completeness

If there is a µLL∞-redex R sending π○ to π′
○

then there is also a
µsuperLL∞(E ,≤g,≤f,≤u)-redex R′ sending π to a proof π′′, such that in
the translation of R′, R is reduced.

Cut-elimination theorem for µsuperLL∞

Every fair (mcut)-reduction sequence of µsuperLL∞(E ,≤g,≤f,≤u)
converges to a µsuperLL∞(E ,≤g,≤f,≤u) cut-free proof.
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Conclusion

Solution

Promotion rule

⊢ A, ?Γ,◊∆
!⊢ !A, ?Γ,◊∆

But what does it imply for this system?
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Context
Cut-elimination for µLL∞ and µLK∞

Modal Linear Logic and translations of µLK∞◻
Super exponentials

Back to µLL∞◻
Conclusion

Solution

Promotion rule

⊢ A, ?●Γ, ?⋆∆ ● ≤g ⋆
!g⊢ !●A, ?●Γ, ?⋆∆

But what does it imply for this system?
Axiom

σ ≤g σ′ ⇒ σ(?mi
) ⇒ σ̄′(?ci ) i ≥ 0 (axgmpx)

for i = 0 and i = 1 give us

⊢∆ ?c0⊢ ?⋆A,∆
⊢ ?⋆A,∆ ?c1⊢ ?⋆A,∆

32 / 36



Context
Cut-elimination for µLL∞ and µLK∞

Modal Linear Logic and translations of µLK∞◻
Super exponentials

Back to µLL∞◻
Conclusion

Solution

Promotion rule

⊢ A, ?●Γ, ?⋆∆ ● ≤g ⋆
!g⊢ !●A, ?●Γ, ?⋆∆

But what does it imply for this system?
Axiom

σ ≤g σ′ ⇒ σ(?ci ) ⇒ σ̄′(?ci ) i ≥ 2 (axcontr)

for i = 2, gives us:
⊢ ?⋆A, ?⋆A,∆ c
⊢ ?⋆A,∆
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Back to µLL∞◻
Conclusion

Solution

Promotion rule

⊢ A, ?Γ,◊∆
!⊢ !A, ?Γ,◊∆

Consequences

⊢∆ w
⊢ ◊A,∆

⊢ ◊A,◊A,∆
c

⊢ ◊A,∆
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µLL∞◻ as an instance of µsuperLL∞

The system µLL∞
◻

is the system µsuperLL∞(E ,≤g,≤f,≤u) such that:

The set of signatures contains two elements E ∶= {●,⋆}.
?c2(●) = ?c2(⋆) = true ?m1(●) = true, ?m0(●) = ?m0(⋆) = true, and all
the other elements have value false for both signatures.

● ≤g ● ; ● ≤g ⋆, ⋆ ≤f ⋆, and all couples for the three relations ≤g,≤f
and ≤u being false.

This system is µLL∞
◻

when taking:

?● ∶= ?, !● ∶= !, ?⋆ ∶= ◊ and !⋆ ∶= ◻.

Moreover, the system satisfy cut-elimination axioms.
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µLL∞

µLL∞
◻

µLK∞
◻

µMALL∞

(−)●

(−)○

TABLEAUX '23
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Translation from µLL∞◻ to µLL∞

Translation from µLL∞◻ to µLL∞ and cut-elimination for µLL∞◻
We de�ne:

(◊A)○ → ?A○ and (◻A)○ → !A○.
We easily get weakening and contractions of ◊ with weakening and contraction of ?.
For the modality rule, we have:

⊢ A,Γ
◻

⊢ ◻A,◊Γ
↝

⊢ A○,Γ○
?d⊢ A○, ?Γ○
!⊢ !A○, ?Γ○

Cut-elimination theorems

Using (−)○, we obtain cut-elimination for µLL∞
◻
.

Using (−)●, we get a proof of µLL∞
◻
, from which we can eliminate

cuts, we then can come back to µLK∞
◻

and get a cut-free proof of
µLL∞

◻
.
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Conclusion

Conclusion & future works

Summary

We proved a (syntactic) cut-elimination theorem for a general
parametrized linear logic system µsuperLL∞.

We proved a syntactic cut-elimination theorem for the modal
µ-calculus.

We proved a cut-elimination procedure for the circular version of the
modal µ-calculus with sequents as sets.

Future works

Integrate the digging rule (axiom S4) or the co-dereliction rules
(axiom T)

Prove cut-elimination for the system that was, actually, presented in
TLLA '21.
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