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Formulas and derivation rules of uLKZ

QY= ovY|oaY | o> | T|F[XeV[Op|0g|uX.g|vX.¢.

Derivation rules are those of LK together with two rules for the

modalities:

MA-A

MeAA

al, A+ OA
and four rules for fixpoints:

MALX = uX Al - A

OF - 0A, 0A

= A[X = uX.Al, A

LuXArFA

i

M- XA A

M AX =X Al A

LAX =vXAl-A

LuXAr-A

Vr

e XA A

3/23



Some example of infinite proofs

Nat:= uX.Tv X

ural number type

T 7
v __~Nat
To = TV Nat Tn+l *= "1 Nat
+ Nat ~ Nat
Tsuccesseur *= Tdouble *=
TET ax . Nat — Nat v
1 Nat~TvNat 2
T+ TV Nat e . ax Lo
T + Nat vl Nat — Nat B THT v Nat ~ Nat vh
THTvNat 2 NatTvNat 2 ) THTvNat Natr-TvNat -
T+ Nat Nat - Nat r T+ Nat Nat+ Nat
v
Tv Nat - Nat / T v Nat - Nat
12
Nat ~ Nat

Nat ~ Nat
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Example with modalities

Taking F :=vX.0X:

~FLY F
7Dp
FOFY, OF
— Y uv

-FY F

)
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Cut-elimination for uLKZ’

Several results:

Mints & Studer '12, Briinnler & Studer '12

Cut-elimination for fragment modal p-calculus with w-rule.

Niwinski & Walukiewicz '96

Cut-free non-wellfounded system with a completness theorem.

Afshari & Leigh '16

Cut-free cyclic proof system without cut-elimination procedure.

Kloibhofer '23

Incompleteness of Afshari & Leigh’s system.
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Formulas and derivation rules of fMALL®

0 Yu=9R [y |[p&P|d@p[L[1[T]0[XeV][uX.0|vX.0.

——— ax AT A A :
FAA “T.A cu
A A + B, As ® A B, T
FA® B, AL A, FARB,T
D—A1,r 1 I—Az,r 5 I—A1,|- D—Ag,r &
FAL® Ay, T © AL AT © - AL & Ay, T
FA[X = uX.A]T FA[X :=vX.A]T

m v
F XA T - XA T
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Multi-cut rule

Multi-cut

In order to prove the cut-elimination theorem, we use the multi-cut rule:

l—rl,Al = l‘,,,A,,
t—I'l,...,I',,

mcut

with Aq,..., A, being the cut-formulas and satisfying an acyclicity and
connexity condition (relative to the cut relation).

T 2 -
1 2
~C,T - CHT
. "2 cut~ C =C, Iy FChHTo
C |—F1,I'2 mcut
mcut FA

A
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Multi-cut reduction rule

T T2 3 ™2 3
FAT B, =AY BT 1 +B,l F B, AN T3 .
cu
FA®B,I'1,T2 PALWBL,F:; AT FAi,rg,r3
M,M2,13 Fl1,M2, T3
T o 73
'_A7r1 '_B7r2 '_AL7BL’r3 3
C FA® B, I, I—AJ‘:)S’BJ‘,F3
mcut
A
T T2 3
~ C I—A,rl l—B,rg I—AL,BL,F:«;
mcut
FA
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Multi-cut in action

Taking F:=vX.X® X

CF L ERF

-F®F,F*, F*
- F,FL F*
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Multi-cut in action

Taking F:=vX.X® X

————ax ————ax
- F,F* - F,F*
FF®F F F*

—— T T
'_Fi"i’Fl 3 - F FF ®
L L FFeF

-F,F* FF ;
cu
= F mcut

- F
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Multi-cut in action

Taking F:=vX. X ® X

S — — a
CFFL O CF L
-F®F,F- F*

n n ™ s
LI 23 FF FF ®
~FFF ~Fof

-F,F* FF
mcut

- F
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Multi-cut in action

Taking F:=vX. X ® X

CFFL O CF L
-F®F,F- F*
™ s
- F,F* F*

%y FF FF ®
~FFAF ~Fof
-F,F* FF

mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

a a
CEFL T CR
- F®F,F! F*
v i T
'_F7Fl7Fl 7? - F - F ®
FF, Ft® F FF®F
mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

a a
CEFL T CR
- F®F,F! F*
v i T
'_F7Fl7Fl 7? - F - F ®
FF, Ft® F FF®F
mcut

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,F* +F,F* ®

-FeF FLF - W

FF,FYF* FF FF

mcut
~F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,Ft ~F,Ft

- F®F,F: Ft
—J. FJ. 14 ™
ax R FF FF

~ F,Ft - F,F* ® ~F,F-3 F* FF®F
FF®F, F.F: . - F,F- -F
- F,FLFL -F - F cut
mcut
~F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
- F,Ft ~F,Ft

- F®F,F: Ft
—J. FJ. 14 ™
ax R FF FF

~ F,Ft - F,F* ® ~F,F-3 F* FF®F
FF®F, F.F: . - F,F- -F
- F,FLFL -F - F cut
mcut
~F
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Multi-cut in action

Taking F:=vX.X® X

ax
- F,F* ~F,F*
-F®F,F+ Ft
n — ax —VFFF T T
~F,F ~F,F =F,F*, - F - F
-F®F, F* F*+ - ~F,Ft23 F* FF®F
_ — v
~F,Ft Ft ~F ~F,Ft
mcut
- F

10/23



Multi-cut in action

Taking F:=vX.X® X

ax
- F,F* ~F,F*
-F®F,F+ Ft
n — ax —VFFF T T
~F,F ~F,F =F,F*, - F - F
-F®F, F* F*+ - ~F,Ft23 F* FF®F
_ — v
~F,Ft Ft ~F ~F,Ft
mcut
- F
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Multi-cut in action

Taking F:=vX.X® X

ax
~F,Ft - F,F+

- F®F,F F*
- FFL FY " "
ax ax _ =F _ FF g
- F,F* - F,F* ® - ~F,F-3F* FF®F
-F®F,Ft F* -F ~F,Ft meut
u
-F®F y

~F
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Multi-cut in action

Taking F:=vX.X® X

ax
~F,Ft - F,F+

- F®F,F F*
- FFL FY " "
ax ax _ =F _ FF g
- F,F* - F,F* o - ~F,F-3F* FF®F
rF®F,F: F* - F - F,F* meut
u
~F®F v

- F
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Multi-cut in action

Taking F:=vX.X® X

ax ax
~F,F* - F,F*
-F®F,F F*
_ v T -
L L
7FF’I_1’F1 ~F - F
FFFEF T CFeF
ax T _ ax o FFeF v
FF,F: FF - F,F* FFFt
F mcut —F mcut
-
®
FF®F
_—v

~F
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Cut-elimination theorems

Cut-elimination of uALL®™ (Fortier & Santocanale 2013)

The cut-rule is admissible for Additive Linear Logic with fixpoints.

Cut-elimination of uMALL®™ (Baelde et al. 2016)

Each fair multi-cut reduction sequences of uMALL®™ are converging to a
uMALL®-cut-free proof.

Cut-elimination of pLL™ (Saurin 2023)

Each fair multi-cut reduction sequences of uLL™ are converging to a
uLL*-cut-free proof.
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Goal

We want to prove cut-elimination in a syntactic way

(-)*
LK pLLE
(-)°
pMALL>® pLL™

TABLEAUX '23
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uMALL® pLL™
TABLEAUX '23
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Exponentials

We add exponentials to uMALL®:

7A and A

As well as the corresponding rules:

ST, FPAPAT - AT - AT
- 2A,T - 2AT - 2A,T AT

This new system is called pLL™
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Cut-elimination steps of puLL*

2
T T2 T1 kAl,?r2 \ T2
F7A,7A, T, = AL T, 1 ?A,7A, T, FIAY M, - AL, |
_— ! t
-7A,Ty 1AL T, - F?A,T1, 7> ° F LAY T,
t
T cut R TNETN cu
———— #2
Ty,
st 2
L9 m
Iy A , ! Y F Ty
~r
= ?A, F1 = !AJ‘, 7F2 W#r2
cut = I'17 7F2
= Fl, 7F2
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Translation of pLL™ in uMALL®

ST FPATAT - AT FA
- 7AT F7AT F AT AT

Translation of formulas

(2A)° = XA @ (Lo (XT X)) (1A)° =vX.A & (1& (X ® X))

Translation of weakening

e
e
I— . L4 °
%A’FWN, Fie ((PA)° 3 (PA)),T
FA*® (Lo ((PA)° B (2A)")), T
FuX A (Lo (X% X)),

691
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Translation of pLL™ in uMALL®

o - 2A2A T FAT - AT
AT —2AT  C AT FIA T

Translation of formulas
QA =X A @ (Lo (XTX)) (A =vXA&(1&(X®X))

- (2A)", (2A)°,T*
- (PA) B (2A)°.T°
cv  Fle(CA (A ©
A ® (Lo ((PA) B (2A)),r* 2
XA ® (Lo (XD X)),

3
H7A,2A,T 2

F?A,T

2
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Translation of pLL™ in uMALL®

ST FPAPAT - AT - AT
- 7AT - 2A T - 7AT AT

(A = XA (Lo (XB X)) (A =vX.A&(1& (X ®X))

Translation of dereliction

AT
d~ FA"® (Lo ((PA)° B (2A)")),I*
FuX.A*® (Lo (X3 X)),I

AT o!

F?A,T
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Translation of pLL™ in uMALL®

o - 2A,2A,T AT - AT
F2AT —2AT  © AT AT

Translation of formulas

(2A)° = uX.A"® (L& (X B X)) (1A)" = vX.A" & (1& (X ® X))

Translation of promotion

- (2A)°, (?1)° - (2A)°, (?1)°
b - (24)° ® (74)°, (71)*, (?1)°
Y e S T A 8 (AY, ()"
CIA =A%, (7 =1, (7 = (7 ? , (7 & x2
FATE(1&((7A) © (7A))). (1)

FUX.A® & (1& (X ® X)), (N°
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Translation of uLK* in uLL*™ and cut-elimination for uLK*

(uX.A)® = 1uX.?2A° (vX.A)® = 1lwX.7A°
(A]_ VAz). = !(?A]_. & ?Az.) (A1 /\Az). = !(?A]_. & ?Az.)
F*:=10 T =T
X® =X a®:=la
(A1 = A2)® :=1(?A;1° — 7A2°) (T-A) =T +27A°
LK™ ulL™
T=Tg 7 =0=0,
A k
U(6,) On
Voo Voo
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) o
pLKg pLLE
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Naive extension of the translation and issue with it

Let's consider the two-sided system uLL™ together with the two modal
rules:
MAFA 0 N-AA 5
al, A+ 0A ol - OA, 0A

We extend the translation, to get a translation from uLK3 to pLL3:

(0A) =10 A° (0A)® = 10A°
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Problem

Promotion rule

AT
1A
We want to translate:
A B
——0
+OA, OB
We start with the sequent:
- 210 A%, 2108
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Problem

Promotion rule

AT
1A T
We want to translate:

A B

——0
+OA, 0B
We apply a dereliction a promotion:

- 210 A%, OB
- 210 A°,210B°

d,!
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Problem

Promotion rule

- AT
AT

We want to translate:
A B
— 0
DA OB
We apply a dereliction again:

1A 0B
- 210 A%, 0B"
2O AT 208

And we are blocked.
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Solution

Promotion rule

AT OA
HIA T, OA
We want to translate:
A B 0
+ DA OB
We apply a dereliction again:

-1OA®, OB
- 210 A%, 0B*
- 210 A°, 210B°

d
d,!
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Solution

Promotion rule

AT O0A
FIA T, OA

We want to translate:

A B .
DA, 0B

We apply a dereliction again:
+OA*, OB*
F1oOA® OB® -d

~7OAT 0B ©
- 2O A%, 2108
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Solution

Promotion rule

FAL0A
1A T, 0A

We want to translate:
A B .
DA, OB
We apply a dereliction again:
- A*. B* g
+OA®, OB* |
FIOA® OB
F?l0A% OB
F?loA% 0B

d
d,!
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Solution

Promotion rule

-AL0A
AT, O

Consequences

A = OA, 0A A
= O0A A FOA, A
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o pLLy

(-)°

ulLL™
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Translation from plLLZ to pLL®

m pLLZ to puLL® and cut-elimination for plLZ

We define:

(QA)° = ?A° and (OA)° — 1A°.
We easily get weakening and contractions of () with weakening and contraction of ?.
For the modality rule, we have:

- A°T°
FAL T ¢
FoAor DT _SALI
~ 1A°, 7r°
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Translation from plLLZ to pLL®

puLLZ to uLL* and cut-elimination for pulLLZ
We define:
(QA)° = ?A° and (OA)° — 1A°.

We easily get weakening and contractions of () with weakening and contraction of ?.
For the modality rule, we have:

- A°T°
FAL T ¢
FoAor DT _2ALITE
~ 1A°, 7r°

Cut-elimination theorems
Using (-)°, we obtain cut-elimination for uLL>.

Using (-)°, we get a proof of uLL>’, from which we can eliminate

cuts, we then can come back to puLK3 and get a cut-free proof of
plLZ.
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Sub-exponentials
B. & Laurent TLLA '20

The previous work actually works with a sub-exponential system inspired
from the work of Nigam & Miller '09. With a promotion rule on signed
exponentials:

FA AL e AL €<z € | FAAL..., A, e<r e
! '
FleA 26 AL, ., 26, An FleA 7Aooy e, An
and structural rules authorized only on some signed exponentials:

T eeW w F?.A,7A T eecC AT ecD
F AT C AT ¢ C AT

Modal logic is an instance of this sub-exponential system:
With two signatures e and €', with ! := !, and O =l.
! ! ! I ! !
el<;e, e< e e'<re, esre, et ee

e,e’ €W, e, e eCand eecD
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