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Chapter 0

Introduction

MUST-preorder Code refactoring is a routine task, necessary to either update or develop software. Correct
refactoring in turn requires ensuring that a (new) program q can be used in place of a program p. Usually this
is tackled via refinement relations. In the setting of deterministic programming languages, the most studied
refinement is the preorder defined by Morris [29] (pag.50), by letting p ⩽ q if for all contexts C , whenever CLpM
evaluates to a value v, then CLqM also evaluates to v. In the setting of nondeterministic client-server systems it is
natural to reformulate this preorder by replacing evaluation to a value with a suitable liveness property [30] [31].
Let p ∥ r denote a parallel composition in which the identities of the server p and the client r are distinguished,
and whose computations have the form p ∥ r −→ p1 ∥ r1 −→ p2 ∥ r2 −→ ... where each step represents either
an internal computation of one of the two components, or an interaction between them. We express liveness by
saying that p must pass r if in every maximal execution of p ∥ r, there exists a state pi ∥ ri such that GOOD(ri),
where GOOD is a decidable predicate indicating that the client has reached a successful state. Servers are then
compared according to their capacity to satisfy clients, i.e. to lead them to successful states. This is formalised
by the MUST-preorder of De Nicola and Hennessy [32], which is defined thus:

p ⊑MUST q if ∀r . p must pass r implies q must pass r

The MUST-preorder, like Morris one, is contextual: to prove that p ⊑MUST q, a quantification over an infinite

number of clients is required, and so the definition of the preorder does not entail an effective proof method.
The solution to this problem is to devise an alternative (semantic) characterisation of the preorder ⊑MUST , i.e.
a preorder ≼ALT endowed with a practical proof method and such that the equality ≼ALT =⊑MUST is true.
On the Internet message-passing is asynchronous, because so is the standard TCP transmission. Moreover also
lock-freedom in shared-memory concurrency gives rise to asynchronous information-flow between programs.
The practical importance of asynchrony motivates pursuing results about ⊑MUST in a setting where there is
a fundamental asymmetry between blocking actions and non-blocking actions. This asymmetry substantially
complicates reasoning on ⊑MUST , and a concrete example of these complications the completeness result of
Castellani and Hennessy [33], which we have proven false. The state of the art on this topic is presented by [27],
where all proofs are machine-checked, and the implementation is open-source and available at [34].

Content and input The characterization is designed for Labelled Transition System, and for a programming
language, we need a reduction semantic. Then the Harmony Lemma, that links LTS and STS, is needed. It was
sketched in many references, like in [2] or in [3], due the redundancy of arguments. Thus, COQ seems perfect to
put a final act on this mathematic folklore. Our contribution is to fully prove the Harmony Lemma for the CCS,
ACCS, VCCS and VACCS. And for each asynchronous language, prove that they are instance of each classes
from [27], to build solid basics to analyse the MUST-preorder in an asynchronous setting, in particular, that the
Axioms for Outbuffered Agents are true, which depends [27].

The main document is here to define in one paper the CCS and the proofs we called earlier. In chapter 1, we
recall the scientific background that is needed for the document. In chapter 2 and 3, we define CCS and ACCS,
with the Harmony Lemma and the Axioms from [1] In chapter 4, we introduce the value passing for CCS and
ACCS. Finally, in chapter 5, we redesigned the VCCS language to introduce the sequencing. The appendix is
here to inform about the COQ implementation.
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Chapter 1

Preliminaries

1.1 Relations

A n-relation between n sets (Si, i ∈ {1, 2, ..., n}) is a subset R(n) of S1 ×S2 × ...×Sn (R ⊆ S1 ×S2 × ...×Sn).
We note sRs′ for (s, s′) ∈ R. We said that R(n) is a binary relation if n = 2.

Let’s take R a binary relation (⊆ S × S).

R is a equivalence relation if it satisfies all of this three properties :

R is a reflexive relation if for all s ∈ S, sRs. (1.1)
R is a symmetric relation if for all (s, s′) ∈ S × S, sRs′ implies s′Rs. (1.2)

R is a transitive relation if for all (s, s′, s′′) ∈ (S × S × S), sRs′ and s′Rs′′ implies sRs′′. (1.3)

Reflexive closure of R is the least relation that contains R and that is reflexive.

Symmetric closure of R is the least relation that contains R and that is symmetric.

Transitive closure of R is the least relation that contains R and that is transitive.

Any of this closure can be viewed as completion of R to obtain reflexivity, symmetry or transitivity.

Let’s take R1 another binary relation, then for all s1 and s2, the relation s1R.R1s2 is defined as , it exists some
s’ such that s1Rs′ and s′R1s2.

1.2 STS
Let S be the set of States of a system.
A State Transition System (or reduction semantic) is a binary relation R (⊆ S × S).
When (s, t) ∈ R, we call it a step, and we write :

s −→ t

We note −→∗ (resp. −→=) the transitive (resp. reflexive) closure of −→.

Example (Dobble game): Let’s take 7 families of cards with 2 parents, 1 child and 1 aunt such that we have a set
of 28 cards.

3



1.3. LTS CHAPTER 1. PRELIMINARIES

The goal of this game is to discard all of your cards.

We distribute the 28 cards between the players then we have 3 rules :

• we start our turn by taking one card from our right player

• then if we have 2 cards from the same family then we can discard it, we can repeat this action

• if no more actions can be made, we pass our turn

The reduction has the diamond property if for all s, s −→ s′ and s −→ s′′, it exists t such that s′ −→ t and
s′′ −→ t.

s s′

s′′ t
Diamond property

The reduction has the confluence property if for all s, s −→∗ s′ and s −→∗ s′′, it exists t such that s′ −→∗ t
and s′′ −→∗ t.

s ∗ s′

s′′ ∗ ∗ t ∗

Confluence property

Remark: The diamond property implies the confluence.

Example (λ-calculus): The lambda calculus Λ is the terms defined by the following grammar :

P, P1, P2 := x | λx.P | P1 P2

and by the the following reduction (under any term):

(λx.P1)P2 −→ P1[x := P2] (the substitution of all x in P1 by P2)

Théorème 1.2.1 (Church-Rosser). La relation −→ est confluente.

1.3 LTS
Let S be the set of States of a system, and let A be an alphabet of Actions.
A Labelled Transition System (LTS) on S consists of a relation :

R ⊆ S × A × S

When (s, α, t) ∈ R, we write :

s
α−→ t

We call s the source and t the target.
We note s

α1−→ s1
α2−→ s2 for s

α1−→ s1 ∧ s1
α2−→ s2, this can be generalized for any length. If s

α1−→ s1
α2−→

s2
α3−→ s3

α4−→ ...
αn−→ sn (n ∈ N), then we call sn a derivative of s under the trace α1α2α3α4...αn.

An LTS can be thought of an automaton without a start state or accepting states.

If, for any given s and α, there exists only a single tuple s
α−→ s′ in R then one says that α is deterministic (for

s).
If, for any given s and α, there exists at least one tuple s

α−→ s′ in R, then one says that α is executable (for s)

4



1.3. LTS CHAPTER 1. PRELIMINARIES

or s can performs α.

Let’s take an infinite set N of names, we shall usually denote them with letter, but we can use words too.

Then we introduce N := {a | a ∈ N }, it’s the co-Actions.
Generally we take A as N ∪ N .

Example (Vending Machine): We can view the A in terms of receiving something (for N ) or giving something
(for N ).

Our machine can give coffee or tea, but it can receive 1 coins. To buy a coffee, we must pay 2 coins and only 1 for
a tea.
So let’s take A := {coffee, tea, 1c}.

We can describe our machine as follow, we note si (i ∈ {1, 2, 3}) for the states of our machine after each actions
:

Example (Λ!-calculus): Let’s take the λ-calculus with some black boxes (!□).
We have the Λ!-calculus.
We have then not only the β-reduction but we have β!-reduction too. We can include into Actions, surface (s)
reductions (s) and non-surface (¬s) reduction.
Let’s take for example A := {s, ¬s, β, β!} and the LTS (Λ!, A, Λ!). Then, we look at this term :

(λy.y)(λ!x.x!x)(λ!x.x!x)((λz.z)w)

And we can describe it at follows :

(λ!x.x!x)!(λ!x.x!x)((λz.z)w) (λ!x.x!x)!(λ!x.x!x)w (λ!x.x!x)!(λ!x.x!x)w

(λ!x.x!x)!(λ!x.x!x)((λz.z)w)

β

β!

β!

Example (Buffer): Let’s take the set S := {0, 1}∗ (the set of all finite sequences made with 0 and 1).
We take A := {ini | i ∈ {0, 1}} ∪ {outi | i ∈ {0, 1}}. And we describe the LTS (S, A, S) as (for any s ∈ S):

5
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s
in0−→ s 0 s 0 out0−→ s

s
in1−→ s 1 s 1 out1−→ s

For i ∈ {0, 1}, ini puts i at the top of the sequence s, quite the opposite, outi removes i from the sequence s.
The action outi (for any i ∈ {0, 1}) requires a certain model to be performed. And any sequence can perform
ini (for any i ∈ {0, 1}).
For instance, the sequence 1010 can’t performs the action out1. But it can performs out0. And 111 is a derivative
of 1010 :

1010 out0−→ 101 out1−→ 10 out0−→ 1 in1−→ 11 in1−→ 111

6



Chapter 2

Calculus of Communicating Systems
(CCS)

In this chapter, we will see the Calculus of Communicating Systems (CCS) introduced by Robin Milner in 1980
[2] with few differences :

• we didn’t included the restriction of a Channel

• we added a recursion operator, like Hennessy [12] we kept the Success Process from the Characterization
[27] (predicate GOOD)

We will cover his reduction semantic and transition system, and finally the link between those point of view :
the Harmony Lemma.

2.1 Definition
The principle of CCS is that we have parallel processes that can communicate through Channels. Let’s take a
countable set as channels. We call it C.

Definition 2.1.1 (Processes, Guards and ActionPrefixes): The processes PCCS are :

(Process)
P, P1, P2 ::= P1 ∥ P2 | X | rec X.P | G

(Guards)
G, G1, G2 ::= 0 | 1 | π P | G1 + G2

(ActionPrefix)
π ::= c ? | c ! | τ (c ∈ C)

P1 ∥ P2 is the parallel of two process, P1 and P2. The capital X is the variables designed for the recursion
operator, it is destined to be replaced with a process. The recursion process rec X.P is the process that loop it
self.

Guards are special processes. In this family of processes, we have the inactive process : 0 , the process that does
nothing, passing to the next one.

The Success Process, 1 , is only here to notify that a user is happy, or in a good mood (it will be used in future
works).

7



2.2. CONGRUENCE AND REDUCTION CHAPTER 2. CALCULUS OF COMMUNICATING SYSTEMS (CCS)

We have the summation of a guarded process G1 and G2, G1 + G2. It is a process that offers the behaviors of
all his guards, like the parallele. But it will discard all of the unused guards afterwards.

And finally, the process with an action prefix, π P . It is like the sequencing of actions : it will make some action
π, and then behaves like P.

In terms of actions, we have three kind :

• the tau prefix : τ

• the input prefix : c ?

• the output prefix : c !

The action τ is here to notify that there is an action that can be observed.

The action c ? is here to notify that the process must receive an information before continuing his computation.
The name c is an identifier. The information is passing via the channel c.

The action c ! is here to notify that the process must send an information before continuing his computation. It
is the counter part of the action c ?, it is his co-action.

2.2 Congruence and reduction
Now we have a grammar for our terms (Definition 2.1.1), we want to mix up some process. To say, that they
behave similarly for our reduction semantic.

First of all, let’s define this relation, the structural congruence. To do that, we will need the definition of Context.

The Context is here to make the relation passing through the syntax of our grammar.

Definition 2.2.1 (Context for PCCS): A Context is a Process, following the Definition 2.1.1, with one or multiple
hole(s) (noted LM).

We note CLP M, where the hole(s) in C are substituted by P.

Note, that a hole is in place of guards (like in the summation), then it can only be replaced by a guard G.

Example: Let’s take C = X ∥ (X + 1 ).
Then the X’s can only be replace by a guard.

Something like :

× CLrec X. 0 M := rec X. 0 ∥ ((rec X. 0 ) + 1 )

is impossible.

That will produce : (rec X. 0 ) + 1 . This wouldn’t have any sense with our grammar (rec X. 0 isn’t a guard).

Example: Let’s take C ′ = LM ∥ c ? 1 ∥ LM.

Then, by definition :

✓ C ′L 0 M = 0 ∥ c ? 1 ∥ 0

Definition 2.2.2 (Structural congruence for PCCS): The Structural Congruence over PCCS is the reflexive, sym-
metric and transitive closure of the binary relation induced by the rules in figure 2.1.

In other terms, (PCCS, +, 0 ) and (PCCS, ∥, 0 ) are commutative monoid. And the relation is still viable through
any viable context, defined in the Definition 2.2.1.

8



2.2. CONGRUENCE AND REDUCTION CHAPTER 2. CALCULUS OF COMMUNICATING SYSTEMS (CCS)

[Sc-sneut] G + 0 ≡ G
[Sc-scom] G1 + G2 ≡ G2 + G1
[Sc-sass] G1 + (G2 + G3) ≡ (G1 + G2) + G3

[Sc-pneut] P ∥ 0 ≡ P
[Sc-pcom] P ∥ Q ≡ Q ∥ P
[Sc-pass] P ∥ (Q ∥ R) ≡ (P ∥ Q) ∥ R

[Sc-context] CLP M ≡ CLQM if P ≡ Q

Figure 2.1: Structural congruence rules for CCS

Now, let’s look the reduction semantic of CCS :

Definition 2.2.3 (Reduction semantic for CCS): The Reduction Semantic −→ is the binary relation over PCCS
defined in figure 2.2. It defines the STS (PCCS, −→).

[Sts-com] c ! P1 + G1 ∥ c ? P2 + G2 −→ P1 ∥ P2
[Sts-tau]

τ P + G −→ P

[Sts-unf] rec X.CLXM −→ CLrec X.CLXMM [Sts-par]
P1 −→ P2

P1 ∥ Q −→ P2 ∥ Q

[Sts-cong]
P1 ≡ Q1 Q1 −→ Q2 Q2 ≡ P2

P1 −→ P2

Figure 2.2: The Reduction Semantic of PACCS
The meta-variables are c ∈ C.

Let’s investigate a bit more about this Reduction.

The rule [Sts-par] means that if I do a computation, then I can do it in parallel of any process Q.

The rule [Sts-com] means that two processes in parallel can communicate through the channel c.

The rule [Sts-unf] is here for the recursion through the context C .

Example: Take the process P :

P := rec X.X ∥ X ∥ c ? 0

Then, P = rec X.CLXM with C := LM ∥ LM ∥ c ? 0 .

And we have :

rec X.X ∥ X ∥ c ? 0 −→ P ∥ P ∥ c ? 0

The rule [Sts-cong] is here assimilate some program with other through the structural congruence, to force them
to compute similarly.

Example: Take the process P := a ! 1 ∥ a ? 1 , we have :

a ! 1 ∥ a ? 1 ∥ 0 −→ 1

9
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Indeed :

a ! 1 ∥ a ? 0 ∥ 0 ≡ a ! 1 ∥ a ? 0
≡ a ! 1 + 0 ∥ a ? 0
≡ a ! 1 + 0 ∥ a ? 0 + 0

And :

1 ∥ 0 ≡ 1

Then, by the rule [Sts-cong], we have our reduction.

Lemma 2.2.4 (ReductionShape): ∀(P, Q) ∈ P2
CCS, if P −→ Q then one of this cases occurs :

• P ≡ c ! P1 + G1 ∥ c ? P2 + G2 ∥ S and Q ≡ P1 ∥ P2 ∥ S for some P1, G1, P2, G2, S

• P ≡ τ P1 + G1 ∥ S and Q ≡ P1 ∥ S for some P1, G1, S

• P ≡ rec X.CLXM ∥ S and Q ≡ CLrec X.CLXMM ∥ S for some C, S

Remark: The lemma 2.2.4 reduce the proof that went to induction on the reduction.

Proof. The main strategy is to do an induction on the reduction P −→ Q.

• If the reduction was made by [Sts-com], [Sts-tau] or [Sts-unf], then we conclude by taking S := 0 and using
[Sc-pneut]and [Sc-pcom].

• If the reduction was made by [Sts-par], then we conclude by using [Sc-pass] and by Induction Hypothesis.

• If the reduction was made by [Sts-cong], then we can conclude by the transitivity of the Structural Con-
gruence and by Induction Hypothesis.

Lemma 2.2.5 (SimplifiedTree): ∀(P, Q) ∈ PCCS, if P −→ Q, then there exists a proof tree of length 3 that deduce
P −→ Q.

2.3 Transition
The Reduction Semantic only focus on communication. We now focus on how to describe the process more
precisely with a Labelled Transition System.

Definition 2.3.1 (Actions): We define the Actions A as :

• (the input-action) c ?

• (the output-action) c !

• (the tau-action) τ

(c ∈ C)

Remark: The tau-action are the observable action.

Remark: There is actually no difference between action prefixes and the labels (action). It will change for VCCS.

Definition 2.3.2 (LTS for PCCS): The LTS (PCCS, A,
α−→) is defined in figure 2.3.

10



2.3. TRANSITION CHAPTER 2. CALCULUS OF COMMUNICATING SYSTEMS (CCS)

There are many more rules in the Reduction Semantic. Indeed, we haven’t a rule like [Sts-cong] to mix-up every-
thing and amalgamate processes.

But there are still some link between the structural congruence and the LTS, as we see with the next three
lemmas.

[Input]
c ? P

c ?−→ P
[Output]

c ! P
c !−→ P

[Tau]
τ P

τ−→ P
[Unf] rec X.CLXM τ−→ CLrec X.P M

[Sum-L]
G1

α−→ P1

G1 + G
α−→ P1

[Sum-R]
G1

α−→ P1

G + G1
α−→ P1

[Par-L]
P1

α−→ P2

P1 ∥ P
α−→ P2 ∥ P

[Par-R]
P1

α−→ P2

P ∥ P1
α−→ P ∥ P2

[Com-L]
P1

c ?−→ P2 Q1
c !−→ Q2

Q1 ∥ P1
τ−→ Q2 ∥ P2

[Com-R]
P1

c ?−→ P2 Q1
c !−→ Q2

P1 ∥ Q1
τ−→ P2 ∥ Q2

Figure 2.3: The LTS of CCS
The meta-variables are c ∈ C, α ∈ A.

Lemma 2.3.3 (TransitionShapeForInput): ∀(P, Q) ∈ PCCS and c ∈ C, if P
c ?−→ Q, then P ≡ (c ? P1 + G1) ∥ S

, Q ≡ P1 ∥ S for some P1, G1, S.

If P is a guard then S = 0 .

Proof. The main strategy is to go with an induction on P
c ?−→ Q.

Then 5 cases remain :

■ if the transition was made by [Input] :

c ? P1
c ?−→ P1

By [Sc-sneut] and [Sc-pneut], we have c ? P1 ≡ c ? P1 + 0 ∥ 0 and P1 ≡ P1 ∥ 0 .

■ if the transition was made by [Par-L] :

We have P := P1 ∥ P ′ for some P1 and P ′ and for some P2 :

P1
c ?−→ P2

P1 ∥ P ′ c ?−→ P2 ∥ P ′

By induction hypothesis, we have for some P ′
1, G′

1, S′ :

P1 ≡ (c ? P ′
1 + G′

1) ∥ S′

P2 ≡ P ′
1 ∥ S′

11



2.3. TRANSITION CHAPTER 2. CALCULUS OF COMMUNICATING SYSTEMS (CCS)

Then by [Sc-context] and [Sc-pass], we have :

(P :=)P1 ∥ P ′ ≡ (c ? P ′
1 + G′

1 ∥ S′) ∥ P ′

≡ (c ? P ′
1 + G′

1) ∥ (S′ ∥ P ′)

And

(Q :=)P2 ∥ P ′ ≡ (P ′
1 ∥ S′) ∥ P ′

≡ P ′
1 ∥ (S′ ∥ P ′)

■ if the transition was made by [Par-R] :

We have P := P1 ∥ P ′ for some P1 and P ′ and for some P2 :

P1
c ?−→ P2

P ′ ∥ P1
c ?−→ P ′ ∥ P1

By induction hypothesis, we have for some P ′
1, G′

1, S′ :

P1 ≡ (c ? P ′
1 + G′

1) ∥ S′

P2 ≡ P ′
1 ∥ S′

Then by [Sc-context], [Sc-pass] and [Sc-pcom], we have :

(P :=)P ′ ∥ P1 ≡ P ′ ∥ (c ? P ′
1 + G′

1 ∥ S′)
≡ P ′ ∥ (S′ ∥ c ? P ′

1 + G′
1)

≡ (P ′ ∥ S′) ∥ (c ? P ′
1 + G′

1)
≡ (c ? P ′

1 + G′
1) ∥ (P ′ ∥ S′)

And

(Q :=)P ′ ∥ P2 ≡ P ′ ∥ (P ′
1 ∥ S′)

≡ P ′ ∥ (S′ ∥ P ′
1)

≡ (P ′ ∥ S′) ∥ P ′
1

≡ P ′
1 ∥ (P ′ ∥ S′)

■ if the transition was made by [Sum-L] :

We have P := G1 + G′ for some G1 and G′ :

G1
c ?−→ Q

G1 + G′ c ?−→ Q

12
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By induction hypothesis, we have for some P ′
1, G′

1 :

G1 ≡ (c ? P ′
1 + G′

1) ∥ 0 ≡ c ? P ′
1 + G′

1

Q ≡ P ′
1 ∥ 0

Then by [Sc-context], [Sc-sass] and [Sc-pneut], we have :

(P :=)G1 + G′ ≡ (c ? P ′
1 + G′

1) + G′

≡ c ? P ′
1 + (G′

1 + G′)
≡ c ? P ′

1 + (G′
1 + G′) ∥ 0

■ if the transition was made by [Sum-R] :

We have P := G′ + G1 for some G1 and G′ :

G1
c ?−→ Q

G′ + G1
c ?−→ Q

By induction hypothesis, we have for some P ′
1, G′

1 :

G1 ≡ (c ? P ′
1 + G′

1) ∥ 0 ≡ c ? P ′
1 + G′

1

Q ≡ P ′
1 ∥ 0

Then by [Sc-context], [Sc-scom] , [Sc-sass] and [Sc-pneut], we have :

(P :=)G′ + G1 ≡ G′ + (c ? P ′
1 + G′

1)
≡ G′ + (G′

1 + c ? P ′
1)

≡ (G′ + G′
1) + c ? P ′

1

≡ c ? P ′
1 + (G′ + G′

1)
≡ c ? P ′

1 + (G′ + G′
1) ∥ 0

Lemma 2.3.4 (TransitionShapeForOutput): ∀(P, Q) ∈ PCCS and c ∈ C, if P
c !−→ Q, then P ≡ c ! P1 + G1 ∥ S ,

Q ≡ P1 ∥ S for some P1, G1, S.

If P is a guard then S = 0 .

Proof. It is the same proof as for lemma 2.3.3.

We have just to replace the action c ? by the action c !.

Lemma 2.3.5 (TransitionShapeForTauAndGuard): ∀(P, Q) ∈ PCCS and c ∈ C, if P is a guard and P
τ−→ Q, then

P ≡ τ P1 + G1 , Q ≡ P1 for some P1, G1.

Proof. The main strategy is to go with an induction on P
c ?−→ Q.

Then 3 cases remain :

13
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■ if the transition was made by [Tau] :

τ Q
τ−→ Q

By [Sc-sneut], we have τ Q ≡ τ Q + 0 .

■ if the transition was made by [Sum-L] :
G1

α−→ Q

G1 + G′ α−→ Q

By induction hypothesis, we have for some G′
1 :

G1 ≡ τ Q + G′
1

Then by [Sc-context] and [Sc-sass], we have :

(P :=)G1 + G′ ≡ (τ Q + G′
1) + G′

≡ τ Q + (G′
1 + G′)

■ if the transition was made by [Sum-R] :
G1

α−→ Q

G′ + G1
α−→ Q

By induction hypothesis, we have for some G′
1 :

G1 ≡ τ Q + G′
1

Then by [Sc-context], [Sc-scom] and [Sc-sass], we have :

(P :=)G′ + G1 ≡ G′ + (τ Q + G′
1)

≡ G′ + (G′
1 + τ Q)

≡ G′ + G′
1 + τ Q

≡ τ Q + (G′ + G′
1)

2.4 Harmony Lemma
Before talking about the Harmony Lemma, the link between the reduction semantic and the transition system,
one important property is needed.

The property that says the structural congruence is a bisimulation for the transition α−→ for any α..

Lemma 2.4.1 (CongruenceRespectsTransition): ∀(S, T ) ∈ P2
CCS, α ∈ A, if S ≡ .

α−→ T then S
α−→ . ≡ T .

Proof. Assume that S ≡ T ′ α−→ T for some T ′.

The main strategy is to go with an induction on the length of S ≡ T ′.

If the reduction is of length 1, then (because the structural congruence is an equivalence relation), it can be 3
cases :

14
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• the reflexivity

• the rules in figure 2.1

• the symmetry of the rules in figure 2.1

■ for the reflexivity case, we have by hypothesis :

S ≡ S
α−→ T

Then by reflexivity for T, we have :

S
α−→ T ≡ T

■ for [Sc-pneut], we have by hypothesis :

P ∥ 0 ≡ P
α−→ T

Then by [Par-L] with P
α−→ T and [Sc-pneut] we have :

P ∥ 0 α−→ T ∥ 0 ≡ T

■ for the symmetry of [Sc-pneut], we have by hypothesis :

P ≡ P ∥ 0 α−→ T

By construction, 0 makes no transition. Then the transition α was made by a [Par-L] rule.

Hence, it exists T ′ such that P
α−→ T ′ and T = T ′ ∥ 0 .

Then by the symmetry of [Sc-pneut] with T ′ we have :

P
α−→ T ′ ≡ T ′ ∥ 0 (:= T )

P ∥ 0 α−→ T ∥ 0 ≡ T

■ for [Sc-pcom], we have by hypothesis :

P ∥ Q ≡ Q ∥ P
α−→ T

To go further, we have to analyse if the transition is made by P, Q or both (like for a [Com-L] rule).

Then we have 4 cases :

• if it was made by [Par-L], then it exists Q′ such that T = Q′ ∥ P and :

15
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Q
α−→ Q′

By [Par-R] and [Sc-pcom], we have :

(S :=)P ∥ Q
α−→ P ∥ Q′ ≡ Q′ ∥ P (:= T )

• if it was made by [Par-R], then it exists P ′ such that T = Q ∥ P ′ and :

P
α−→ P ′

By [Par-L] and [Sc-pcom], we have :

(S :=)P ∥ Q
α−→ P ′ ∥ Q ≡ Q ∥ P ′(:= T )

• if it was made by [Com-L], then it exists P ′ and Q′ such that T = Q′ ∥ P ′ and :

P
c !−→ P ′Q

c ?−→ Q′

By [Com-R] and [Sc-pcom], we have :

(S :=)P ∥ Q
α−→ P ′ ∥ Q′ ≡ Q′ ∥ P ′(:= T )

• if it was made by [Com-R], then it exists P ′ and Q′ such that T = Q′ ∥ P ′ and :

P
c ?−→ P ′Q

c !−→ Q′

By [Com-L] and [Sc-pcom], we have :

(S :=)P ∥ Q
α−→ P ′ ∥ Q′ ≡ Q′ ∥ P ′(:= T )

■ for [Sc-pass], we have by hypothesis :

(P ∥ Q) ∥ R ≡ P ∥ (Q ∥ R) α−→ T

Again, we have to analyse if the transition is made by P or Q, or both (like for a [Com-L] rule).

Then we have 4 cases :

• if it was made by [Com-L], then it exists P ′ such that :

P
c ?−→ P ′

16
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But then, we have to determine which process between Q and R made the c ! transition.

1. if for some Q′ :

Q
c !−→ Q′

Then by [Com-L] :

P ∥ Q
τ−→ P ′ ∥ Q′

And by [Par-L] and [Sc-pass]:

(S :=)(P ∥ Q) ∥ R
τ−→ (P ′ ∥ Q′) ∥ R ≡ P ′ ∥ (Q′ ∥ R)(:= T )

2. if for some R′ :

R
c !−→ R′

Then by [Par-L] :

P ∥ Q
c ?−→ P ′ ∥ Q

And by [Com-L] and [Sc-pass]:

(S :=)(P ∥ Q) ∥ R
τ−→ (P ′ ∥ Q) ∥ R′ ≡ P ′ ∥ Q ∥ R′(:= T )

• if it was made by [Com-R], then it exists P ′ such that :

P
c !−→ P ′

But then, we have to determine which process between Q and R made the c ? transition.

1. if for some Q′ :

Q
c ?−→ Q′

Then by [Com-R] :

P ∥ Q
τ−→ P ′ ∥ Q′

And by [Par-L] and [Sc-pass]:

17
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(S :=)(P ∥ Q) ∥ R
τ−→ (P ′ ∥ Q′) ∥ R ≡ P ′ ∥ (Q′ ∥ R)(:= T )

2. if for some R′ :

R
c ?−→ R′

Then by [Par-L] :

P ∥ Q
c !−→ P ′ ∥ Q

And by [Com-R] and [Sc-pass]:

(S :=)(P ∥ Q) ∥ R
τ−→ (P ′ ∥ Q) ∥ R′ ≡ P ′ ∥ Q ∥ R′(:= T )

• if it was made by [Par-L], then it exists P ′ such that :

P
α−→ P ′

Then by [Par-L] and [Sc-pass], we have :

(P ∥ Q) ∥ R
α−→ (P ′ ∥ Q) ∥ R ≡ P ∥ Q ∥ R

• if it was made by [Par-R], then we have for some T’:

Q ∥ R
α−→ T ′

But to go further, we have to analyse if it Q or R, or both, that made the transition.

1. if it was made by [Com-L], then for some Q′, R′, we have :

Q
c ?−→ Q′R

c !−→ R′

By [Par-R], we have :

P ∥ Q
c ?−→ P ∥ Q′

And by [Com-L] and [Sc-pass] we have :

(P ∥ Q) ∥ R
τ−→ (P ∥ Q′) ∥ R′ ≡ P ∥ (Q′ ∥ R′)

18
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2. if it was made by [Com-R], then for some Q′, R′, we have :

Q
c !−→ Q′R

c ?−→ R′

By [Par-R], we have :

P ∥ Q
c !−→ P ∥ Q′

And by [Com-R] and [Sc-pass] we have :

(P ∥ Q) ∥ R
τ−→ (P ∥ Q′) ∥ R′ ≡ P ∥ (Q′ ∥ R′)

3. if it was made by [Par-L], then for some Q′, we have :

Q
α−→ Q′

By [Par-R], we have :

P ∥ Q
α−→ P ∥ Q′

And by [Par-L] and [Sc-pass] we have :

(P ∥ Q) ∥ R
τ−→ (P ∥ Q′) ∥ R ≡ P ∥ (Q′ ∥ R)

4. if it was made by [Par-R], then for some R′, we have :

R
α−→ R′

Then, by [Par-R] and [Sc-pass], we have :

(P ∥ Q) ∥ R
α−→ (P ∥ Q) ∥ R′ ≡ P ∥ (Q ∥ R′)

■ for [Sc-sneut], we have by hypothesis some G guard :

G + 0 ≡ G
α−→ T

By [Sum-L] and the reflexivity, we have :

G + 0 α−→ T ≡ T

19
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■ for the symmetry of [Sc-sneut], we have by hypothesis some G guard :

G ≡ G + 0 α−→ T

0 makes no transition, then by construction, we have :

G
α−→ T

By reflexivity, we have :

G
α−→ T ≡ T

■ for [Sc-scom], we have by hypothesis some G guard :

G1 + G2 ≡ G2 + G1
α−→ T

We have then to determine which of G1 or G2 makes the transition α.

• Assume that :

G1
α−→ T

Then, by [Sum-L] and reflexivity, we have :

G1 + G2
α−→ T ≡ T

• Assume that :

G2
α−→ T

Then, by [Sum-R] and reflexivity, we have :

G1 + G2
α−→ T ≡ T

■ for [Sc-sass], we have by hypothesis some G1, G2, G3 guards such that :

G1 + (G2 + G3) ≡ (G1 + G2) + G3
α−→ T

We have then to determine which of G1, G2 or G3 makes the transition α.

• Assume that :
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G1
α−→ T

Then, by [Sum-L] and reflexivity, we have :

G1 + G2 + G3
α−→ T ≡ T

• Assume that :

G2
α−→ T

Then, by [Sum-L], we have :

G2 + G3
α−→ T

And finally, by [Sum-R] and reflexivity, we have :

G1 + G2 + G3
α−→ T ≡ T

• Assume that :

G3
α−→ T

Then, by [Sum-R], we have :

G2 + G3
α−→ T

And finally, by [Sum-R] and reflexivity, we have :

G1 + G2 + G3
α−→ T ≡ T

■ for [Sc-context], we have by hypothesis some C context and P, Q such that :

P ≡ Q

CLP M ≡ CLQM α−→ T

We have then 3 cases :

• if the transition is make by C then we have immediately :

CLP M α−→ T ≡ T

21



2.4. HARMONY LEMMA CHAPTER 2. CALCULUS OF COMMUNICATING SYSTEMS (CCS)

• if the transition is made by Q to Q′, then CLQ′M = T and by induction hypothesis it exists T ′ such
that P

α−→ T ′ and T ′ ≡ Q′.

By [Sc-context], we have :

(S :=)CLP M α−→ CLT ′M ≡ CLQ′M(:= T )

• if the transition is made by Q with some process in C , we have α = τ by communication. Then, we
have 2 cases :

1. if, we have for some Q′, T = CLQ′M and :

Q
c ?−→ Q′

By induction hypothesis, we have for some P ′ :

P
c ?−→ P ′ ≡ Q′

Then by [Com-L] or [Com-R], depending on the structure of C , we have :

(S :=)CLP M τ−→ CLP ′M ≡ CLQ′M(:= T )

2. if, we have for some Q′, T = CLQ′M and :

Q
c !−→ Q′

By induction hypothesis, we have for some P ′ :

P
c !−→ P ′ ≡ Q′

Then by [Com-L] or [Com-R], depending on the structure of C , we have :

(S :=)CLP M τ−→ CLP ′M ≡ CLQ′M(:= T )

The proof is done for length 1 of the structural congruence.

Transitivity remains to be proved :

By hypothesis, we have for some S, S′ :

S ≡ S′ ≡ S′′ α−→ T

By induction hypothesis, it exists T ′ such that :
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S′ α−→ T ′ ≡ T

Then by induction hypothesis, it exists T ′′ such that :

S
α−→ T ′′ ≡ T ′(≡ T )

By transitivity, we have :

S
α−→ T ′′ ≡ T

Lemma 2.4.2 (Harmony Lemma): For all (S, T ) ∈ P2
CCS, S −→ T if and only if S

τ−→ . ≡ T .

Proof. We have two side to prove :

■ if S −→ T then S
τ−→ . ≡ T

■ if S
τ−→ . ≡ T then S −→ T

In the first part, the key lemmas are the lemma 2.4.1 and the lemma 2.2.4.

In the second part, the key lemmas are the lemma 2.3.3, lemma 2.3.4 and the lemma 2.3.5 and we will prove
something stronger.

Indeed, if we have already that S
τ−→ T implies S −→ T . Then we have the seconde part : Assume that

S
τ−→ . ≡ T , then it exists S′ such that :

S
τ−→ S′

Then we have S −→ T , by what we presupposed.

But, let’s begin with the first part :

■ Assume S −→ T .

Then by lemma 2.2.4, there are 3 cases :

• We have for some P1, G1, P2, G2, S :

P ≡ (c ! P1 + G1 ∥ c ? P2 + G2) ∥ S

Q ≡ (P1 ∥ P2) ∥ S

We have, by [Output],[Sum-L] :

c ! P1 + G1
c !−→ P1

And by [Input],[Sum-L] :
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c ? P1 + G1
c ?−→ P1

Then by [Com-R] and [Par-L], we have :

(c ! P1 + G1 ∥ c ? P2 + G2) ∥ S
τ−→ (P1 ∥ P2) ∥ S

By lemma 2.4.1, we have that, for some P’ :

P
τ−→ P ′ ≡ (P1 ∥ P2) ∥ S(≡ Q)

By transitivity, we have that :

P
τ−→ P ′ ≡ Q

• We have for some P1, G1, S:

P ≡ (τ P1 + G1) ∥ S

Q ≡ P1 ∥ S

We have, by [Tau],[Sum-L] and [Par-L] :

(τ P1 + G1) ∥ S
τ−→ P1 ∥ S

By lemma 2.4.1, we have that, for some P’ :

P
τ−→ P ′ ≡ P1 ∥ S(≡ Q)

By transitivity, we have that :

P
τ−→ P ′ ≡ Q

• We have for some C, S:

P ≡ rec X.CLXM ∥ S

Q ≡ CLrec X.CLXMM ∥ S

We have, by [Unf] and [Par-L] :

rec X.CLXM ∥ S
τ−→ CLrec X.CLXMM ∥ S
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By lemma 2.4.1, we have that, for some P’ :

P
τ−→ P ′ ≡ CLrec X.CLXMM ∥ S(≡ Q)

By transitivity, we have that :

P
τ−→ P ′ ≡ Q

In the other side :

■ Assume S
τ−→ T .

Then we do an induction on S
τ−→ T .

• if it is from [Tau] then we have for some P :

τ T
τ−→ T

S = τ T

By [Sc-sneut] and [Sc-pneut], we have :

τ T ≡ (τ T + 0 ) ∥ 0

And by [Sts-cong] we have :

τ T −→ T

• if it is from [Unf] then we have for some P :

rec X.CLP M τ−→ CLrec X.CLP MM
S = rec X.CLP M

And by [Sts-unf] we have :

S −→ T

• if it is from [Com-L] then we have for some P1, P2, P ′
1, P ′

2 :

P1
c ?−→ P ′

1

P2
c !−→ P ′

2

S = P1 ∥ P2

T = P ′
1 ∥ P ′

2

By lemma 2.3.3, we have :
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P1 ≡ c ? P ′′
1 + G1 ∥ Q1

P ′
1 ≡ P ′′

1 ∥ Q1

By lemma 2.3.4, we have :

P2 ≡ c ? P ′′
2 + G2 ∥ Q2

P ′
2 ≡ P ′′

2 ∥ Q2

By [Sts-com], [Sts-par] (with Q1 ∥ Q2) and [Sts-cong] we have :

P2 ∥ P1 −→ P ′
1 ∥ P ′

2

• if it is from [Com-R] then we have for some P1, P2, P ′
1, P ′

2 :

P1
c !−→ P ′

1

P2
c ?−→ P ′

2

S = P1 ∥ P2

T = P ′
1 ∥ P ′

2

By lemma 2.3.3, we have :

P1 ≡ c ! P ′′
1 + G1 ∥ Q1

P ′
1 ≡ P ′′

1 ∥ Q1

By lemma 2.3.4, we have :

P2 ≡ c ! P ′′
2 + G2 ∥ Q2

P ′
2 ≡ P ′′

2 ∥ Q2

By [Sts-com], [Sts-par] (with Q1 ∥ Q2) and [Sts-cong] we have :

(S :=)P2 ∥ P1 −→ P ′
1 ∥ P ′

2(:= T )

• if it is from [Par-L] then we have for some P1, P ′
1, Q:

P1
τ−→ P ′

1

S = P1 ∥ Q

T = P ′
1 ∥ Q
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By induction hypothesis and by [Sts-par], we have that :

P1 ∥ Q −→ P ′
1 ∥ Q

• if it is from [Par-R] then we have for some P1, P ′
1, Q :

P1
τ−→ P ′

1

S = Q ∥ P1

T = Q ∥ P ′
1

By induction hypothesis and by [Sts-par] and [Sts-cong] (with [Sc-pcom]), we have that :

Q ∥ P1 −→ Q ∥ P ′
1

• if it is from [Sum-L] then we have for some G1, G2, P :

G1
τ−→ T

S = G1 + G2

By lemma 2.3.5, for some G, we have :

G1 ≡ τ P + G

T ≡ P

By [Sts-tau] and [Sts-cong], we have :

G1 + G2 −→ T

• if it is from [Sum-R] then we have for some G1, G2, P :

G1
τ−→ T

S = G2 + G1

By lemma 2.3.5, for some G, we have :

G1 ≡ τ P + G

T ≡ P

By [Sts-tau] and [Sts-cong] (with [Sc-scom]), we have :

G1 + G2 −→ T
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Chapter 3

Asynchronous CCS (ACCS)

This chapter will introduce, like in [28], Asynchronous Calculus of Communicating Systems (ACCS). Compared
to CCS, ACCS is a sub language of it. The main differences are :

• the output process c ! P is no longer a guard

• in the output process c ! P , P = 0

Finally, we will talk about the characterization of asynchrony through the axioms of Peter Selinger from [1].

3.1 Congruence, Reduction and Transition
As discussed in the introduction of this chapter, here is the ACCS grammar :

Definition 3.1.1 (Processes, Guards and ActionPrefixes): The proccesses PACCS :

(Process)
P, P1, P2 ::= P1 ∥ P2 | X | rec X.P | c ! 0 | G

(Guards)
G, G1, G2 ::= 0 | 1 | c ? P | τ P | G1 + G2

(Action Prefix)
π ::= c ? | c ! | τ

(c ∈ C)

Definition 3.1.2 (Context for PCCS): A Context is a Process, following the Definition 3.1.1, with one or multiple
hole(s) (noted LM).

The Structural Congruence remains the same as for CCS.

Definition 3.1.3 (Structural Congruence for PACCS): The Strutural Congruence over PACCS is the reflexive,
symetric and transitive closure of the binary relation induced by the rules in figure 3.1.

Definition 3.1.4 (Reduction Semantic for PACCS): The Reduction Semantic −→ over PACCS is defined in fig-
ure 3.2. It defines the STS (PACCS, −→).

The main difference is the rule [Sts-com] :

c ! 0 ∥ c ? P2 + G2 −→ 0 ∥ P2
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[Sc-sneut] G + 0 ≡ G
[Sc-scom] G1 + G2 ≡ G2 + G1
[Sc-sass] G1 + (G2 + G3) ≡ (G1 + G2) + G3

[Sc-pneut] P ∥ 0 ≡ P
[Sc-pcom] P ∥ Q ≡ Q ∥ P
[Sc-pass] P ∥ (Q ∥ R) ≡ (P ∥ Q) ∥ R

[Sc-context] CLP M ≡ CLQM if P ≡ Q

Figure 3.1: Structural congruence rules for ACCS

[Sts-com] c ! 0 ∥ c ? P2 + G2 −→ 0 ∥ P2
[Sts-tau]

τ P + G −→ P

[Sts-unf] rec X.CLXM −→ CLrec X.CLXMM [Sts-par]
P1 −→ P2

P1 ∥ Q −→ P2 ∥ Q

[Sts-cong]
P1 ≡ Q1 Q1 −→ Q2 Q2 ≡ P2

P1 −→ P2

Figure 3.2: The STS of ACCS
The meta-variables are c ∈ C.

Indeed, compared to CCS :

c ! P1 + G1 ∥ c ? P2 + G2 −→ P1 ∥ P2

The output process is no longer a guard, so a process like that :

× c ! 0 + c ? 1

is no longer allowed.

Definition 3.1.5 (LTS for PACCS): The LTS (PACCS, A,
α−→) is defined in figure 3.3.

The Transition System is the same as for CCS, the main precision is in the rule for the Output Transition. This
is the Output Transition [Output] for CCS :

c ! P
c !−→ P

And we restrict c ! P for only P = 0 , we have exactly [Output] for ACCS :

c ! 0 c !−→ 0
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[Input]
c ? P

c ?−→ P
[Output]

c ! 0 c !−→ 0

[Tau]
τ P

τ−→ P
[Unf] rec X.CLXM τ−→ CLrec X.P M

[Sum-L]
G1

α−→ P1

G1 + G
α−→ P1

[Sum-R]
G1

α−→ P1

G + G1
α−→ P1

[Par-L]
P1

α−→ P2

P1 ∥ P
α−→ P2 ∥ P

[Par-R]
P1

α−→ P2

P ∥ P1
α−→ P ∥ P2

[Com-L]
P1

c ?−→ P2 Q1
c !−→ Q2

Q1 ∥ P1
τ−→ Q2 ∥ P2

[Com-R]
P1

c ?−→ P2 Q1
c !−→ Q2

P1 ∥ Q1
τ−→ P2 ∥ Q2

Figure 3.3: The LTS of ACCS
The meta-variables are c ∈ C, α ∈ A.

3.2 (A)CCS Properties
In this section, we will maintain the properties that we saw in the Chapter 2, like the Output Shape and the
Harmony Lemma.

The proof will be skipped in this section, as it is the same scheme as CCS.

Lemma 3.2.1 (ReductionShape): ∀(P, Q) ∈ P2
ACCS, if P −→ Q then one of this cases occurs :

• P ≡ c ! 0 ∥ c ? P2 + G2 ∥ S and Q ≡ P2 ∥ S for some P2, G2, S

• P ≡ τ P1 + G1 ∥ S and Q ≡ P1 ∥ S for some P1, G1, S

• P ≡ rec X.CLXM ∥ S and Q ≡ CLrec X.CLXMM ∥ S for some C, S

Proof. See proof of lemma 2.2.4.

Compared to the lemma 2.2.4, the first sentence would be :

P ≡ c ? P2 + G2 ∥ c ! 0 ∥ S and Q ≡ 0 ∥ P2 ∥ S

It takes one more step for the Structural Congruence to have lemma 3.2.1 :

Q ≡ P2 ∥ S

Lemma 3.2.2 (SimplifiedTree): ∀(P, Q) ∈ PACCS, if P −→ Q, then there exists a proof tree of length 3 that
deduce P −→ Q.

Lemma 3.2.3 (TransitionShapeForInput): ∀(P, Q) ∈ PACCS and c ∈ C, if P
c ?−→ Q, then P ≡ (c ? P1 + G1) ∥ S

, Q ≡ P1 ∥ S for some P1, G1, S.

If P is a guard then S = 0 .

Proof. See proof of lemma 2.3.3

Lemma 3.2.4 (TransitionShapeForOutput): ∀(P, Q) ∈ PACCS and c ∈ C, if P
c !−→ Q, then P ≡ c ! 0 ∥ S ,

Q ≡ S for some S.
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Proof. See proof of lemma 2.3.4

There are 2 points to notice, compared to the lemma 2.3.4 :

• The sentence ”If P is a guard then S = 0 ” disappears.

Indeed, it makes no more sense, since c ! 0 is no longer a guard.

• The shape of Q is simplified as S, the parallel process that was in parallel of c ! 0 . Then we have a
additional property :

P ≡ c ! 0 ∥ S

≡ c ! 0 ∥ Q (since Q ≡ S )

Lemma 3.2.5 (TransitionShapeForTauAndGuard): ∀(P, Q) ∈ PACCS and c ∈ C, if P is a guard and P
τ−→ Q,

then P ≡ τ P1 + G1 , Q ≡ P1 for some P1, G1.

Proof. See proof of lemma 2.3.5

Lemma 3.2.6 (CongruenceRespectsTransition): ∀(S, T ) ∈ P2
ACCS, α ∈ A, if S ≡ .

α−→ T then S
α−→ . ≡ T .

Proof. See proof of lemma 2.4.1

Lemma 3.2.7 (Harmony Lemma): For all (S, T ) ∈ P2
CCS, S −→ T if and only if S

τ−→ . ≡ T .

Proof. See proof of lemma 2.4.2

3.3 Asynchronicity
Peter Selinger, in [1], studies properties of asynchronous communication independently of any concrete concur-
rent process. He gives a general-purpose, mathematically rigorous definition of several notions of asynchrony
in a natural setting where an agent is asynchronous if its input and/or output is filtered through a buffer or a
queue, possibly with feedback.

We recall in this section his Axioms and connect them to the characterization of [27].

In his paper, Peter Selinger gives 5 axioms for asynchrony for outputs :

• Output-commutativity (FB1)

• Output-confluence (FB2)

• Output-determinacy (FB3)

• Feedback (FB4)

• Output-tau (FB5)

Output-commutativity (FB1) says that the output action out x can commute with any action α in the STS. In
other words, the output action can be delayed.

For the Output-confluence (FB2), it describe the fact that any action α ( ̸= out x and ̸= τ ) can be computed in
parallel for any output action.

Output-determinacy (FB3) characterize processes that are targets for an output action.

The Feedback (FB4) axiom says that an observable action τ can be made by process that does an input action
in x and an output action out x.

Finally, Output-tau (FB5) completes Output-confluence (FB2) for the action α = τ .
It splits in two cases :
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• τ by communication

• τ for any other observable action

Like Peter Selinger said in his article, their axioms are not independant.

s s′

t

out x

α ⇒
s s′

s′′ t

out x

α α

out x

s s′

s′′

out x

α ⇒
s s′

s′′ t

out x

α α

out x

where α ̸= out x and α ̸= τ

s s′

s′′

out x

out x ⇒ s′ = s′′

Output-commutativity (FB1) Output-confluence (FB2) Output-determinacy (FB3)

s s′

t

out x

in x ⇒
s s′

t

out x

τ in x

s s′

s′′

out x

τ ⇒
s s′

s′′ t

out x

τ τ

out x

or
s s′

s′′

out x

τ
in x

Feedback (FB4) Output-tau (FB5)

Figure 3.4: First-order axioms for out-buffered agents with feedback

The axioms are made for a general purpose. Then we adapted them for ACCS.

An output action out x correspond to an action x ! and an output action in x correspond to an action x ?

τ remains the same.

Finally, we are reasoning up to structural equivalence. With this in mind, the lemma 3.2.6 would be our main
ally in the proofs.

With that in mind, this is the First-order axioms for out-buffered agents with feedback from Peter Selinger
adapted to ACCS :

p p′

q

c !

α ⇒
p p′

p′′ q

c !

α α

c !

p p′

p′′

c !

α ⇒
p p′

p′′ q

c !

α α

c !

where α ̸= c ! and α ̸= τ

p p′

p′′

c !

c ! ⇒ p′ ≡ p′′

Output-commutativity (FB1) Output-confluence (FB2) Output-determinacy (FB3)

p p′

q

c !

c ? ⇒
p p′

q

c !

τ
c ?

p p′

p′′

c !

τ ⇒
p p′

p′′ q

c !

τ τ

c !

or
p p′

p′′

c !

τ
c ?

Feedback (FB4) Output-tau (FB5)

Remark: For CCS, the process ∆:

c ! (c ? 1 ) + c ! 1 + τ 0 + d ! 0

makes a counter example of all this axioms.

Indeed :

• Output-commutativity (FB1)

We have that :
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∆ c ? 1

1

c !

c ?

But c ! (c ? 1 ) + c ! 1 + τ 0 + d ! 0 does not any Input Action c ?.

• Output-confluence (FB2)

We have that :

∆ c ? 1

0

c !

d !

But 0 does no transition, especially no c ! action.

• Output-determinacy (FB3)

We have that :

∆ 1

c ? 1

c !

c !

But c ? 1 and 1 are not in the same equivalence class.

• Feedback (FB4)

We have that :

∆ c ? 1

1

c !

c ?

But the only τ transition, that ∆ does, is :

∆ τ−→ 0

And 0 and 1 are not in the same equivalence class.

• Output-tau (FB5)

p 1

0

c !

τ

But 0 and 1 makes no transition.

Now, let’s prove the axioms of Peter Selinger for ACCS.

Output-commutativity (FB1). Suppose that we have :

p p′

q

c !

α

Then by lemma 3.2.4 :
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p ≡ c ! 0 ∥ p′

Then by [Par-R] :

c ! 0 ∥ p′ α−→ c ! 0 ∥ q

And by lemma 3.2.6, there exists M such that :

p
α−→ M ≡ c ! 0 ∥ q

Remark, that :

M ≡ c ! 0 ∥ q
c !−→ 0 ∥ q

Then by lemma 3.2.6, there exists M ′ such that :

M
c !−→ M ′ ≡ 0 ∥ q (≡ q)

Finally :

p

M p′

M ′ ≡ q

c !
α

c ! α

Output-confluence (FB2). Suppose that we have :

p p′

p′′

c !

α

(α ̸= c ! and α ̸= τ )

By lemma 3.2.4, we have :

c ! 0 ∥ p′ ≡ p

Remark that :

c ! 0 ∥ p′ ≡ p
α−→ p′′

By the lemma 3.2.6, there exists M such that :

c ! 0 ∥ p′ α−→ M ≡ p′′

Since α is different from τ and c !, then obviously, p’ does the transition α to some M2 and we have :

c ! 0 ∥ p′ α−→ c ! 0 ∥ M2 (:= M )
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We have :

p′′ ≡ c ! 0 ∥ M2
c !−→ 0 ∥ M2

Then by the lemma 3.2.6, there exists M’ such that :

p′′ c !−→ M ′ ≡ ( 0 ∥ M2) (≡ M2)

Finally :

p

p′′ p′

M ′ ≡ M2

α
c !

c ! α

Output-determinacy (FB3). Suppose that we have :

p p′

p′′

c !

c !

We go with an induction on p
c !−→ p′.

• by [Output], then :

p = c ! 0

And p′ = p′′, hence p′ ≡ p′′.

• by [Par-L], then :

p = P1 ∥ P2 and P1
c !−→ P ′

1

Remember that :

(p =) P1 ∥ P2
c !−→ p′′

We have then 2 cases :

– P1 makes the action c ! to a P ′′
1

– P2 makes the action c ! to a P ′′
2

In the first case, by induction hypothesis :

P ′
1 ≡ P ′′

1

And then :

(P ′
1 ∥ P2 =) p′ ≡ p′′ (= P ′′

1 ∥ P2)

In the second case, we have :

P2
c !−→ P ′′

2
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Then by lemma 3.2.4, we have :

P2 ≡ c ! 0 ∥ P ′′
2

P1 ≡ c ! 0 ∥ P ′
1

Remember that we have to show that :

(p′ =) P ′
1 ∥ P2 ≡ P1 ∥ P ′′

2 (= p′′)

Then by [Sc-context], we have :

P ′
1 ∥ P2 ≡ P ′

1 ∥ c ! 0 ∥ P ′′
2 ≡ c ! 0 ∥ P ′

1 ∥ P ′′
2 ≡ P1 ∥ P ′′

2

Feedback (FB4). Suppose that we have :

p p′

q

c !

c ?

By lemma 3.2.4, we have :

p ≡ c ! 0 ∥ p′

Remark that :

c ! 0 c !−→ 0 et p′ c ?−→ q

Then by [Com-R] we have :

c ! 0 ∥ p′ τ−→ 0 ∥ q

Then by [Com-R] we have :

p ≡ c ! 0 ∥ p′ τ−→ 0 ∥ q

Then by lemma 3.2.6, there exists some q’ such that :

p
τ−→ q′ ≡ 0 ∥ q (≡ q)

Finally :

p p′

q′ ≡ q

c !

τ c ?

Output-tau (FB5). Suppose that :
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p p′

p′′

c !

τ

By lemma 3.2.4, we have :

c ! 0 ∥ p′ ≡ p

Then by lemma 3.2.6, there exists M such that :

c ! 0 ∥ p′ τ−→ M ≡ p′′

We have 2 cases for the τ action :

• it is made by only p’

• it is made by p’ and c ! 0 , communication via c

In the first case, we have for some p1:

p′ τ−→ p1 and M = c ! 0 ∥ p1

And we have :

p′′ ≡ c ! 0 ∥ p1
c !−→ 0 ∥ p1

So by lemma 3.2.6, there exists M’ such that :

p′′ c !−→ M ′ ≡ 0 ∥ p1 (≡ p1)

Finally :

p

p′′ p′

M ≡ p1

τ
c !

c ! τ

In the second case, the action τ is made by p’ and c ! 0 via communication on c.

Then we have for some p2 :

p′ c ?−→ p2 and M = 0 ∥ p2 (≡ p′′)

Finally :

p p′

p′′ ≡ p2

c !

τ c ?
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Chapter 4

Value Passing

4.1 Definition
In this chapter, we introduce the Value Passing. In the previous chapters, we talked about how to model com-
munication. In addition, we will introduce value passing, to keep tracking the communication and the value (the
message) that is sent or receive.

We have a countable set of variables called V and a countable set of constant, we take N for the rest of the
document.

We can now introduce more specified Actions Prefixes for a process :

Definition 4.1.1 (ActionPrefix): We define the Action Prefixes as follow :

π ::= c ? x | c ! v | τ

(c ∈ C, x ∈ V, v ∈ V ∪ N)

The Input prefix c ! x is the receiving of an information, that we call x, via the channel c.

The Output prefix c ! v is the sending of the information v via the channel c.

τ remains the same as for CCS or ACCS, it is the observable action.

Definition 4.1.2 (Free Variables and Bound Variables of Data): We say that the Action Prefix c ? x bounds the
variable x in P for the process c ? x P .
If a variable isn’t bounded then it is free.

Example: The operation is the same as for lambda calculus : in λx.y x x, x is bound by λx and y is free.

In c ? x (c ! x 0 ∥ c ! y 1 ), the variable x is bound and y is free.

Now, we take process up to the α-equivalence classes, and to avoid some comprehension problems, all bounded
variables under an input action prefix are taken differently from each input action prefix, and from each free
variables.

Example: For the process :
c ? x P ; c′ ? x P ′

we take the representative :
c ? x P ; c′ ? y P ′

Definition 4.1.3 (Substitution in Processes): The substitution of x in P by v (noted M [x := v]) is defined as for
lambda calculus with bound and free variables.
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Example: For the process :

(a ! x 0 ∥ b ! x 0 )[x := 1] = (a ! x 0 )[x := 1] ∥ (b ! 1 0 )[x := 1]
= a ! 1 0 ∥ b ! 1 0

The Value that we are passing are destined for equation to make assertions in test.

We take E the set of our equations on V ∪ N. The goal is to make an ”If” constructor with condition in E .

Example: We can make some sentences :

x = 4
mark > 10

age > 18 ∧ age ⩽ 30

With this set E comes a truth function, that can evaluate Eq (∈ E).

Example: Like in programming language :

If score = 4 Then 1 Else 0

The implementation in COQ of the substituion is discussed in the appendix.

To summarize it, we used the De Brujin notation to simplify the α-equivalence.

4.2 CCS with Value passing (VCCS)
In this section we introduce CCS with Value passing (VCCS).

In comparison of CCS, we added the action prefixes, discussed in the previous section and a If . Then . Else .
constructor to ”use” the tranfered values.

Definition 4.2.1 (Processes, Guards and ActionPrefixes): The processes PVCCS are :

(Process)
P, P1, P2 ::= P1 ∥ P2 | X | rec X.P | If Eq Then P Else Q | G

(Guards)
G, G1, G2 ::= 0 | 1 | π P | G1 + G2

(ActionPrefix)
π ::= c ? x | c ! v | τ

(c ∈ C, x ∈ V, v ∈ V ∪ N, Eq ∈ E)

Just a reminder for the bound and free variables :

Example: In the process :

c ? x (If x = 64 Then a ! 1 0 Else b ! 1 0 ) ∥ c ? x 0

The first Input Prefix c ? x bounds x in :

If x = 64 Then a ! 1 0 Else b ! 1 0

And the Input Prefix c ? x bounds x in 0 .
Then we take the repressentative :

c ? x (If x = 64 Then a ! 1 0 Else b ! 1 0 ) ∥ c ? y 0

Compared to CCS, we had :

• the constructor If . Then . Else .
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• the new action prefixes

Definition 4.2.2 (Context for PVCCS): A Context is a Process, following the definition 4.2.1, with one or multiple
hole(s) (noted LM).

Example: Let’s take :
C := If (x = 17) Then LM Else (c ? x 0 )

Then :
CL 1 M := If (x = 17) Then 1 Else (c ? x 0 )

Definition 4.2.3 (Structural Congruence for PVCCS): The Structural Congruence over PVCCS is the reflexive,
symmetric and transitive closure of the binary relation induced by the rules in figure 4.1.

[Sc-sneut] G + 0 ≡ G
[Sc-scom] G1 + G2 ≡ G2 + G1
[Sc-sass] G1 + (G2 + G3) ≡ (G1 + G2) + G3

[Sc-pneut] P ∥ 0 ≡ P
[Sc-pcom] P ∥ Q ≡ Q ∥ P
[Sc-pass] P ∥ (Q ∥ R) ≡ (P ∥ Q) ∥ R

[Sc-context] CLP M ≡ CLQM if P ≡ Q

Figure 4.1: Structural Congruence rules for VCCS

Definition 4.2.4 (Reduction Semantic for PVCCS): The Reduction Semantic is the binary relation over PVCCS is
defined in figure 4.2. It defines the STS (PVCCS, −→).

[Sts-com] c ! v P1 + G1 ∥ c ? x P2 + G2 −→ P1 ∥ (P2[x := v]) [Sts-tau]
τ P + G −→ P

[Sts-unf] rec X.CLXM −→ CLrec X.CLXMM [Sts-par]
P1 −→ P2

P1 ∥ Q −→ P2 ∥ Q

[Sts-if-True]
ϕ(Eq) = True

If Eq Then P Else Q −→ P
[Sts-if-False]

ϕ(Eq) = False

If Eq Then P Else Q −→ Q

[Sts-cong]
P1 ≡ Q1 Q1 −→ Q2 Q2 ≡ P2

P1 −→ P2

Figure 4.2: The STS of PVCCS
The meta-variables are c ∈ C, x ∈ V, v ∈ V ∪ N.

There are 3 new things in the STS :

• the reduction of If Eq Then . Else . if Eq is True

• the reduction of If Eq Then . Else . if Eq is False

• the communication
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The reduction of If Eq Then . Else . is quite classic.

If the truth function ϕ evaluates the Equation Eq at True then we reduce the term to its first branch and if the
truth function ϕ evaluates the Equation Eq at True then we reduce the term to its first branch.

Example: Take the process Monday :

If t > 20 Then (rec X.Market ! IceCream 0 ∥ X) Else (rec X.Market ! Coffee 0 ∥ X)

If I set the temperature t to 27, then Eq becomes 27 > 20, Monday will reduce to :

Monday[t := 27] −→ rec X.(Market ! IceCream 0 ∥ X)

We call this term IceCreamDay.

The rule [Sts-com], compared to CCS, now transfers the value from the output prefix and send it to the sub process
of the input.

We can now continue our previous example.

Example: Take the processes :

thermometer ? t Monday

V := thermometer ! 27 0
Clients := rec X.(Market ? y 1 ∥ τ X)

Then I put then all in parallel :

thermometer ? t Monday ∥ thermometer ! 27 0 ∥ Clients

Let’s reduce this term.

I open the shop on Monday. Let’s look at the temperature, to see what I will sell. Then makes some food, and
wait for some clients to come.

(thermometer ? t Monday) ∥ (thermometer ! 27 0 ) ∥ Clients

−→ Monday[t := 27] ∥ 0 ∥ Clients

−→ IceCreamDay ∥ Clients

−→ (Market ! IceCream 0 ) ∥ IceCreamDay ∥ Clients

−→ (Market ! IceCream 0 ) ∥ IceCreamDay ∥ Market ? y 1 ∥ τ Clients

−→ 0 ∥ IceCreamDay ∥ 1 ∥ τ Clients

−→ IceCreamDay ∥ Clients ∥ 1

For the LTS, we have to redefine the set of Actions.

Definition 4.2.5 (Actions): We define the Actions A with :

• (the input-action) c ? z
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• (the output-action) c ! z

• (the tau-action) τ

(c ∈ C, z ∈ V ∪ N)

We added the description of which data the process input ou output.

Definition 4.2.6 (LTS for PVCCS): The LTS (PVCCS, A,
α−→) is defined in figure 4.3.

[Input]
c ? x P

c ? v−→ P [x := v] [Tau]
τ P

τ−→ P

[Output]
c ! v P

c ! v−→ P
[Unf] rec X.CLXM τ−→ CLrec X.P M

[Sum-L]
G

α−→ P

G + G′ α−→ P
[Sum-R]

G
α−→ P

G′ + G
α−→ P

[Par-L]
P

α−→ Q

P ∥ P ′ α−→ Q ∥ P ′
[Par-R]

P
α−→ Q

P ∥ P ′ α−→ Q ∥ P ′

[Com-L]
P

c ? v−→ Q P ′ c ! v−→ Q′

P ∥ Q
τ−→ Q ∥ Q′

[Com-R]
P

c ? v−→ Q P ′ c ! v−→ Q′

P ′ ∥ P
τ−→ Q′ ∥ Q

[If-True]
ϕ(Eq) = True

If Eq Then P Else Q
τ−→ P

[If-False]
ϕ(Eq) = False

If Eq Then P Else Q
τ−→ Q

Figure 4.3: The LTS of PVCCS
The meta-variables are c ∈ C, v ∈ V ∪ N, α ∈ A.

Like in the Reduction Semantic, the main additions are :

• value-passing for the [Input] rule

• reduction [If-True] and [If-False] for the If . Then . Else . constructor

c ? P
c ?−→ P

⇒
c ? x P

c ? v−→ P [x := v]

CCS ⇒ VCCS

To maintain the properties that we had in CCS, we have introduce another lemma :

Lemma 4.2.7 (SubstitionRespectsCongruence): ∀(P, Q) ∈ PVCCS, ∀x ∈ V and ∀v ∈ V ∪ N,

if P ≡ Q then P [x := v] ≡ Q[x := v]

Proof. Let’s take (P, Q) ∈ PVCCS, x ∈ V and v ∈ V ∪ N.

Assume that we have :
P ≡ Q
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We go by induction on
P ≡ Q

.

• [Sc-sneut]

We have :
G + 0 ≡ G

By definition:
(G + 0 )[x := v] = G[x := v] + 0

Then by [Sc-sneut]:
G[x := v] + 0 ≡ G[x := v]

• [Sc-scom]

We have :
G1 + G2 ≡ G2 + G1

By definition:
(G1 + G2)[x := v] = G1[x := v] + G2[x := v]

Then by [Sc-scom]:
G1[x := v] + G2[x := v] ≡ G2[x := v] + G1[x := v]

And by definition :
G2[x := v] + G1[x := v] = (G2 + G1)[x := v]

• [Sc-sass]

We have :
G1 + (G2 + G3) ≡ (G1 + G2) + G3

By definition:

(G1 + (G2 + G3))[x := v] = G1[x := v] + (G2[x := v] + G3[x := v])

Then by [Sc-sass]:

G1[x := v] + (G2[x := v] + G3[x := v]) ≡ (G1[x := v] + G2[x := v]) + G3[x := v]

And by definition :

(G1[x := v] + G2[x := v]) + G3[x := v] = ((G1 + G2) + G3)[x := v]

• [Sc-pneut]

We have :
P ∥ 0 ≡ P

By definition:
(P ∥ 0 )[x := v] = P [x := v] ∥ 0

Then by [Sc-pneut]:
P [x := v] ∥ 0 ≡ P [x := v]
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• [Sc-pcom]

We have :
P ∥ Q ≡ Q ∥ P

By definition:
(P ∥ Q)[x := v] = P [x := v] ∥ Q[x := v]

Then by [Sc-pcom]:
P [x := v] ∥ Q[x := v] ≡ Q[x := v] ∥ P [x := v]

And by definition :
Q[x := v] ∥ P [x := v] = (Q ∥ P )[x := v]

• [Sc-pass]

We have :
PrlP (Q ∥ R) ≡ (P ∥ Q) ∥ R

By definition:
(P ∥ (Q ∥ R))[x := v] = P [x := v] ∥ (Q[x := v] ∥ R[x := v])

Then by [Sc-pass]:

P [x := v] ∥ (Q[x := v] ∥ R[x := v]) ≡ (P [x := v] ∥ Q[x := v]) ∥ R[x := v]

And by definition :

(P [x := v] ∥ Q[x := v]) ∥ R[x := v] = ((P ∥ Q) ∥ R)[x := v]

• [Sc-context]

We have :
CLP M ≡ CLQM

Obtained by :
P ≡ Q

By definition :
(CLP M)[x := v] = C[x := v]LP [x := v]M

And by induction hypothesis we have :

P [x := v] ≡ Q[x := v]

Then by [Sc-context] :

C[x := v]LP [x := v]M ≡ C[x := v]LQ[x := v]M

And by definition :

C[x := v]LQ[x := v]M = CLQM[x := v]

Then we have our properties from CCS :
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Lemma 4.2.8 (ReductionShape): ∀(P, Q) ∈ P2
VCCS, if P −→ Q then one of this cases occurs :

• P ≡ c ? x P1 + G1 ∥ c ! v P2 + G2 ∥ S and Q ≡ P1 ∥ P2[x := v] ∥ S for some P1, G1, P2, G2, S, x, v

• P ≡ τ P1 + G1 ∥ S and Q ≡ P1 ∥ S for some P1, G1, S

• P ≡ rec X.CLXM ∥ S and Q ≡ CLrec X.CLXMM ∥ S for some C, S

• P ≡ If Eq Then P1 Else P2 ∥ S, Q ≡ P1 ∥ S and ϕ(Eq) = True for some Eq, P1, P2, S

• P ≡ If Eq Then P1 Else P2 ∥ S, Q ≡ P2 ∥ S and ϕ(Eq) = False for some Eq, P1, P2, S

Proof. For all constructors from CCS, see the proof of lemma 2.2.4.

Otherwise, it is the same proof for the new constructors :

• For [Sts-com], we have :

c ! v P1 + G1 ∥ c ? x P2 + G2 −→ P1 ∥ (P2[x := v])
We have by [Sc-pneut]:

c ! v P1 + G1 ∥ c ? x P2 + G2 ≡ c ! v P1 + G1 ∥ c ? x P2 + G2 ∥ 0

And :

P1 ∥ (P2[x := v]) ≡ P1 ∥ (P2[x := v]) ∥ 0

• For [Sts-if-True], we have :
ϕ(Eq) = True

If Eq Then P1 Else P2 −→ P1

We have by [Sc-pneut]:

If Eq Then P1 Else P2 ≡ If Eq Then P1 Else P2 ∥ 0

And :

P1 ≡ P1 ∥ 0

• For [Sts-if-False], we have :
ϕ(Eq) = False

If Eq Then P1 Else P2 −→ P2

We have by [Sc-pneut]:

If Eq Then P1 Else P2 ≡ If Eq Then P1 Else P2 ∥ 0

And :

P2 ≡ P2 ∥ 0

Lemma 4.2.9 (SimplifiedTree): ∀(P, Q) ∈ PVCCS, if P −→ Q, then there exists a proof tree of length 3 that
deduce P −→ Q.
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Lemma 4.2.10 (TransitionShapeForInput): ∀(P, Q) ∈ PVCCS, c ∈ C and v ∈ V ∪ N, if P
c ? v−→ Q, then P ≡

(c ? x P1 + G1) ∥ S , Q ≡ P1[x := v] ∥ S for some P1, G1, S.

If P is a guard then S = 0 .

Proof. For all constructors from CCS, see the proof of lemma 2.3.3.

Otherwise, it is the same proof for the new constructor :

• For [Input]

c ? x P
c ? v−→ P [x := v]

By [Sc-sneut] and [Sc-pneut], we have :

c ? x P ≡ c ? x P + 0 ∥ 0

Lemma 4.2.11 (TransitionShapeForOutput): ∀(P, Q) ∈ PVCCS, c ∈ C and v ∈ V ∪ N, if P
c ! v−→ Q, then P ≡

(c ! x P1 + G1) ∥ S , Q ≡ P1 ∥ S for some P1, G1, S.

If P is a guard then S = 0 .

Proof. See the proof of lemma 2.2.4.

Lemma 4.2.12 (TransitionShapeForTauAndGuard): ∀(P, Q) ∈ PVCCS and c ∈ C, if P is a guard and P
τ−→ Q,

then P ≡ τ P1 + G1 , Q ≡ P1 for some P1, G1.

Proof. The constructor If . Then . Else . isn’t a guard.

Then, see the proof of lemma 2.3.5.

Lemma 4.2.13 (CongruenceRespectsTransition): ∀(S, T ) ∈ P2
VCCS, α ∈ A, if S ≡ .

α−→ T then S
α−→ . ≡ T .

Proof. We follow the proof of lemma 2.4.1.

The only case that is different from lemma 2.4.1 is when the context C = c ? v LM for the rule [Sc-context].

We need one step further, we have it by the lemma 4.2.7 :

Assume that we have :

c ? x P1 ≡ c ? x P2
c ? v−→ P2[x := v]

by P1 ≡ P2.

Then by [Input], we have :

c ? x P1
c ? v−→ P1[x := v]

and by lemma 4.2.7, we have :

P1[x := v] ≡ P2[x := v]

We can talk a bit about the context C = IfEq ThenLMElseP2 or C = IfEq ThenP1 ElseLM, since the the Structural
Congruence doesn’t modify the equation Eq, we have :
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• Assume that we have :

If Eq Then P1 Else P2 ≡ If Eq Then P1 Else P ′
2

τ−→ P1

by P2 ≡ P ′
2 and ϕ(Eq) = True.

Then by [If-True] and reflexivity, we have :

If Eq Then P1 Else P2
τ−→ P1 ≡ P1

• Assume that we have :

If Eq Then P1 Else P2 ≡ If Eq Then P1 Else P ′
2

τ−→ P ′
2

by P2 ≡ P ′
2 and ϕ(Eq) = False.

Then by [If-True] and hypothesis, we have :

If Eq Then P1 Else P2
τ−→ P2 ≡ P ′

2

• Assume that we have :

If Eq Then P1 Else P2 ≡ If Eq Then P ′
1 Else P2

τ−→ P ′
1

by P1 ≡ P ′
1 and ϕ(Eq) = True.

Then by [If-True] and hypothesis, we have :

If Eq Then P1 Else P2
τ−→ P1 ≡ P ′

1

• Assume that we have :

If Eq Then P1 Else P2 ≡ If Eq Then P ′
1 Else P2

τ−→ P2

by P1 ≡ P ′
1 and ϕ(Eq) = False.

Then by [If-True] and reflexivity, we have :

If Eq Then P1 Else P2
τ−→ P2 ≡ P ′

2

Lemma 4.2.14 (Harmony Lemma): For all (S, T ) ∈ P2
CCS, S −→ T if and only if S

τ−→ . ≡ T .

Proof. We have two side to prove :

■ if S −→ T then S
τ−→ . ≡ T

■ if S
τ−→ . ≡ T then S −→ T

In each side, we follow the same schema as for the lemma 2.4.2, but let’s precise the proof for the new construc-
tors, reductions and transitions.

■ For the first side, we remember that we used lemma 4.2.8, to reason by case analysis.

So :
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– We have for some Eq, P1, P2, S:

P ≡ (If Eq Then P1 Else P2) ∥ S

Q ≡ P1 ∥ S

by ϕ(Eq) = True.

Then by [If-True] and [Par-L], we have :

(If Eq Then P1 Else P2) ∥ S
τ−→ P1 ∥ S

And by lemma 4.2.13, it exists M such that :

P
τ−→ M ≡ P1 ∥ S (≡ Q)

– We have for some Eq, P1, P2, S:

P ≡ (If Eq Then P1 Else P2) ∥ S

Q ≡ P2 ∥ S

by ϕ(Eq) = False.

Then by [If-False] and [Par-L], we have :

(If Eq Then P1 Else P2) ∥ S
τ−→ P2 ∥ S

And by lemma 4.2.13, it exists M’ such that :

P
τ−→ M ′ ≡ P2 ∥ S (≡ Q)

– We have for some P1, P2, G1, G2, x, v, S:

P ≡ c ? x P1 + G1 ∥ c ! v P2 + G2 ∥ S

Q ≡ P1[x := v] ∥ P2 ∥ S

Then by [Sum-L], [Com-L] and [Par-L], we have :

c ? x P1 + G1 ∥ c ! v P2 + G2 ∥ S
τ−→ P1[x := v] ∥ P2 ∥ S

And by lemma 4.2.13, it exists M” such that :

P
τ−→ M ′′ ≡ P1[x := v] ∥ P2 ∥ S (≡ Q)

■ For the second side,

– We have for some Eq, P1, P2:

If Eq Then P1 Else P2
ActT au−→ P1

for ϕ(Eq) = True.

By [Sts-if-True] and reflexivity, we have :

If Eq Then P1 Else P2 −→ P1 ≡ P1
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– We have for some Eq, P1, P2:

If Eq Then P1 Else P2
ActT au−→ P1

for ϕ(Eq) = False.

By [Sts-if-True] and reflexivity, we have :

If Eq Then P1 Else P2 −→ P1 ≡ P1

– We have for some c, x, v, P1, P2, P ′
1, P2 :

P1 ∥ P2
τ−→ P ′

1 ∥ P ′
2

by :

P1
c ? v−→ P ′

1

P2
c ! v−→ P ′

2

By lemma 4.2.10 and lemma 4.2.11, we have for some G1, G2, S1, S2 :

P1 ≡ c ? x Q1 + G1 ∥ S1

P ′
1 ≡ Q1[x := v] ∥ S1

P2 ≡ c ! x Q2 + G2 ∥ S2

P ′
2 ≡ Q2 ∥ S2

By [Sts-com] and [Sts-par] with S1 ∥ S2, we have :

c ? x Q1 + G1 ∥ c ! x Q2 + G2 ∥ S1 ∥ S2 −→ Q1[x := v] ∥ Q2 ∥ S1 ∥ S2

But we have :

P1 ∥ P2 ≡ c ? x Q1 + G1 ∥ c ! x Q2 + G2 ∥ S1 ∥ S2

P ′
1 ∥ P ′

2 ≡ Q1[x := v] ∥ Q2 ∥ S1 ∥ S2

Then by [Sts-cong], we have :

P1 ∥ P2 −→ P ′
1 ∥ P ′

2

4.3 ACCS with Value passing (VACCS)
In this chapter, we introduce VACCS.

The idea from CCS to ACCS remains the same from VCCS to VACCS :

• the output process c ! v P is no longer a guard
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• in the output process c ! v P , P = 0

Definition 4.3.1 (Processes, Guards and ActionPrefixes): The processes PVACCS are :

(Process)
P, P1, P2 ::= P1 ∥ P2 | X | rec X.P | If C Then P Else Q | G

(Guards)
G, G1, G2 ::= 0 | 1 | π P | G1 + G2

(ActionPrefix)
π ::= c ? x | c ! v | τ

(c ∈ C, x ∈ V, v ∈ V ∪ N)

Definition 4.3.2 (Context for PVACCS): A Context is a Process, following the definition 4.3.1, with one or mul-
tiple hole(s) (noted LM).
We note CLP M, where the hole(s) in C are substituted by P.
Note, that a hole can be in place for guards (example in the summation), then it can only be replaced by a guard
G.

Example: Let’s take C := If (x = 17) Then LM Else (c ? x 0 ).
Then CL 1 M := If (x = 17) Then 1 Else (c ? x 0 ).

Definition 4.3.3 (Structural Congruence for PVACCS): The Structural Congruence over PVACCS is the reflexive,
symetric and transitive closure of the binary relation induced by the rules in figure 4.4.

[Sc-sneut] G + 0 ≡ G
[Sc-scom] G1 + G2 ≡ G2 + G1
[Sc-sass] G1 + (G2 + G3) ≡ (G1 + G2) + G3

[Sc-pneut] P ∥ 0 ≡ P
[Sc-pcom] P ∥ Q ≡ Q ∥ P
[Sc-pass] P ∥ (Q ∥ R) ≡ (P ∥ Q) ∥ R

[Sc-context] CLP M ≡ CLQM if P ≡ Q

Figure 4.4: Structural congruence rules for VACCS

Definition 4.3.4 (STS for PVACCS): The STS (PVACCS, −→) is defined in figure 4.5.

Definition 4.3.5 (LTS for PVACCS): The LTS (PVACCS, A,
α−→) is defined in figure 4.6.

Lemma 4.3.6 (ReductionShape): ∀(P, Q) ∈ P2
VACCS, if P −→ Q then one of this cases occurs :

• P ≡ c ! v 0 ∥ c ? x P2 + G2 ∥ S and Q ≡ P1 ∥ S for some P2, G2, S, x, v

• P ≡ τ P1 + G1 ∥ S and Q ≡ P1 ∥ S for some P1, G1, S

• P ≡ rec X.CLXM ∥ S and Q ≡ CLrec X.CLXMM ∥ S for some C, S

• P ≡ If Eq Then P1 Else P2 ∥ S, Q ≡ P1 ∥ S and ϕ(Eq) = True for some Eq, P1, P2, S

• P ≡ If Eq Then P1 Else P2 ∥ S, Q ≡ P2 ∥ S and ϕ(Eq) = False for some Eq, P1, P2, S

Proof. See the proof of lemma 3.2.1 and for the substitution cases, the proof of lemma 4.2.8.
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[Sts-com] c ! v 0 ∥ c ? x P2 + G2 −→ P1 ∥ (P2[x := v]) [Sts-tau]
τ P + G −→ P

[Sts-unf] rec X.CLXM −→ CLrec X.CLXMM [Sts-par]
P1 −→ P2

P1 ∥ Q −→ P2 ∥ Q

[Sts-if-True]
ϕ(Eq) = True

If Eq Then P Else Q −→ P
[Sts-if-False]

ϕ(Eq) = False

If Eq Then P Else Q −→ Q

[Sts-cong]
P1 ≡ Q1 Q1 −→ Q2 Q2 ≡ P2

P1 −→ P2

Figure 4.5: The STS of PVACCS
The meta-variables are c ∈ C, x ∈ V, v ∈ V ∪ N.

Lemma 4.3.7 (SubstitionRespectsCongruence): ∀(P, Q) ∈ PVACCS, ∀x ∈ V and ∀v ∈ V ∪ N,

if P ≡ Q then P [x := v] ≡ Q[x := v]

Proof. See the proof of lemma 4.2.7

Lemma 4.3.8 (TransitionShapeForInput): ∀(P, Q) ∈ PVACCS, c ∈ C and v ∈ V ∪ N, if P
c ? v−→ Q, then P ≡

(c ? x P1 + G1) ∥ S , Q ≡ P1[x := v] ∥ S for some P1, G1, S.

If P is a guard then S = 0 .

Proof. See the proof of lemma 2.3.3 and for the substitution cases, the proof of lemma 4.2.10.

Lemma 4.3.9 (TransitionShapeForOutput): ∀(P, Q) ∈ PVACCS, c ∈ C and v ∈ V ∪ N, if P
c ! v−→ Q, then P ≡

(c ! x 0 ) ∥ S , Q ≡ S for some S.

Proof. See the proof of lemma 4.2.10.

Lemma 4.3.10 (TransitionShapeForTauAndGuard): ∀(P, Q) ∈ PVACCS and c ∈ C, if P is a guard and P
τ−→ Q,

then P ≡ τ P1 + G1 , Q ≡ P1 for some P1, G1.

Proof. See the proof of lemma 4.2.12 and lemma 3.2.5.

Lemma 4.3.11 (CongruenceRespectsTransition): ∀(S, T ) ∈ P2
VACCS, α ∈ A, if S ≡ .

α−→ T then S
α−→ . ≡ T .

Proof. See proof of lemma 4.2.13 and lemma 3.2.6.

Lemma 4.3.12 (Harmony Lemma): For all (S, T ) ∈ P2
VACCS, S −→ T if and only if S

τ−→ . ≡ T .

Proof. See proof of lemma 4.2.14 and lemma 3.2.7.

Now we have to adapt the First-order axioms for out-buffered agents with feedback from Peter Selinger for
VACCS.

By out x, it is designed for ”an output action that we call x”.

Then out x becomes c ! v for some c and v.

And out x = out y means for VACCS , c ! v = c′ ! v′.

And by construction, c = c′ and v = v′.

51



4.3. ACCS WITH VALUE PASSING (VACCS) CHAPTER 4. VALUE PASSING

[Input]
c ? x P

c ? v−→ P [x := v] [Tau]
τ P

τ−→ P

[Output]
c ! v 0 c ! v−→ 0

[Unf] rec X.CLXM τ−→ CLrec X.P M

[Sum-L]
G

α−→ P

G + G′ α−→ P
[Sum-R]

G
α−→ P

G′ + G
α−→ P

[Par-L]
P

α−→ Q

P ∥ P ′ α−→ Q ∥ P ′
[Par-R]

P
α−→ Q

P ∥ P ′ α−→ Q ∥ P ′

[Com-L]
P

c ? v−→ Q P ′ c ! v−→ Q′

P ∥ Q
τ−→ Q ∥ Q′

[Com-R]
P

c ? v−→ Q P ′ c ! v−→ Q′

P ′ ∥ P
τ−→ Q′ ∥ Q

[If-True]
ϕ(Eq) = True

If Eq Then P Else Q
τ−→ P

[If-False]
ϕ(Eq) = False

If Eq Then P Else Q
τ−→ Q

Figure 4.6: The LTS of PVACCS
The meta-variables are c ∈ C, v ∈ V ∪ N, α ∈ A.

Finally we have :

p p′

q

c ! v

α ⇒
p p′

p′′ q

c ! v

α α

c ! v

p p′

p′′

c ! v

α ⇒
p p′

p′′ q

c ! v

α α

c ! v

where α ̸= c ! v and α ̸= τ

p p′

p′′

c ! v

c ! v ⇒ p′ ≡ p′′

Output-commutativity (FB1) Output-confluence (FB2) Output-determinacy (FB3)

p p′

q

c ! v

c ? v
⇒

p p′

q

c ! v

τ
c ? v

p p′

p′′

c ! v

τ ⇒
p p′

p′′ q

c ! v

τ τ

c ! v

or
p p′

p′′

c ! v

τ
c ? v

Feedback (FB4) Output-tau (FB5)

The proofs follow exactly the same schema as the proofs in ACCS.

Output-commutativity (FB1). See the proof in section 3.3.

Output-confluence (FB2). See the proof in section 3.3.

Output-determinacy (FB3). See the proof in section 3.3.

Feedback (FB4). See the proof in section 3.3.

Output-tau (FB5). See the proof in section 3.3.
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Chapter 5

CCS and Sequencing

In this chapter, we added the notion of Program Sequencing and we modify a bit the aspect of the processes.

Our objective is to build a asynchronous programming language with enough expressiveness.

The 2 things we have to implement are :

• the notion of sequencing

• the notion of skipping to the next instruction for 0

And then verify that the Harmony Lemma and the Axioms of Output Buffered agents are still good.

5.1 Definition
We have already a notion of sequencing, indeed with the action prefix :

c ? x τ τ τ c ! v 0

But the τ is only here to say ”you have a computation”.

It says nothing about how it is computed, with enough τ -action like for the recursion or the If . Then . Else .
constructor we would like to suppress this Action Prefix.

A start was to add the ”If” constructor with his τ transition.

But now, we would like a prefix to say more that output, input or ”something” is computed.

We want a more explicit grammar than ”something”.

We would like something like :

P ; Q

And then the example above becomes :

c ? x P1 ; P2 ; P3 ; P4; c ! v 0

The sequencing would function like a parallel, but only on the left side, similar to a [Par-L] rule.

But then if P is an output process, like P = c ! v 0 , it would block the action of Q in :

P ; Q
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and would be a counter example of Output-commutativity (FB1).

So a rule like [Par-R] would be needed for an output process in the first part of a sequencing process and a
computation like this would be possible :

c ! v 0 ; I2
τ−→ c ! v 0 ; I3

τ−→ c ! v 0 ; I4
τ−→ ...

We would like to ”discard” the instructions in our sequencing.

Then we introduce a notion of a MailBox in ”parallel” of the Processes, that stores the outputs and distribute
them when needed by an input.

We first introduce our definition of Processes.

Definition 5.1.1 (Processes, Guards and ActionPrefixes): The processes PSVCCS are :

(Process)
P, P1, P2 ::= P1 ∥ P2 | X | rec X.P | If C Then P1 Else P2 | 0 | G

(Guards)
G, G1, G2 ::= δ | 1 | π P | G1 + G2 | P1 ; P2

(ActionPrefix)
π ::= c ? x | c ! v | τ

(x ∈ V, v ∈ V ∪ N)

Compared to VCCS, we added a few things :

• the process 0 is no longer a guard

• the deadlock process δ

• the sequencing process P ; Q

0 don’t block the sequencing but δ blocks everything in sequence.

The actions prefixes remain the same at one exception point of view : the ”output” process is no longer viewed
as an output for process : you can’t communicate though it, or not directly.
We will see more about this in the transition part for the States (Mailbox with Process).

Definition 5.1.2 (Context): A Context is a Process, following the definition 5.1.1, with one or multiple hole(s)
(noted LM).

Example: Let’s take C = LM ∥ c ? x δ ∥ LM.
Then CL 0 M = 0 ∥ c ? x δ ∥ 0 .

Definition 5.1.3 (Actions): Actions (noted A) is defined as below :

(Actions)
A ::= c ? v | c ! v | τ

(c ∈ C, v ∈ V ∪ N)

The action c ! v is now viewed as storing in a MailBox.

Definition 5.1.4 (Structural Congruence for Process): The Structural Congruence over the Processes is the
reflexive, symetric and transitive closure of the binary relation induced by the rules in figure 5.1.
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[Sc-sneut] G + δ ≡ G
[Sc-scom] G1 + G2 ≡ G2 + G1
[Sc-sass] G1 + (G2 + G3) ≡ (G1 + G2) + G3

[Sc-pcom] P ∥ Q ≡ Q ∥ P
[Sc-pass] P ∥ (Q ∥ R) ≡ (P ∥ Q) ∥ R

[Sc-context] CLP M ≡ CLQM if P ≡ Q

[Sc-sassoc] P ; (Q ; R) ≡ (P ; Q) ; R
[Sc-pi-assoc] (π P ) ; Q ≡ π (P ; Q) (π ∈ {τ , c ! v})

[Sc-input-assoc] (c ? x P ) ; Q ≡ c ? x (P ; Q) (x /∈ FV(Q))

[Sc-ssdist] (G1 + G2) ; Q ≡ (G1 ; Q) + (G2 ; Q)

Figure 5.1: Structural congruence rules

The first six rules are pretty similar to the previous VCCS but with a few differences :

We avoided the rules :

P ∥ 0 ≡ P

to keep the moral of a guard is equivalent to a guard.

0 is no longer a guard, so we added the δ in the rule [Sc-sneut] :

G + δ ≡ G

to keep some nice properties of transition/reduction shape.

Let’s talk about the new rules :

• The rule [Sc-sassoc] is the associativity of the sequencing :

P ; (Q ; R) ≡ (P ; Q) ; R

what is quite fair for the sequencing.

• The next two rules are here for considering that the action-prefixing are in sense like sequencing then the
associativity rules remains, [Sc-piassoc] :

(π P ) ; Q ≡ π (P ; Q) (π ∈ {τ , c ! v})

Nothing special to say about those two prefixe : they don’t capture free variable.

But let’s look a a bit more about [Sc-input-assoc] :

(c ? x P ) ; Q ≡ c ? x (P ; Q) (x /∈ FV(Q))

The process c ? x P has nothing to do with Q, then if we don’t put a restriction like (x /∈ FV(Q)), this
will change the fundamental role of the whole process.
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Capturing the variable x in Q, and then by communication, rewriting on the x’s in Q and will destroy our
lemma for congruence as bisimulation (lemma 4.2.13).

If we consider the rule as a relation left to right, the relation is always ”possible”.

Take the process :
(c ? x a ! x 0 ) ; If (x > 10) Then 1 Else δ

With the α-equivalence, we can take the representative :

(c ? y a ! y 0 ) ; If (x > 10) Then 1 Else δ

We just have to take one variable that doesn’t belong in FV(Q) and this is always possible, like in the
example. And :

(c ? y a ! y 0 ) ; If (x > 10) Then 1 Else δ ≡ c ? y (a ! y 0 ; If (x > 10) Then 1 Else δ)

In the other hand, if we take this rule right to left, the relation isn’t always possible, if the input captures
a variable in Q.

Take the process :
c ? x (a ! y 0 ; If (x > 10) Then 1 Else δ)

Then we can’t disassemble the process ”If (x > 10) Then 1 Else δ” from the input prefix c ? x.

Indeed, if we do that :

(c ? x a ! y 0 ) ; If (x > 10) Then 1 Else δ

the variable x in ”If(x > 10)Then 1 Elseδ” won’t be able to be substituted, and we will lose the lemma 4.2.13.

• the last rule, [Sc-ssdist], is a rule from CSP([23]), that is needed to keep some nice properties (in a certain
way), which follows in the document (like lemma 4.2.10).

Before talking about the LTS for Process, and right after, the States and Mailboxes, we introduce a predicate :
SKIP (.).

That define the processes that will pass to the next instruction in the Sequencing, the reasonnable definition is
the process 0 or multiple 0 in parallel.

Like if we start multiple tasks in parallel (like Merge sort), then when all tasks are finished ( 0 ), we skip to the
next step.

Definition 5.1.5 (SKIP ): We said that a process P skips to the next instruction if is in the form

• 0

• 0 ∥ 0 ∥ ... ∥ 0

Definition 5.1.6 (LTS for Process): The LTS (PSVCCS, A,
α−→) is defined in figure 5.2.

There is no more communication. The communication disapears : it will be done later with the MailBox.

We just send the information to the Mailbox via c ! v.

And there are the two new rules for the Sequencing :

[SKIP]
SKIP (P )

P ; Q
τ−→ Q

[Seq]
P1

α−→ P2

P1 ; Q
α−→ P2 ; Q

As we talked before, the [SKIP] rule is here to pass to the next instruction.
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[Input]
c ? x P

c ? v−→ P [x := v] [Tau]
τ P

τ−→ P

[Output]
c ! z P

c ! z−→ P
[Unf] rec X.CLXM τ−→ CLrec X.P M

[Sum-L]
G1

α−→ P1

G1 + G
α−→ P1

[Sum-R]
G1

α−→ P1

G + G1
α−→ P1

[Par-L]
P1

α−→ P2

P1 ∥ P
α−→ P2 ∥ P

[Par-R]
P1

α−→ P2

P ∥ P1
α−→ P ∥ P2

[If-True]
ϕ(Eq) = True

If Eq Then P Else Q
τ−→ P

[If-False]
ϕ(Eq) = False

If Eq Then P Else Q
τ−→ Q

[Seq]
P1

α−→ P2

P1 ; Q
α−→ P2 ; Q

[SKIP]
SKIP (P )

P ; Q
τ−→ Q

Figure 5.2: The LTS of Process
The meta-variables are c ∈ C, z ∈ V ∪ N, α ∈ A, C ∈ E .

The rule [Seq] permits computing at the left of the symbol ; of the Sequencing.

With the Structural Congruence and the LTS, we can check nice properties like in the previous chapter.

Lemma 5.1.7 (SubstitionRespectsCongruence): ∀(P, Q) ∈ PSVCCS, ∀x ∈ V and ∀v ∈ V ∪ N,

if P ≡ Q then P [x := v] ≡ Q[x := v]

Proof. For the constructors from VCCS, we can see the proof of lemma 4.2.7.

Otherwise :

• for [Sc-sassoc], we have :
P ; (Q ; R) ≡ (P ; Q) ; R

By definition :
(P ; (Q ; R))[x := v] = P [x := v] ; (Q[x := v] ; R[x := v])

Then by [Sc-sassoc] :

P [x := v] ; (Q[x := v] ; R[x := v]) ≡ (P [x := v] ; Q[x := v]) ; R[x := v]

And by definition :

(P [x := v] ; Q[x := v]) ; R[x := v] = ((P ; Q) ; R)[x := v]

• for [Sc-piassoc], we have : :
(π P ) ; Q ≡ π (P ; Q) (π ∈ {τ , c ! z})

By definition :
((π P ) ; Q)[x := v] = ((π[x := v]) P [x := v]) ; Q[x := v]
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Then by [Sc-piassoc] :

((π[x := v]) P [x := v]) ; Q[x := v] ≡ π[x := v] (P [x := v] ; Q[x := v])

And by definition :

π[x := v] (P [x := v] ; Q[x := v]) = (π (P ; Q))[x := v]

• for [Sc-input-assoc], we have :

(c ? y P ) ; Q ≡ c ? y (P ; Q) (y /∈ FV(Q))

We take the representative with y ̸= x and y ̸= v to avoid some misunderstandings.

By definition :
((c ? y P ) ; Q)[x := v] = (c ? y P [x := v]) ; Q[x := v]

Then by [Sc-input-assoc], we have :

(c ? y P [x := v]) ; Q[x := v] ≡ c ? y P [x := v] ; Q[x := v]

And by definition :
c ? y P [x := v] ; Q[x := v] ≡ (c ? y P ; Q)[x := v]

• for [Sc-ssdist], we have :
(G1 + G2) ; Q ≡ (G1 ; Q) + (G2 ; Q)

By definition :

((G1 + G2) ; Q)[x := v] = (G1[x := v] + G2[x := v]) ; Q[x := v]

Then by [Sc-ssdist] :

(G1[x := v] + G2[x := v]) ; Q[x := v] ≡ (G1[x := v] ; Q[x := v]) + (G2[x := v] ; Q[x := v])

And by definition :

(G1[x := v] ; Q[x := v]) + (G2[x := v] ; Q[x := v]) = ((G1 ; Q) + (G2 ; Q))[x := v]

Lemma 5.1.8 (CongruenceRespectsTransition): ∀(S, T ) ∈ P2
SVCCS, α ∈ A, if S ≡ .

α−→ T then S
α−→ . ≡ T .

Proof. We suppose that we have for some S1 :

S ≡ S1
α−→ T

We recall, that we went for an induction on S ≡ S1 in the proof of the lemma 4.2.13.

We can see the proof of the lemma 4.2.13 for the transition rules from VCCS.

Otherwise:

■ for [Sc-sassoc], we have by hypothesis :

P ; (Q ; R) ≡ (P ; Q) ; R
α−→ T

Then we have 2 cases :
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– if the reduction is made by a SKIP, then we have SKIP (P ) and :

P ; (Q ; R) ≡ (P ; Q) ; R
τ−→ Q ; R

By [SKIP] and reflexivity we have :

P ; (Q ; R) τ−→ Q ; R

– in the second case, we have for some P ′, P
α−→ P ′ and :

P ; (Q ; R) ≡ (P ; Q) ; R
α−→ (P ′ ; Q) ; R

By [Seq] and [Sc-sassoc] we have :

P ; (Q ; R) α−→ P ′ ; (Q ; R) ≡ (P ′ ; Q) ; R

■ for the symmetry of [Sc-sassoc], we have by hypothesis for some P ′, P
α−→ P ′:

(P ; Q) ; R ≡ P ; (Q ; R) α−→ P ′ ; (Q ; R)

Then by [Seq] and [Sc-sassoc] :

(P ; Q) ; R
α−→ (P ′ ; Q) ; R ≡ P ′ ; (Q ; R)

■ for [Sc-piassoc], we have by hypothesis for some (π ∈ {τ , c ! v}), π P
α−→ P and :

(π P ) ; Q ≡ π (P ; Q) α−→ P ; Q

Then by [Seq] and reflexivity, plus [Output] or [Tau] depending on π:

(π P ) ; Q
α−→ P ; Q ≡ P ; Q

■ for the symmetry of [Sc-piassoc], we have by hypothesis for some (π ∈ {τ , c ! v}), π P
α−→ P and :

π (P ; Q) ≡ (π P ) ; Q
α−→ P ; Q

Then by [Seq] and reflexivity, plus [Output] or [Tau] depending on π:

π (P ; Q) α−→ P ; Q ≡ P ; Q

■ for [Sc-input-assoc], we have by hypothesis, (x /∈ FV(Q)) and :

(c ? x P ) ; Q ≡ c ? x (P ; Q) c ? v−→ (P ; Q)[x := v]

By definition, and by (x /∈ FV(Q)), we have :

(P ; Q)[x := v] = P [x := v] ; Q[x := v]
= P [x := v] ; Q

Then we have by [Input] and reflexivity :

(c ? x P ) ; Q
c ? v−→ P [x := v] ; Q ≡ P [x := v] ; Q
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■ for the symmetry of [Sc-input-assoc], we have by hypothesis, (x /∈ FV(Q)) and :

c ? x (P ; Q) ≡ (c ? x P ) ; Q
c ? v−→ P [x := v] ; Q

By definition, and by (x /∈ FV(Q)), we have :

P [x := v] ; Q = P [x := v] ; Q[x := v]
= (P ; Q)[x := v]

Then we have by [Input] and reflexivity :

c ? x (P ; Q) c ? v−→ (c ? x P ) ; Q ≡ P [x := v] ; Q

■ for [Sc-ssdist], we have by hypothesis :

(G1 + G2) ; Q ≡ (G1 ; Q) + (G2 ; Q) α−→ S

Then we have 2 cases :

– if the transition is made by G1, we have G1
α−→ P1 and :

(G1 + G2) ; Q ≡ (G1 ; Q) + (G2 ; Q) α−→ P1 ; Q

Then by [Sum-L] and [Seq], we have :

(G1 + G2) ; Q ≡ P1 ; Q
α−→ P1 ; Q

– if the transition is made by G2, we have G2
α−→ P2 and :

(G1 + G2) ; Q ≡ (G1 ; Q) + (G2 ; Q) α−→ P2 ; Q

Then by [Sum-R] and [Seq], we have :

(G1 + G2) ; Q ≡ P2 ; Q
α−→ P2 ; Q

■ for symmetry of [Sc-ssdist], we have by hypothesis :

(G1 ; Q) + (G2 ; Q) ≡ (G1 + G2) ; Q
α−→ S

Then we have 2 cases :

– if the transition is made by G1, we have G1
α−→ P1 and :

(G1 ; Q) + (G2 ; Q) ≡ (G1 + G2) ; Q
α−→ P1 ; Q

Then by [Seq] and [Sum-L], we have :

(G1 ; Q) + (G2 ; Q) ≡ P1 ; Q
α−→ P1 ; Q

– if the transition is made by G2, we have G2
α−→ P2 and :

(G1 ; Q) + (G2 ; Q) ≡ (G1 + G2) ; Q
α−→ P2 ; Q

Then by [Seq] and [Sum-L], we have :

(G1 ; Q) + (G2 ; Q) ≡ P2 ; Q
α−→ P2 ; Q
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■ for [Sc-context], for C = LM ; R, we have by hypothesis P ≡ Q and :

P ; R ≡ Q ; R
α−→ S

Then we have 2 cases :

– if the reduction is a SKIP by Q, we have :

P ; R ≡ Q ; R
α−→ R

By construction of SKIP and P ≡ Q, we have that P is skipping, then :

P ; R
α−→ R ≡ R

– if the reduction is made by Q, we have Q
α−→ Q′ and :

P ; R ≡ Q ; R
α−→ Q′ ; R

Then we have :
P ≡ Q

α−→ Q′

By induction hypothesis, there exists M such that :

P
α−→ M ≡ Q′

And by [Seq] and [Sc-context], we have :

P ; R
α−→ M ; R ≡ Q′ ; R

■ for [Sc-context], for C = R ; LM, we have by hypothesis P ≡ Q and :

R ; P ≡ R ; Q
α−→ S

Then we have 2 cases :

– if the reduction is a SKIP by R, we have :

R ; P ≡ R ; Q
α−→ Q

Then by [SKIP] :
R ; P

α−→ P ≡ Q

– if R isn’t skipping, then we have R′ such that R
α−→ R′ and by [Seq] and [Sc-context] :

R ; P
α−→ R′ ; P ≡ R′ ; Q

Now we can introduce our MailBox, that will store our values with the addressee, with his State.

Definition 5.1.9 (Mailbox): A mailbox (∈ M) is a multiset of c ! v for c ∈ C and v ∈ Data.
We note {{c ! v}} as the singleton-multiset that contains c ! v.

Definition 5.1.10 (States): A State S (∈ S) is a pair of a Mailbox and a Process. We note (M, P ).

Definition 5.1.11 (Structural Congruence for States): The Structural Congruence over S is the binary relation
defined by :
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[Input]
P

c ? v−→ Q

(M, P ) c ? v−→ (M, Q)
[Tau]

P
τ−→ Q

(M, P ) τ−→ (M, Q)

[Send]
P

c ! v−→ Q

(M, P ) τ−→ (M ⊎ {{c ! v}}, Q)
[Output] (M ⊎ {{c ! v}}, P ) c ! v−→ (M, P )

[Com]
(M, P ) c ? v−→ (M ′, P ′) (N, Q) c ! v−→ (N ′, Q′)

(N, P ) τ−→ (N ′, P ′)

Figure 5.3: The LTS of States
The meta-variables are c ∈ C, v ∈ V ∪ N.

if P ≡ Q then for any M, (M, P ) ≡ (M, Q)

Definition 5.1.12 (LTS for States): The LTS (S, A,
α−→) is defined in figure 5.3.

We inherit all the transition from (PSVCCS, A,
α−→), at one exception, the output of the LTS of the Processes are

now τ -actions.

It’s the sending of the message to mailbox.

The rule [Com] is the communication between the MailBox and any Process that can receive via the same channel.

The c ! v-transition is now quite clear, in fact, it only checks that the output c ! v is in the MailBox.

Lemma 5.1.13 (CongruenceRespectsTransition): ∀(S′, S′′) ∈ S2, α ∈ A, if then S′ α−→ . ≡ S′′.

Proof. Take (S′, S′′) ∈ S2, α ∈ A. Suppose that it exists S1 such that :

S′ ≡ S1
α−→ S′′

We proceed by induction on S1
α−→ S′′.

■ for [Input], we have :
(M ′, P ′) ≡ (M ′, P1) c ? v−→ (M ′, P ′′)

Which means, by definition of ≡ and c ? v−→ on States :

P ′ ≡ P1
c ? v−→ P ′′

By lemma 5.1.8, it exists P ′
1 such that :

P ′ c ? v−→ P ′
1 ≡ P ′′

And then, by [Input] :
(M ′, P ′) c ? v−→ (M ′, P ′

1) ≡ (M ′, P ′′)

■ for [Output], we have :

(M ′ ⊎ {{c ! v}}, P ′) ≡ (M ′ ⊎ {{c ! v}}, P1) c ! v−→ (M ′, P1)

Then by [Output] and reflexivity :

(M ′ ⊎ {{c ! v}}, P ′) c ! v−→ (M ′, P ′) ≡ (M ′, P ′)
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■ for [Tau], we have :
(M ′, P ′) ≡ (M ′, P1) τ−→ (M ′, P ′′)

Which means, by definition of ≡ and τ−→ by [Tau] on States :

P ′ ≡ P1
τ−→ P ′′

By lemma 5.1.8, it exists P ′
1 such that :

P ′ τ−→ P ′
1 ≡ P ′′

And then, by [Tau] :
(M ′, P ′) τ−→ (M ′, P ′

1) ≡ (M ′, P ′′)

■ for [Send], we have :
(M ′, P ′) ≡ (M ′, P1) τ−→ (M ′ ⊎ {{c ! v}}, P ′′)

Which means, by definition of ≡ and τ−→ by [Send] on States :

P ′ ≡ P1
c ! v−→ P ′′

By lemma 5.1.8, it exists P ′
1 such that :

P ′ c ! v−→ P ′
1 ≡ P ′′

And then, by [Tau] :
(M ′, P ′) τ−→ (M ′ ⊎ {{c ! v}}, P ′

1) ≡ (M ′ ⊎ {{c ! v}}, P ′′)

■ for [Com], we have :
(M ′ ⊎ {{c ! v}}, P ′) ≡ (M ′ ⊎ {{c ! v}}, P1) τ−→ (M ′, P ′′)

by :
P1

c ? v−→ P ′′

Then by definition of ≡, we have :
P ′ ≡ P1

c ? v−→ P ′′

By lemma 5.1.8, it exists P ′
1 such that :

P ′ c ? v−→ P ′
1 ≡ P ′′

And by [Output], we have :
(M ′ ⊎ {{c ! v}}, P ′) c ! v−→ (M ′, P ′)

Finally, by [Com] :
(M ′ ⊎ {{c ! v}}, P ′) τ−→ (M ′, P ′

1) ≡ (M ′, P ′′)

In our LTS of States, we don’t have a concrete rule of [Par-L] , [Par-R] or [Seq], but we inherit all the transition
sources and targets of the LTS over PSVCCS by the rules [Send], [Tau] and [Input], we can use the same rule for our
LTS over States.

Lemma 5.1.14: ∀ (M1, P1) ∈ S and P ∈ PSVCCS,

if (M1, P1) α−→ (M2, P2) then (M1, P1 ∥ P ) α−→ (M2, P2 ∥ P )
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Proof. Take (M1, P1) ∈ S and P ∈ PSVCCS,

Suppose that :
(M1, P1) α−→ (M2, P2)

We go for an induction on (M1, P1) α−→ (M2, P2).

■ for [Input], we have :
(M1, P1) c ? v−→ (M1, P2)

by
P1

c ? v−→ P2

Then by [Par-L] :
P1 ∥ P

c ? v−→ P2 ∥ P

Finally, by [Input] :
(M1, P1 ∥ P ) c ? v−→ (M1, P2 ∥ P )

■ for [Tau], we have :
(M1, P1) τ−→ (M1, P2)

by
P1

τ−→ P2

Then by [Par-L] :
P1 ∥ P

c ? v−→ P2 ∥ P

Finally, by [Tau] :
(M1, P1 ∥ P ) c ? v−→ (M1, P2 ∥ P )

■ for [Tau], we have :
(M1, P1) τ−→ (M1, P2)

by
P1

τ−→ P2

Then by [Par-L] :
P1 ∥ P

c ? v−→ P2 ∥ P

Finally, by [Tau] :
(M1, P1 ∥ P ) c ? v−→ (M1, P2 ∥ P )

■ for [Send], we have :
(M1, P1) τ−→ (M1 ⊎ {{c ! v}}, P2)

by
P1

c ! v−→ P2

Then by [Par-L] :
P1 ∥ P

c ! v−→ P2 ∥ P

Finally, by [Send] :
(M1, P1 ∥ P ) c ? v−→ (M1 ⊎ {{c ! v}}, P2 ∥ P )
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■ for [Com], we have :
(M2 ⊎ {{c ! v}}, P1) τ−→ (M2, P2)

by
P1

c ? v−→ P2

Then by [Par-L] :
P1 ∥ P

c ? v−→ P2 ∥ P

Finally, by [Com] :
(M2 ⊎ {{c ! v}}, P1 ∥ P ) c ? v−→ (M2, P2 ∥ P )

Lemma 5.1.15: ∀ (M1, P1) ∈ S and P ∈ PSVCCS,

if (M1, P1) α−→ (M2, P2) then (M1, P1 ; P ) α−→ (M2, P2 ; P )

Proof. We can see the proof of lemma 5.1.14, but for the rule [Seq] instead of [Par-L].

Lemma 5.1.16: ∀ (M1, G1) ∈ S and G2 ∈ PSVCCS such G1, G2 are guards,

if (M1, G1) τ−→ (M2, P2) then (M1, G1 + G2) τ−→ (M2, P2)

Proof. Take (M1, G1) ∈ S and G2 ∈ PSVCCS such G1, G2 are guards.

Suppose that :
(M1, G1) τ−→ (M2, P2)

We go for an induction on (M1, G1) τ−→ (M2, P2).

■ for [Tau], we have :
(M1, G1) τ−→ (M1, P2)

by G1
τ−→ P2.

Then by [Sum-L], we have :
G1 + G2

τ−→ P2

Finally, by [Tau] :
(M1, G1 + G2) τ−→ (M1, P2)

■ for [Send], we have :
(M1, G1) τ−→ (M1 ⊎ {{c ! v}}, P2)

by G1
c ! v−→ P2.

Then by [Sum-L], we have :
G1 + G2

τ−→ P2

Finally, by [Tau] :
(M1, G1 + G2) τ−→ (M1 ⊎ {{c ! v}}, P2)
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■ for [Com], we have :
(M2 ⊎ {{c ! v}}, G1) τ−→ (M2, P2)

by G1
c ? v−→ P2.

Then by [Sum-L], we have :
G1 + G2

c ? v−→ P2

Finally, by [Com] :
(M2 ⊎ {{c ! v}}, G1 + G2) c ? v−→ (M2, P2)

Those three lemmas will be usefull for the Harmony Lemma.

Now we can look at the STS and another usefull lemma.

Definition 5.1.17 (STS for States): The STS (S, −→) is defined in figure 5.4.

[Sts-com] (M ⊎ {{c ! v}}, c ? x P + G) −→ (M, P [x := v]) [Sts-send] (M, c ! v P + G) −→ (M ⊎ {{c ! v}}, P )

[Sts-tau] (M, τ P + G) −→ (M, P ) [Sts-unf] (M, rec X.CLXM) −→ (M, CLrec X.CLXMM)

[Sts-if-True]
ϕ(Eq) = True

(M, If Eq Then P Else Q) −→ (M, P )
[Sts-if-False]

ϕ(Eq) = False

(M, If Eq Then P Else Q) −→ (M, Q)

[Sts-par]
(M, P ) −→ (M ′, P ′)

(M, P ∥ Q) −→ (M ′, P ′ ∥ Q)
[Sts-seq]

(M, P ) −→ (M ′, P ′)
(M, (P ; Q) + G) −→ (M ′, P ′ ; Q)

[Sts-SKIP]
SKIP (P )

(M, P ; Q + G) −→ (M, Q)
[Sts-cong]

S1 ≡ S′
1 S′

1 −→ S′
2 S′

2 ≡ S2

S1 −→ S2

Figure 5.4: The STS of States
The meta-variables are c ∈ C, v ∈ V ∪ N, α ∈ A, C ∈ E .

And we have like the [Sum-L] rule but for the STS :

Lemma 5.1.18: ∀ (M1, G1) ∈ S and G2 ∈ PSVCCS such that G1 and G2 are guards,

if (M1, G1) −→ (M2, P2) then (M1, G1 + G2) −→ (M2, P2)

Proof. Take (M1, G1) ∈ S and G2 ∈ PSVCCS such that G1 and G2 are guards.

Suppose that :
(M1, G1) −→ (M2, P2)

We go for an induction on (M1, G1) −→ (M2, P2).

■ for [Sts-com], we have :

(M2 ⊎ {{c ! v}}, c ? x P + G) −→ (M2, P [x := v])
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By [Sts-com] we have :

(M2 ⊎ {{c ! v}}, c ? x P + (G + G2)) −→ (M2, P [x := v])

Then by [Sts-cong] :

(M2 ⊎ {{c ! v}}, (c ? x P + G) + G2) −→ (M2, P [x := v])

■ for [Sts-send], we have :
(M1, c ! v P2 + G) −→ (M1 ⊎ {{c ! v}}, P2)

By [Sts-send], we have :

(M1, c ! v P2 + (G + G2)) −→ (M1 ⊎ {{c ! v}}, P2)

Then by [Sts-cong] :
(M1, (c ! v P2 + G) + G2) −→ (M1 ⊎ {{c ! v}}, P2)

■ for [Sts-tau], we have :
(M1, τ P2 + G) −→ (M1, P2)

By [Sts-tau], we have :
(M1, τ P2 + (G + G2)) −→ (M1, P2)

Then by [Sts-cong] :
(M1, (τ P2 + G) + G2) −→ (M1, P2)

■ for [Sts-seq], we have :
(M, (P ; Q) + G) −→ (M ′, P ′ ; Q)

by (M, P ) −→ (M ′, P ′).

By [Sts-seq], we have :
(M, (P ; Q) + (G + G2)) −→ (M ′, P ′ ; Q)

by (M, P ) −→ (M ′, P ′).

Then by [Sts-cong] :
(M, ((P ; Q) + G) + G2) −→ (M ′, P ′ ; Q)

■ for [Sts-SKIP], we have :
(M2, (P ; P2) + G) −→ (M2, P2)

by SKIP (P ).

By [Sts-seq], we have :
(M2, (P ; P2) + (G + G2)) −→ (M2, P2)

Then by [Sts-cong] :
(M2, ((P ; P2) + G) + G2) −→ (M2, P2)

■ for [Sts-cong], we have :
(M1, G1) −→ (M2, P2)

by (M1, G1) ≡ (M1, G′
1) −→ (M2, P ′

2) ≡ (M2, P2).

Then by induction hypothesis, we have :

(M1, G′
1 + G2) −→ (M2, P ′

2)
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By [Sc-context], we have :
G1 + G2 ≡ G′

1 + G2

Finally, by [Sts-cong], we have :
(M1, G1 + G2) −→ (M2, P2)

5.2 Harmony Lemma and Asynchrony
We don’t have the lemma 4.2.8. Indeed we can alternate the sequencing and the parallel for a reduction.

So, we can’t use it for the proof of the Harmony Lemma.

Lemma 5.2.1 (Harmony Lemma): ∀(S, T ) ∈ S2,

S −→ T if and only if S
τ−→ . ≡ T

Proof. Take (S, T ) ∈ S2, We have two side to prove :

■ if S −→ T then S
τ−→ . ≡ T

■ if S
τ−→ . ≡ T then S −→ T

We go for an induction on the reduction/transition depending on each side.

■ For the first side, we go for an induction on S −→ T .

– for [Sts-com], we have :

(M ⊎ {{c ! v}}, c ? x P + G) −→ (M, P [x := v])

By [Input], we have :
c ? x P

c ? v−→ P [x := v]

And by [Sum-L] :
c ? x P + G

c ? v−→ P [x := v]

Then by [Com] and reflexivity, we have :

(M ⊎ {{c ! v}}, c ? x P + G) τ−→ (M, P [x := v]) ≡ τ−→ (M, P [x := v])

– for [Sts-send], we have :
(M, c ! v P + G) −→ (M ⊎ {{c ! v}}, P )

By [Output], we have :
c ! v P

c ! v−→ P

And by [Sum-L] :
c ! x P + G

c ! v−→ P

Then by [Send] and reflexivity, we have :

(M, c ! x P + G) τ−→ (M ⊎ {{c ! v}}, P ) ≡ (M ⊎ {{c ! v}}, P )
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– for [Sts-send], we have :
(M, c ! v P + G) −→ (M ⊎ {{c ! v}}, P )

By [Output], we have :
c ! v P

c ! v−→ P

And by [Sum-L] :
c ! x P + G

c ! v−→ P

Then by [Send] and reflexivity, we have :

(M, c ! x P + G) τ−→ (M ⊎ {{c ! v}}, P ) ≡ (M ⊎ {{c ! v}}, P )

– for [Sts-tau], we have :
(M, τ P + G) −→ (M, P )

By [Tau], we have :
τ P

τ−→ P

And by [Sum-L] :
τ P + G

τ−→ P

Then by [Tau] and reflexivity, we have :

(M, τ P + G) τ−→ (M, P ) ≡ (M, P )

– for [Sts-unf], we have :
(M, rec X.CLXM) −→ (M, CLrec X.CLXMM)

By [Unf], we have :
rec X.CLXM τ−→ CLrec X.CLXMM

Then by [Tau] and reflexivity, we have :

(M, rec X.CLXM) τ−→ (M, CLrec X.CLXMM) ≡ (M, CLrec X.CLXMM)

– for [Sts-if-True], we have :
(M, If Eq Then P Else Q) −→ (M, P )

by ϕ(Eq) = True.

By [If-True], we have :
If Eq Then P Else Q

τ−→ P

Then by [Tau] and reflexivity, we have :

(M, If Eq Then P Else Q) τ−→ (M, P ) ≡ (M, P )

– for [Sts-if-False], we have :

(M, If Eq Then P Else Q) −→ (M, Q)

by ϕ(Eq) = False.

By [If-False], we have :
If Eq Then P Else Q

τ−→ Q

Then by [Tau] and reflexivity, we have :

(M, If Eq Then P Else Q) τ−→ (M, Q) ≡ (M, Q)
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– for [Sts-par], we have :
(M, P ∥ Q) −→ (M ′, P ′ ∥ Q)

by (M, P ) −→ (M ′, P ′).

By induction hypothesis, it exists P ′′ such that :

(M, P ) τ−→ (M ′, P ′′) ≡ (M ′, P ′)

By the lemma 5.1.14, we have :

(M, P ∥ Q) τ−→ (M ′, P ′′ ∥ Q) ≡ (M ′, P ′′ ∥ Q)

– for [Sts-SKIP], we have :
(M, P ; Q + G) −→ (M, Q)

by P skipping.

By [SKIP], we have :
P ; Q

τ−→ Q

By [Sum-L], we have :
P ; Q + G

τ−→ Q

Then by [Tau] and reflexivity, we have :

(M, P ; Q + G) τ−→ (M, Q)

– for [Sts-seq], we have :
(M, (P ; Q) + G) −→ (M ′, P ′ ; Q)

by (M, P ) −→ (M ′, P ′).

By induction hypothesis, it exists P ′′ such that :

(M, P ) τ−→ (M ′, P ′′) ≡ (M ′, P ′)

Then by lemma 5.1.15, we have :

(M, P ; Q) τ−→ (M ′, P ′′ ; Q)

Finally by lemma 5.1.16, we have :

(M, (P ; Q) + G) τ−→ (M ′, P ′′ ; Q)

– for [Sts-cong], we have :
S1 −→ S2

by S1 ≡ S′
1 −→ S′

2 ≡ S2

By induction hypothesis, it exists S′′ such that :

S′
1

τ−→ S′′ ≡ S′
2

Then by the lemma 5.1.13, it exists S3 such that :

S1
τ−→ S3(≡ S′′ ≡ S′

2) ≡ S2
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■ For the second side, we go for an induction on S
τ−→ T .

Then we have 3 cases :

⊠ for [Tau], we have :
(M, P ) τ−→ (M, Q)

by P
τ−→ Q.

We have then to reason with an induction on P
τ−→ Q :

∗ for τ Q
τ−→ Q, we have by [Sts-tau] :

(M, τ Q + δ) −→ (M, Q)

And by [Sts-cong] :
(M, τ Q) −→ (M, Q)

∗ for [Unf], we have by [Sts-unf] :

(M, rec X.CLXM) −→ (M, CLrec X.P M)

∗ for [If-True] and ϕ(Eq) = True, we have by [Sts-if-True]:

(M, If Eq Then Q Else P1) τ−→ (M, Q)

∗ for [If-False] and ϕ(Eq) = False, we have by [Sts-if-False]:

(M, If Eq Then P1 Else Q) τ−→ (M, Q)

∗ for [Seq], we have by [Sts-seq] :

(M, P1 ; P2 + δ) −→ (M, P ′
1 ; P2)

And by [Sts-cong] :
(M, P1 ; P2) −→ (M, P ′

1 ; P2)

∗ for [Par-L], we conclude by induction hypothesis.

∗ for [Par-R], then by [Sts-cong] with [Sc-pcom] and induction hypothesis, we conclude.

∗ for [Sum-L], we use the result from lemma 5.1.16 and conclude by induction hypothesis.

∗ for [Sum-R], we use the result from lemma 5.1.16 and conclude by induction hypothesis and
[Sts-cong] with [Sc-scom].

∗ for [SKIP], we conclude with [Sts-SKIP] and [Sts-cong] via [Sc-sneut].

⊠ for [Send] we have :
(M, P ) τ−→ (M ⊎ {{c ! v}}, Q)

by P
c ! v−→ Q.

We have then to reason with an induction on P
c ! v−→ Q :

∗ for [Output], we have our result by [Sts-send] and [Sts-cong] with [Sc-sneut].

∗ for [Par-L], we conclude by [Sts-par] and induction hypothesis.

∗ for [Par-R], we conclude by [Sts-par] and [Sts-cong] via [Sc-pcom] with induction hypothesis.

∗ for [Sum-L], we use the result from lemma 5.1.16 and conclude by induction hypothesis.
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∗ for [Sum-R], we use the result from lemma 5.1.16 and conclude by induction hypothesis and
[Sts-cong] with [Sc-scom].

∗ for [Seq], we have our result by [Sts-seq] and [Sts-cong] with [Sc-sneut].

⊠ for [Com] we have :
(N ′ ⊎ {{c ? v}}, P ) τ−→ (N ′, P ′)

by P
c ? v−→ P ′.

We have then to reason with an induction on P
c ? v−→ P ′ :

∗ for [Input], we have our result by [Sts-com] and [Sts-cong] with [Sc-sneut].

∗ for [Par-L], we conclude by [Sts-par] and induction hypothesis.

∗ for [Par-R], we conclude by [Sts-par] and [Sts-cong] via [Sc-pcom] with induction hypothesis.

∗ for [Sum-L], we use the result from lemma 5.1.16 and conclude by induction hypothesis.

∗ for [Sum-R], we use the result from lemma 5.1.16 and conclude by induction hypothesis and
[Sts-cong] with [Sc-scom].

∗ for [Seq], we have our result by [Sts-seq] and [Sts-cong] with [Sc-sneut].

We’ll see now the one of the advantages by taking a Mailbox (multiset) to store the output. All of the proof of
the axioms for out buffered agents with feedback become more simple.

s s′

t

c ! v

α ⇒
s s′

s′′ t

c ! v

α α

c ! v

s s′

s′′

c ! v

α ⇒
s s′

s′′ t

c ! v

α α

c ! v

where α ̸= c ! v and α ̸= τ

s s′

s′′

c ! v

c ! v ⇒ s′ ≡ s′′

Output-commutativity (FB1) Output-confluence (FB2) Output-determinacy (FB3)

s s′

t

c ! v

c ? v ⇒
s s′

t

c ! v

τ
c ? v

s s′

s′′

c ! v

τ ⇒
s s′

s′′ t

c ! v

τ τ

c ! v

or
s s′

s′′

c ! v

τ
c ? v

Feedback (FB4) Output-tau (FB5)

Output-commutativity (FB1). Assume that we have :

s s′

t

c ! v

α

Then by definition we have :

(M ⊎ {{c ! v}}, P ) (M, P )

(M ′′, P ′′)

c ! v

α

Then :
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(M ⊎ {{c ! v}}, P ) (M, P )

(M ′′ ⊎ {{c ! v}}, P ′′) (M ′′, P ′′)

c ! v

α α

c ! v

Output-confluence (FB2). Suppose that α ̸= c ! v, α ̸= τ and

s s′

s′′

c ! v

α

By definition, we have :

(M ⊎ {{c ! v}}, P ) (M, P )

(M ′′, P ′′)

c ! v

α

• if α = c′ ! v′, then we have :

(M ′′′ ⊎ {{c ! v}} ⊎ {{c′ ! v′}}, P ) (M ′′′ ⊎ {{c′ ! v′}}, P )

(M ′′′ ⊎ {{c ! v}}, P )

c ! v

c′ ! v′

Then :

(M ′′′ ⊎ {{c ! v}} ⊎ {{c′ ! v′}}, P ) (M ′′′ ⊎ {{c′ ! v′}}, P )

(M ′′′ ⊎ {{c ! v}}, P ) (M ′′′, P )

c ! v

c′ ! v′ c′ ! v′

c ! v

• if α = c ? v, then we have P ′ c ? v−→ P ′′ and :

(M ⊎ {{c ! v}}, P ) (M, P ′)

(M ⊎ {{c ! v}}, P ′′)

c ! v

c ? v

Then :

(M ⊎ {{c ! v}}, P ) (M, P ′)

(M ⊎ {{c ! v}}, P ′′) (M, P ′′)

c ! v

c ? v c ? v

c ! v

Output-determinacy (FB3). Assume that we have :

s s′

s′′

c ! v

c ! v
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By definition :

(M ⊎ {{c ! v}} ⊎ {{c ! v}}, P )

(M ⊎ {{c ! v}}, P ) = (M ⊎ {{c ! v}}, P )

c ! v

c ! v

Feedback (FB4). Assume that we have :

s s′

t

c ! v

c ? v

By definition, we have P
c ? v−→ P ′′ :

(M ⊎ {{c ! v}}, P ) (M, P )

(M, P ′′)

c ! v

c ? v

Then by [Com], we have :

(M ⊎ {{c ! v}}, P ) (M, P )

(M, P ′′)

c ! v

τ
c ? v

Output-tau (FB5). Assume that we have :

s s′

s′′

c ! v

τ

Then by definition, we have :

(M ⊎ {{c ! v}}, P ) (M, P )

(M ′′, P ′′)

c ! v

τ

Then we have 3 cases for τ :

• if the reduction is made by [Tau], we have P
τ−→ P ′′ and :
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(M ⊎ {{c ! v}}, P ) (M, P )

(M ⊎ {{c ! v}}, P ′′)

c ! v

τ

Then we have :

(M ⊎ {{c ! v}}, P ) (M, P )

(M ⊎ {{c ! v}}, P ′′) (M, P ′′)

c ! v

τ τ

c ! v

• if the reduction is made by [Send], we have P
c′ ! v′

−→ P ′′ and :

(M ⊎ {{c ! v}}, P ) (M, P )

(M ⊎ {{c ! v}} ⊎ {{c′ ! v′}}, P ′′)

c ! v

τ

Then we have :

(M ⊎ {{c ! v}}, P ) (M, P )

(M ⊎ {{c ! v}} ⊎ {{c′ ! v′}}, P ′′) (M ⊎ {{c′ ! v′}}, P ′′)

c ! v

τ τ

c ! v
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r ?

r !

τ

τ r2 ! 0

τ τ r1 ! 0

τ τ 1

r ?−→

r !−→

rec X.(Client ! Glace 0 + X)

rec X.c ? x If 0 < 4 Then Printer ! hello 0 ∥ X Else 0 ∥ c ! 0 c ! 1 c ! 2 c ! 3 0

c ! v 0

δ 0

c ? x InstructionSuivante(x)
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Appendix A

Coq implementation

As said, all the theory has been implemented in COQ.

It is available at https://github.com/GLmaths/testing-theory.git.

We will talk here more what was made for the COQ implementation like the De Brujin indices for processes.

We will take the file V ACCS SEQ Instance.v as an example.

A.1 De Brujin indices
To use free and bound variable we use the De Brujin indices.

It bounds a variable to an input abstraction, through his depth.
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A.1. DE BRUJIN INDICES APPENDIX A. COQ IMPLEMENTATION

The ”cst” constructor is essentially here to take a set of concrete data, to do not use an encoded number like
Church numbers.

If we take the term :
c ? y If x > 50 Then δ Else 1

Then we can take it for the Input constructor :

c ? x c ? y If x > 50 Then δ Else 1

And the ”x” is automatically bound.

But with the Brujin Indices, we have to take care which natural we attribute to the constructor ”bvar”, to take
care of the right depth.

Indeed we can’t take the term, for example :

If (bvar 0) > 50 Then δ Else 1

Because it will link the ”bvar 0” to the first input abstraction.

So unlike the term with α-equivalence. We have to take care how we will link all the Input ”in advance”.

Before defining the substitution, we have to introduce a function that will lift a ”bvar” wil it will cross a Input
abstraction.

For example, if we have, with α-equivalence :

P := c ? y If x > 10 Then δ Else 1 [y := z]
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Then, we have :
P = c ? y If z > 10 Then δ Else 1

But with De Brujin indices, if we do not lift the ”z” variable, assume it is bvar 0 with De Brujin Indices, then we
have :

P := c ? If bvar 0 > 10 Then δ Else 1

And now the variable ”bvar 0” in the If-condition, is bound to c ?.

It should be :
c ? If bvar 1 > 10 Then δ Else 1

We have to lift it through each Input we crossed.

And now we can define the substitution :
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The interesting part is the ”subst Data”.

We lift the variable that we substituted to match his link, but when we did the substitution, we destroyed a Input
c ? abstractor.

Then we have to check if the Input c ? abstractor that we destroyed was needed in any bvar in the sub-term of
c ? :

We decide to duplicate the rules of the congruence in the definition to ”gain” symmetry by definition and then
to simplify the proofs.
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Then we take his transitive closure :
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A.2. WELL DEFINED APPENDIX A. COQ IMPLEMENTATION

The most interesting rule is the rule (with α-equivalence) :

(c ? x P ) ; Q ≡ c ? x (P ; Q) (x /∈ FV(Q))

In COQ :

The role of ”NewVar” is to lift the variable in the process that are bounded with a outside Input from the actual
Input in the rule.

This is needed because the congruence is closed by context

For example, take the process :

c′ ? (c ? If bvar 0 > 50 Then δ Else 1 ; c ! bvar 0 0 )

The bvar 0, in ”If bvar 0 > 50 Then δ Else 1 ”, is linked to c ? and the bvar 0, in ”c ! bvar 0 0 ”, is linked to c′ ?.

If we apply the congruence rule for :

c ? If bvar 0 > 50 Then δ Else 1 ; c ! bvar 0 0

We have to adapt the second bvar 0, it has be linked after the congruence rule with the same Input :

c ? (If bvar 0 > 50 Then δ Else 1 ; c ! bvar 1 0 )

And then with the context C = c′ ? LM :

c′ ? c ? (If bvar 0 > 50 Then δ Else 1 ; c ! bvar 1 0 )

The location of the bvar is still linked to c ?.

Like we said in the main document, we proved the Harmony Lemma :

A.2 Well Defined
With De Brujin indices, we introduced a Well-Defined abstraction (”closed terms”) :
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Indeed we can produce bvar that are not linked, like in :

c ! bvar 0 0

And our objective for programming language are closed terms.

And we verified that the LTS and the STS we produced for States propagate the closed terms.
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A.3. LTS CLASSES APPENDIX A. COQ IMPLEMENTATION

A.3 LTS classes
Our main objective was to build a start to analyse the Must Pre-order Characterization from [27] with a enough
expressive language.

So we proved that (S, A,
α−→) was an instance of each classes from [27].
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[26] Clément Aubert (2020) Quelle est la notion correcte de congruence structurelle pour une algèbre de processus?,
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