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Interaction Quantities in Programming
How many < does it take to check that a list is sorted?

let rec is_sorted 1 compare = match 1 with
la::b::t -> if compare(a,b) then false

else is_sorted (b::t) compare
|_-> let n = fibonacci(42) in true

let rec my_compare a b = # returns false if b < a
if a < 0 and b < 0 then my_compare(-a,-b)
elif b < 0 then

let k = fact(42) in
false
elif a < O then true
else (b-a >= 0)
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Argument from Authority

"The meaning of a program should
express its history of access to
resources which are not local to it.”

— Milner 1975
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Equivalence questions rather than interpretation

Interpretation: Program t ~ Mt]
How many calls to compare does t make?

Comparison: Programs t and u ~  [t] = [u]
Do t and u make a similar amount of calls to compare?

4/14



Tagging lambda terms

How can | count the interaction steps between a program and its
environment?

We propose to tag abstractions and applications with colors, that
determine who owns them (the program or the context)

A>tu = X | Ax.t | tu

Apr Dt,u = x| Apx.t | Ax.t|teyu|teu

Intuition: we want to look at C(t)
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Colored Reduction

Operational Redexes: (A x.t)e,u 3, t{x<u}

()\bX.t)Obu —ar t{x<—u}

Interaction Redexes: (A x.t)e,u—3e t{x<u}

(Apx.t)eu —pg t{x<u}

t U}?:k means t head-normalizes with k interaction steps
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Colored Contextual Equivalence

Definition
Let t,t' € Ay,
> Head Quantitative Contextual Pre-Order: t 3& t’ if, for
all contexts C, if there exists k such that C(t) l};:k then
o) 4"

» Head Quantitative Contextual Equivalence: t :g t/ is the
equivalence relation induced by jc. that is,
t®@t = t 30t and t/ 32 t.
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Interaction Equivalence

Let t,u € A. TFAE:
» Bohm tree equivalence: t ~pgT U

» Relational Equivalence: t ~ge u

» Colored Contextual Equivalence: t° ~cpc uP
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Interaction Equivalence

Let t,u € A. TFAE:
Bohm tree equivalence: t ~g1 u
Relational Equivalence: t ~pge; U

Colored Relational Equivalence: t° ~pgec uP

vvyyypy

Colored Contextual Equivalence: t° ~cuc u®
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Relational (Colored) Semantics

Types L LU == X|M5L cde{rb}
Murtt TYPES M,N = [Ly,...,L,] n>0
i Il . AW ..
o (Fi " t:Li)ies | finite man
x: (L]0 x:L Wie/ M F2ier e [L]ie

Cox:ME<t:L
[EA Ax.t:M <% 1

1
FH M= 1 AR uM o THEMS U ARMuM
FAF+ 1 te  uil ¢ FWAF* tecu:l

o,

» t Specuif V(ML) THF t:L = T u:lL
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Good Properties of RelC

» Subject Reduction and Expansion: t —y, u then for all
(ML) THt:L «— THF u:Land k' = k or k — 1 (if = is
interactional)

» Built-in Tightness: for all colored head-normal form h, there
exists (I, L) such that T F0 t: L

» Stability by Colored Contexts: if t Sgeic u then for all C
C(t) ZReic C{u)

No formal relationship with Rel..
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The Complete Picture

t ~Re U
In the literature

, , ] RelC is a good enough model
Simple induction

=

~ ~ b ~ b
t~pgT U tP ~pec uP t° Mcie U

Bohm out technique
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Optimize the number of interactions

Why do we impose that contextually equivalent terms have the
same number of interaction?

» Head Quantitative Contextual Pre-Order: t jg u if, for
all contexts C, if there exists k such that C(t) ll;:k then
Clu) @ with K < k;

P It does not change the associated equivalence relation.

This contextual preorder includes n-reduction:
o
Aby-X®py Z¢ X

So does Rell
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RelC is n-flawed

Our current proof technique cannot go through: RelC does not
support n-reduction.

i [12 R x: ]S L FO vl ]
x:[[12 L] xepy:L

x:[[] 1N L] F Ay xepy:[] Ny

butx:[[]gL]}f"x:[]b—%L
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Thank you!

t ~Re U
In the literature

, , ] RelC is a good enough model
Simple induction

=

~ ~ b b ~ b
t~pgT U tP ~pec u t° Mcie U

Bohm out technique
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