
A quick introduction to higher-order automata
Vincent Moreau

ASV day 2022
October 21, 2022

IRIF, Université Paris Cité, Inria Paris



Who am I?

PhD student since September 2021, in PPS (algebra), ASV (automata) and Picube.

Paul-André Melliès Sam van Gool
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Word automata

q0start q1

a
b

a

b

A run of the word aba in this automaton

q0

a−→ q1
b−→ q1

a−→ q0

...can be rewritten as a derivation

q1
a−→ q0

q1
b−→ q1

q0
a−→ q1

q0 is initial
` ϵ | q0

` a | q1
` ba | q1

` aba | q0
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Runs of words through the lens of types

If w is a word and q is a state of an automaton, then the statement

` w | q

means that, when running w from the initial state, we arrive at the state q.

This statement is inductively defined with the two following rules:

q a−→ q′ ` w | q

` aw | q′
q is initial
` ϵ | q

Proposition. A run of a word w in an automaton is the same thing as a derivation
of the judgment ` w | qf, with qf a final state.

Idea: an automaton is a machine that tries to type its input.
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Words are trees

If we have a word
w = a1 . . . an

over the alphabet Σ, it can be seen as a tree

a1

...

an

z

over the ranked alphabet {a : 1,a ∈ Σ} ∪ {z : 0}.
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Tree automata

Ranked alphabet {∨ : 2,∧ : 2,¬ : 1,> : 0,⊥ : 0}
with the automaton made of
• Q = {q⊤,q⊥}
• Qf = {q⊤}
• the transitions in the set

{b→ qb : b ∈ Q}
∪ {¬qb → q¬b : b ∈ Q}
∪ {f qa qb → qf a b : a,b ∈ Q, f ∈ {∨,∧}}

∨

∧

¬

⊥

>

¬

∨

⊥>
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Runs of trees through the lens of types

We consider the same tree now written, with prefix notation:

∨ (¬ (∨>⊥)) (∧> (¬⊥))

and show that its run in the automaton can be rephrased as the derivation

. . . . . .

` ∨ (¬ (∨>⊥)) (∧> (¬⊥)) | q⊤
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Trees are λ-terms

If we have a ranked tree, for instance
a

b

c

a

cc

over the ranked alphabet {a : 2,b : 1, c : 0}, then it can be seen as a λ-term

a : o ⇒ o ⇒ o, b : o ⇒ o, c : o ` a (a c c) (b c) : o

which induces a closed term by binding all the free variables:

λa.λb.λc.a (a c c) (b c) : (o ⇒ o ⇒ o) ⇒ (o ⇒ o) ⇒ o ⇒ o

In particular, this gives an encoding of words as λ-terms of the type

ChurchΣ := (o ⇒ o) ⇒ . . . ⇒ (o ⇒ o) ⇒ (o ⇒ o) .
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About recognizability in the λ-calculus

Recognizability of λ-terms is a generalization of recognizability for words and
trees. Runs, defined as derivations, are of the form

Σ ` M : A | δ,q .

Theorem. For any λ-term M of type A, the singleton language

{N : A | M =βη N}

is a regular language of λ-terms ([Sal10]).

Question:

Can we lift other tools and results to the more general case of λ-terms?

We give the example of profinite methods.
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λ-terms higher-order automata

trees tree automata

words word automata
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λ-terms higher-order automata profinite λ-terms

trees tree automata

words word automata profinite words
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Profinite words

A profinite word u can be described as a family of maps

uM : [Σ,M] −→ M where M ranges over all finite monoids

such that the following condition is verified: for any finite monoids M and N,

∀p ∈ [Σ,M], ∀φ ∈ Hom(M,N), uN(φ ◦ p) = φ(uM(p)) .

Any finite word a1 . . . an is a profinite word with components

uM : p 7→ p(a1) . . .p(an) where M ranges over all finite monoids

but there are a lot of non-finite ones.

regular languages profinite wordsStone duality
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Profinite λ-terms

We have defined a notion of profinite λ-term of any type A. In the case of

ChurchΣ := (o ⇒ o) ⇒ . . . ⇒ (o ⇒ o)︸ ︷︷ ︸
|Σ| times

⇒ (o ⇒ o) ,

a profinite λ-term amounts to a family of maps

θQ : [Σ, [Q,Q]] −→ [Q,Q] where Q ranges over all finite sets,

which verifies a condition of parametricity.

Theorem. There is a bijection between the profinite λ-terms of type ChurchΣ and
the profinite words on Σ.
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Conclusion

Current & future work:

• find a syntax for parametric λ-terms of any type in the deterministic model;
• determine the parametric λ-terms of type ChurchΣ in the model associated
to nondeterministic automata;

• investigate a generalization of logic on words with MSO to a logic on λ-terms.

Thank you for your attention!

Any questions?
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Rules of higher-order automata

q ≤ q′ q′ ∈ δ(a)
Var

〈Σ,a : A ` a : A | δ,q〉

〈Σ,a : A ` M : B | δ[a 7→ u],q〉
Abs

〈Σ ` λ(a : A).M : A⇒ B | δ,u⊸ q〉

〈Σ ` M : B⇒ A | δ,u⊸ q〉 ⟪Σ ` N : B | δ,u⟫
App

〈Σ ` MN : A | δ,q〉

〈Σ ` M : A | δ,q1〉 . . . 〈Σ ` M : A | δ,qn〉 Bag
⟪Σ ` M : A | δ, {q1, . . . , qn}⟫



The inverse bijections T and W

Pro→ Para. Every profinite word u induces a parafinite term with components

T(u)Q :
Σ ⇒ (Q⇒ Q) −→ Q⇒ Q

p 7−→ uQ⇒Q(p)
given the fact that Q⇒ Q is a monoid for the function composition.

Para→ Pro. Every parametric term θ induces a profinite word with components

W(θ)M :
Σ ⇒ M −→ M
p 7−→ θM(iM ◦ p)(eM)

Σ ⇒ (M⇒ M) M⇒ M

Σ ⇒ M M
W(θ)M

−(eM)

θM

iM◦−

where iM : M→ (M⇒ M) is the Cayley embedding.

These are bijections between profinite words and parametric λ-terms.
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