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A run of the word aba in this automaton
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A run of the word aba in this automaton
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A run of the word aba in this automaton

QOi>C11£>CI1£>Clo

..can be rewritten as a derivation

Qo Is initial
o = 1 Fel qo
b
a1 — G Falag
g1 — Qo =bal g
Faba | qo
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If wis aword and g is a state of an automaton, then the statement
Fwl|g
means that, when running w from the initial state, we arrive at the state q.
This statement is inductively defined with the two following rules:
9%q Fwlg g is initial
Faw | g Felg

Proposition. A run of a word w in an automaton is the same thing as a derivation
of the judgment - w | gy, with gy a final state.

Idea: an automaton is a machine that tries to type its input.
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If we have a word

over the alphabet X, it can be seen as a tree

an
\

An

z
over the ranked alphabet {a:1,a e X} U{z: 0}.
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Ranked alphabet {V:2,A:2,=~:1,T:0,L1:0}
with the automaton made of

Vv
- Q={qgT,q.}
* Qr={qt} A\
- the transitions in the set ‘ /\
V T 4=
o - D e)! FO\ |
U{~agp = g-»: b €Q} - =

U {fCIGQb — Qfab - G,b S O?fe {\/a/\}}
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Ranked alphabet {V:2,A:2,=~:1,T:0,L1:0}
with the automaton made of
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Ranked alphabet {V:2,A:2,=~:1,T:0,L1:0}
with the automaton made of

° Q — {qTa QL} CIT
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We consider the same tree now written, with prefix notation:
VEVTL)(AT(=1))

and show that its run in the automaton can be rephrased as the derivation

FV((VTL))AT(=1) g
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We consider the same tree now written, with prefix notation:
V(T L) (AT (=1))

and show that its run in the automaton can be rephrased as the derivation

REAGIEAL L)) | e aT VA6 L) e
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We consider the same tree now written, with prefix notation:
VEVTL))(AT(=1)

and show that its run in the automaton can be rephrased as the derivation

gL — gt — gt € 6(V)
Fv]gqL—qgr—gr F-(VTLl)|lgr FAT[gr—qgr F-l]gr
By (& (VT L)) Sty ARG L) | Gy
EV((VTL)AT(L) g
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We consider the same tree now written, with prefix notation:
V(T L) (AT (=1))

and show that its run in the automaton can be rephrased as the derivation

gr —qL€d(=) ... ... gr — gt —qr €46(A) gr€d(T) qL—ogred(-) qgLei(l)
gr—qr —gr€d(V) F-olgr—qr FVTL|gr FA|GTr—GT—qgr FTlgr F-lgi—gr Fl|qL
FV]qL—gr —gr F=(vT L) g0 FAT|gT —qT1 F-Lllgr
FV(=(vTL)lgr —qr FAT(=1)[gr

FVEVTL)ATEL) gr
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We consider the same tree now written, with prefix notation:
VEVTL)AT(=L)

and show that its run in the automaton can be rephrased as the derivation

gr —~qL —qr €4(V) gt €4(T)

FVI]gr —qL—qr FTlg qLed(l)
qr —qL €4(-) FVT]qL—qr FLllgr gr—qr—gred(A) qred(T) qL—gred(-) qiLed(l)
qL—qr —qr€4(V) F-|gT —qL FVvTLl|gr EALGT —qT —qgT FTlagr F=lqL—qr FLllqy
FVIgL—gr —qr F-(vT) L FAT|qr —qr F-Lllgr
FV(E(VT L)) gr —gr FAT(=1)lqr

FVEVTL))ATEL)ar

An automaton is a machine that tries to type its input.
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If we have a ranked tree, for instance

a

4
A

c c

o —OT

over the ranked alphabet {a:2,b:1,c: 0}, then it can be seen as a A\-term
a:o=o0=0,b:o=0,c:0 F a(acc)(bc):o
which induces a closed term by binding all the free variables:
Aa.\b.Ac.a(acc)(bc):(o=0=0)=(0=0)=0=0
In particular, this gives an encoding of words as A-terms of the type

Churchy = (0=0)=...=(0=>0)=(0=0).
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Recognizability of A-terms is a generalization of recognizability for words and
trees. Runs, defined as derivations, are of the form

YHEM:A|d,q.

Theorem. For any A\-term M of type A, the singleton language
(N:A|M =g, N}

is a regular language of A-terms ([Sal10]).

Question:
Can we lift other tools and results to the more general case of A-terms?

We give the example of profinite methods.
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A-terms —— higher-order automata

trees ——— tree automata

words —— word automata
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A-terms —— higher-order automata ------ profinite A-terms

trees ——— tree automata

words —— word automata ----------- profinite words
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A profinite word u can be described as a family of maps
um : [E,M] — M where M ranges over all finite monoids
such that the following condition is verified: for any finite monoids M and N,

Vp € [X,M], Yo € Hom(M, N), un(p o p) = e(um(p)) -

Any finite word a; ... a, is a profinite word with components

um:p+— p(ai)...p(ap) where M ranges over all finite monoids

but there are a lot of non-finite ones.

Stone duality .
regular languages <--------- » profinite words
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We have defined a notion of profinite A-term of any type A. In the case of

Churchy = (0=0)=...= (0=0)= (0= 0),

|X| times
a profinite A-term amounts to a family of maps
6o : [X,[Q,Q]] — [Q,Q] where Q ranges over all finite sets,

which verifies a condition of parametricity.

Theorem. There is a bijection between the profinite A-terms of type Churchy and
the profinite words on X.
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Current & future work:

- find a syntax for parametric A-terms of any type in the deterministic model;

- determine the parametric A-terms of type Churchy in the model associated
to nondeterministic automata;

- investigate a generalization of logic on words with MSO to a logic on A-terms.
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Current & future work:

- find a syntax for parametric A-terms of any type in the deterministic model;

- determine the parametric A-terms of type Churchy in the model associated
to nondeterministic automata;

- investigate a generalization of logic on words with MSO to a logic on A-terms.

Thank you for your attention!

Any questions?
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Pro — Para. Every profinite word u induces a parafinite term with components
Y= (Q=Q) — Q=Q

p —  Ug=q(p)
given the fact that Q = Q is a monoid for the function composition.

T(U)q

Para — Pro. Every parametric term 6 induces a profinite word with components

Y= (M=M) M M=M
(em)

W(O)m p > Ou(im o p)(em) iMO_T

where iy : M — (M = M) is the Cayley embedding.

These are bijections between profinite words and parametric A\-terms.



	Appendix

