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Abstract
In this article we investigate learning of boolean functions with two special focuses: (i) we consider
that a sample with only positive examples is given to the learner (and hence no membership queries
are allowed); and (ii) the function we consider are true on a sparse set, namely whose cardinality is
far smaller than 2n where n is the number of variables of the problem instance. After motivating
this problem, we provide a conceptual solution of how much to generalize beyond the sample
and where. We introduce an empirical greedy algorithm to address the problem under study and
illustrate it on an example.
Keywords: Learning from positive examples, sparse Boolean functions, DNF, false positives, false
negatives

1. Introduction and Motivation
Our initial motivation comes from applying data mining techniques to systems that generates dynamic/temporal behaviors (sequences, signals, traces, time series). These behaviors can be measurements taken from a real system or traces produced by a simulation model of a complex system
such as a car engine Jin et al. (2013). In both cases, the system is typically non-deterministic, generating many different behaviors. This can be due to internal non-determinism, external inputs, partial
observability, etc. We collect a sample S = {w1 , . . . , wm } of observed behaviors and want to come
up with an approximate characterization of the possible behaviors of the system. Ultimately, we
would like to treat dense-time real-valued signals and produces a formula in STL (Signal Temporal
Logic, Maler and Nickovic (2004); Maler et al. (2008); Bartocci et al.) which is satisfied by all the
elements of S, see Asarin et al. (2011) for a preliminary parametric identification procedure.
We focus in this paper on the fact that we are dealing with a system which is a generator
of instances of a set, not an acceptor/classifier. We can run simulation runs and obtain positive
examples of possible system behaviors, but there is typically no reasonable way, especially when the
system is very complex or a black-box, to obtain examples of non-behaviors. Thus our problem falls
into the category of learning from positive examples where we have a domain D, a characteristic
function f : D → B = {0, 1} of a subset of D and a sample consisting of elements of this subset.
We want to come up with a function h, which has some good relationships with f (and with S),
expressed typically in terms of misclassification error.
Before we proceed, let us mention two assumptions that we make about the f and S that we
believe to hold in many cases independently of the domain. The first is that f is very sparse,
satisfying |f |  |D| where |.| denotes cardinality and f is notationally abused also for the set
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{x : f (x) = 1}. We believe that most interesting concepts are sparse: the set of bitmaps that can be
identified as an animal or a letter in the alphabet is a small fraction of the set of bitmaps. Likewise,
in the dynamic cyber-physical domain, the set of all behaviors produced by a simulator is a tiny
fraction of the set of signals/time series over the corresponding data types. Even the set of possible
sequences of sampled values of a thermometer is small relative to all sequences over the temperature
domain. In the Boolean case this will exclude for example some classes of functions like k-DNF
which are easy to learn. The other assumption is that the sample is small relative to f , |S|  |f |, a
reasonable assumption in most, if not all, learning and statistical inference situations.
It is usual in the well studied PAC learning framework Valiant (1984) and in alternative framework (e.g. allowing membership queries Jackson (1997)) to measure error classification wrt uniform probability on boolean vectors on n variables (see also Bshouty et al. (2005) and reference
therein). The error measured is the cardinality of misclassified elements divided by 2n which hence
makes poor sense for sparse functions. Instead, we measure two kinds of errors: (i) false positives
(elements that satisfy the output hypothesis function h but not the target function f ); and (ii) false
negatives (elements that satisfy f but not h). We then compute the proportion of false negative wrt
|f | and of false positive wrt |h|. These two error measures enable us to correct the bad behavior
of the single error measured wrt. uniform distribution over the whole hypercube Bn . Actually, the
two error measures we consider are described and get different names such as false positive rate
and false negative rate, in several works from different research fields including medical testing,
information retrieval, binary classification; but there seems to be no mention of them in the field of
algorithmic learning theory.
The absence of negative examples, makes the learning problem less constrained, somewhat illposed and solvable in some trivial ways that we want to avoid. Consequently, to the best of our
knowledge, this problem has not been studied much in the algorithmic learning theory literature.
Learning problems without negative examples are studied in machine learning under the name of
one class classification (see e.g. Khan and Madden (2014) for a survey) but we did not found any
work that consider learning boolean functions and especially DNF representations as we do. The
contribution of this paper is thus twofold: we first provide a conceptual solution to the problem of
how much to generalize beyond the sample and where. This solution yields an algorithm that works
well empirically in terms of misclassification error on synthetic randomly-generated functions. The
algorithm is based on some properties of terms/cubes and efficient operations on them.
The rest of the paper is organized as follows. In Section 2 we introduce Boolean functions, their
DNF representation as well as a study of terms/cubes and various operations on terms and show
they can be computed efficiently. In Section 3 we define the learning problem and our empirical
greedy solution. In section 4, we illustrate our preliminary results on a randomly sampled DNF.

2. Boolean Functions, Terms and Cubes
A Boolean function f : Bn → B is first and foremost a semantic object that can be represented
in a non-unique manner by formulas over a set of variables X = x1 , . . . xn using operators taken
from some basis, for example {∧, ∨, ¬}. The set of functions F is isomorphic to the set of subsets
of the Boolean hyper-cube Bn which induces a natural partial order (F, ⊆) based on set inclusion
and an isomorphic lattice structure (F, ∪, ∩). The top and bottom elements of these structures are,
respectively, Bn (also denoted as > or true) and ∅ (also denoted as ⊥ or false). We use |f | to denote
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the (semantic) size of f . Any Boolean function can be written in a disjunctive normal form (DNF,
sum of products).
Definition 1 (Disjunctive Normal Form) A literal is either a variable xi or its negation xi for
some i. A term is a conjunction of literals. A function is written in a disjunctive normal form if it
has the form r1 ∨ . . . ∨ rk where each ri is a term. More specifically we say that f is written as a
k-term DNF.
Term/cubes constitute a special class of convex Boolean functions that play a special role in
logic minimization Kohavi and Jha (2009) and also in our learning procedure where the basic step
is to group a set of sample points and cover them by the smallest cube that contains them all.
The inclusion in h of the elements of the cube which are not in the sample, constitutes the act of
generalization in our algorithm. In the sequel we make some definitions and observation on those,
while freely interchanging the syntactic term term and the semantic term cube. Thus, a k-term DNF
representation of f , covers it by a union of cubes f = r1 ∪ . . . ∪ rk .
Definition 2 (Terms/Cubes) A term r is a subset of Bn which is characterized by: 1) The set of
variables it ignores (does not care about). We will use ? to denote this fact for a given variable;
and 2) The values (0 or 1) it imposes on the other variables. In other words, a term r partitions the
variables in X into three classes, r0 , r1 and r? .
Example: for n = 4, consider the term r written syntactically in logical style as x1 ∧ x3 or as
x1 x3 . It ignores variables x2 and x4 and requires x1 to be 1 and x3 to be 0. The variable partition
is {r0 , r1 , r? } = {{x3 }, {x1 }, {x2 , x4 }}. The term denotes the set r = {1000, 1100, 1001, 1101}
which is a cube. We will represent terms as elements of {0, 1, ?}n and in our example (1 ? 0?).
The order of a term, ω(r) = |r? |, is the number of ?-variables and its semantic size is |r| =
ω(r)
2
. A minterm is a term of order 0, it cares about all the variables and is semantically a singleton.
Terms can be partially-ordered according to set inclusion with > = (?, . . . , ?) = Bn as a top
element and the special symbol ⊥, denoting the empty set, at the bottom. We use R to denote the
set of all 3n + 1 terms. Two terms r and s are conflicting if they disagree on at least one coordinate
that they both care about. They are adjacent if they disagree on exactly one coordinate that they
both care about and have the same size.
Cubes, like convex objects, are naturally closed under intersection but not under union. To be
more precise, the union of two cubes is a cube in two cases: trivially, when one is included in the
other, or if they are adjacent. Still R can be made lattice using the following operation.
Definition 3 (Join) The join r t s of two cubes is the smallest cube containing r ∪ s.
One can check that r ts is uniquely defined and that (R, ∩, t) is a lattice. The join operation, which
is the Boolean analog of the convex hull of the union, is commutative and associative. The level of
semantic enlargement associated with joining two cubes is captured by the following definition.
Definition 4 (Join Cost) For two terms r and s, let
c(r, s) = |r t s| − |r ∪ s|
= |r t s| − |r| − |s| + |r ∩ s|
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We note that in the context of sparse functions, we will often deal with cubes whose intersection is
empty.
The Hamming distance d on Bn can be lifted to R using the Hausdorff distance between sets.
→
−
δ (r, s) = max min d(x, y)
x∈r y∈s

→
−
→
−
δ(r, s) = max{ δ (r, s), δ (s, r)}.

Intuitively, the further r and s are according to δ, the larger is their join cost. Various tests and
operations on the semantics of terms can be performed efficiently based on their syntactic ternary
representation.
Proposition 5 (Operations on Terms) Inclusion, intersection, join, join cost and distance between
terms can be computed in O(n).
Proof Let r and s be two terms. One can check that all operations and relations can be done
component-wise as follows:
V
r⊆s
=
i ri ⊆ si


⊥
if they are conflicting
(r1 ∩ s1 , . . . , rn ∩ sn ) otherwise

r∩s

=

rts

= (r1 t s1 , . . . , rn t sn )

Pn →
→
−
−
δ (r, s) =
i=1 δ (ri , si )
The component-wise operations are defined as follows.
⊆
0
1
?

0
1
0
0

1
0
1
0

?
1
1
1

∩ 0 1 ?
0 0
0
1
1 1
? 0 1 ?

t
0
1
?

0
0
?
?

1
?
1
?

?
?
?
?

→
−
δ
0
1
?

0
0
1
1

1
1
0
1

?
0
0
0

3. Learning: Complexity and Cardinality Trade-offs
We now come back to the learning problem that we define (still not fully formally) as follows.
Definition 6 (Learning from Positive Examples) Let f be a sparse Boolean function and let S ⊂
f be a sample of positive examples, with |S| = m  |f |. Find a function h which is a good
approximation of f .
The objective evaluation of h is done in terms of the misclassification error (false positive and false
negatives) compared to f . This is done by counting misclassifications errors and compare this to
the size of f or h to have a probabilistic interpretation.
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Definition 7 (Misclassification Errors) The misclassification errors of a learned function h relative to a target function f are
• False negative: E− (f, h) = |f ∩h|/|f | = p(h|f ): the proportion of f elements that h misses;
• False positive: E+ (f, h) = |f ∩ h|/|h| = p(f |h); the proportion of h elements which are not
in f .
Note that we use measures adapted to sparse functions that are not standard in the context of algorithmic learning theory where the commonly-used measure is the probability of under uniform
distribution over Bn , namely E(f, h) = (|f ∩ h| + |f ∩ h|)/2n . With this latter measure, the function
⊥ which accepts nothing gives trivially an ε- approximation of f for any sparse function satisfying
|f | ≤ ε2n . For instance if there are 100 variables and ε = 2−50 , a function f whose satisfaction set
“only” contains 250 elements is considered as neglectible1 .
Note that E+ can only be used for a posteriori evaluation of the algorithm, not by the algorithm
itself, which does not observe negative examples, while an empirical estimation of E− , based on a
testing sample T can be used by the algorithm.
Taking sample compatibility as a basic requirement for h, and unlike the case of mixed positive
and negative examples, we can be S-compatible by letting h be the universal function > that accepts
all elements of Bn . On the other extreme, we can select the function fs which accepts exactly the
sample and nothing beyond that. Any function situated between the two in terms of set inclusion is
sample compatible and unless we add some additional considerations, there is no compelling reason
to prefer one such function over another. We have too much freedom in selecting |h|, and even if
had such a cardinality target, the question of where to generalize beyond S remains.
We approach the problem by approximately computing complexity and cardinality trade-offs.
Let ||h|| denote the syntactic complexity of h, that is, the number of terms in its DNF representation.
Our procedure starts from fs , which can be written as a DNF with |S| terms, and then it progressively reduces the number of terms, replacing them by larger ones, while trying to generalize as
little as possible. Our algorithm gives an approximate solution to the following hard problem.
Definition 8 (Minimal Cardinality k-Term DNF) Given a sample S, |S| = m, and k ≤ m, find
a sample-compatible function h such that ||h|| ≤ k and |h| is minimal. We denote |h| by α(S, k).
Clearly, α(S, k + 1) ≤ α(S, k) and S ⊆ S 0 implies α(S, k) ≤ α(S 0 , k).
To have a decision version of Problem 8, rather than minimizing |h|, one asks whether it is
bounded from above by a given constant M . This problem is NP-hard since the particular case
where M = |S| corresponds to require that h is a k-term DNF that assigns truth values exactly
to the set S. This latter problem is well known to be NP-complete (see Allender et al. (2008) and
references therein). Yet, we do not know if our problem belongs to NP but we know that it belongs
to #P Valiant (1979). Indeed, after guessing a partition of S that defines h in polynomial time, we
evaluate |h| by counting the number of boolean vectors that satisfy the DNF formula h. This latter
counting problem is known to be #P-complete.
Algorithm 1 can provide a greedy approximation of α(S, k) for every k ∈ [1..m], thus approximating the Pareto front of (||h||, |h|) trade-offs. We start with fs which is semantically minimal,
1. We recall also that the usual complexity requirement in (e.g. PAC) learning is to be polynomial in 1/ε. So requiring
error bound ε = 2−50 leads to a problem instance very far from being tractable.
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|fs | = |S|. Then iteratively, we select two terms that minimize c(r1 , r2 ), join them into one term
r = r1 t r2 which replaces them in the new function. We have thus reduced ||h|| by 1 and enlarged
|h| as little as possible. We repeat the process until a stopping criterion is met. When this criterion
is k = 1, we obtain the single term tS.
Algorithm 1 Finding S-compatible k-Term DNFs with Small Size
1: Input: A sample S, |S| = m.
2: Output: A sequence hm , hm−1 , . . . of functions such that hk is a k-term S-compatible DNF.
3:
4:
5:
6:
7:
8:

k=m
h = S {h = fs represented as a set of m minterms of sample points}
repeat
output(h, k)
k =k−1
(r1 , r2 ) = arg min c(r, r0 ) {find two terms that minimize join cost}
r,r0 ∈h

r = r1 t r2 {join the two terms}
h = h − {r1 , r2 } ∪ {r} {replace the two terms by their join}
11: until k = 1
9:

10:

Note that for each k, the formula h = r1 ∨ . . . ∨ rk obtained by our algorithm can be represented
by a partition π = {S1 , . . . , Sk } of S such that for every i, ri = tSi . In the following we show that
the set of formulas generated by such partitions contains the optimal solution.
Proposition 9 (Joins of Sample) For every k, there exists an optimal solution for Problem 8 of the
form h = r1 ∨ . . . ∨ rk and a partition π = {S1 , . . . , Sk } of S such that for every i, ri = tSi .
Sketch of Proof: We will show that any solution not satisfying the above can be transformed to a
solution that does, without increasing the semantics. For every i, let Ti = ri ∩ S be the sample
elements included in ri . Then ri0 = tTi ⊆ ri and it provides the same coverage of Ti as does ri .
The set π 0 = {T1 , . . . , Tk } is a semi-partition and not necessarily a partition. To make it a
partition, we select for each x ∈ S a unique Ti among those in which it is included and delete it
from the other sets. We thus obtain a partition π S
= {S1 , . . . , Sk } with Si ⊆ Ti for every i and hence
tSi ⊆ tTi . Since π is a partition we have S ⊆ i tSi .
This result reduces the problem of finding an optimal formula of size k to finding a k-partition
of S that minimizes the volume of the generated rectangles and opens the way for applying other
heuristic combinatorial optimization algorithms such as stochastic local search.

4. Illustration of the learning algorithm
Algorithm 1 should be modified a bit to become a learning algorithm, by providing the stopping
criterion other than k = 1.
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Figure 1 (Left) illustrates the behavior of the algorithm on a sample of size 100 uniformly drawn
from a function f defined by a 10-term DNF over 50 variables given as follow:
∗ ∗ 000000 ∗ 00000 ∗ 0000000 ∗ 10 ∗ 000000000000000 ∗ 00 ∗ ∗ ∗ 000
0 ∗ 000 ∗ 00 ∗ 000010 ∗ 00 ∗ 00 ∗ 000 ∗ ∗000000000000000 ∗ ∗000000
00 ∗ 000000 ∗ 000000010 ∗ ∗0 ∗ 001 ∗ 1010 ∗ 101000000 ∗ 0 ∗ 0 ∗ 0010
000000 ∗ 100 ∗ 0001001000 ∗ ∗00 ∗ 00 ∗ 00000 ∗ 0 ∗ 1000010 ∗ 0 ∗ 100
00001000011 ∗ 1001110 ∗ 001 ∗ 000 ∗ 010 ∗ 0 ∗ 0 ∗ 0100 ∗ 1 ∗ 001100∗
1 ∗ 00 ∗ ∗011000 ∗ 0011 ∗ 1 ∗ 00 ∗ 0000 ∗ 1100 ∗ 0011000010100 ∗ 010
10001001 ∗ 01010010101 ∗ ∗000 ∗ ∗01 ∗ 1 ∗ 00011 ∗ 000111100 ∗ ∗0
11 ∗ 1 ∗ ∗ ∗ 00111 ∗ 11111 ∗ 111 ∗ 01010111111 ∗ 111 ∗ 1101 ∗ 011111
110101110 ∗ 1 ∗ 00 ∗ 111110 ∗ 00 ∗ 0 ∗ 1011110011 ∗ 0 ∗ 0101 ∗ 11 ∗ 01
1111 ∗ 111 ∗ 1111111 ∗ 1 ∗ 1111 ∗ 11 ∗ 11 ∗ 111 ∗ 1 ∗ 1111111111 ∗ 111

+
+
+
+
+
+
+
+
+

In the plots we see the empirical estimation of the false negative and false positive errors:
p(h̄|f ) = |T1 ∩ h̄|/|T1 | and p(f¯|h) = |T2 ∩ f¯|/|T2 |
for positive testing sample T1 ⊆ f of size 1000 and a negative evaluation sample T2 ⊆ h of size
100.2
Initially, E+ = 0 and E− is large, close to 1, and they advance in their respective opposing
directions as the algorithm goes along. It is interesting to observe that after the number of terms
in h reaches 10, and we move to the next step to obtain a 9-term DNF, there is a sharp increase in
cardinality and in E+ . Of course, our algorithm does not know ||h|| = k in advance and it needs a
more objective criterion. It seems that our stopping criterion will be based on the following two:
1. The empirical estimation of the false negatives on a test set E− (f, h) ≈ |T1 ∩ h̄|/|T1 |. We
will stop when it goes below some small threshold;
2. The growth of the volume |h| of the function. Intuition is that a sharp growth occurs when
we merge distant cubes which should not be merged, and this is likely to increase the false
positive error E+ that we cannot observe directly.
Figure 1 (Right) gives in logarithmic scale the size of the hypothesis |h| as a function of the number
of steps for the same example as before. We can clearly see the elbow in the curve when the number
of terms goes below 10, which is the number of terms in the target DNF. Note that if we reverse the
x-axis we obtain an over-approximation of the Pareto-front for the trade-off between syntactic size
(number of terms ||h||) and semantic size (|h|).
We plan to look more closely on what makes functions easier or harder to learn. Our first
intuition based on experiments is that in a “good” k-term DNF, the terms are well-separated and the
distance between them is larger than their diameter. They are easy to cluster. In bad ones, the terms
are closer and may intersect.
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