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Categorical Semantics of Recursive Types



Let F : C → C be a functor. If µF exists, then F (µF ) ∼= µF .

We define a fixpoint of F : C → C to be an object of C, denoted by
Fix F , such that F (Fix F) ∼= Fix.
▶ Find other fixpoints of 1 + X : Set → Set.
▶ The initial algebra gives us a canonic fixpoint, i.e. the least

fixpoint.



Let F : C × C → C. We seek a canonical object Fix F such that

F(Fix F , Fix F) ∼= Fix F

Suppose that the fixpoint of F(X , _) : C → C exists for all X : C.
This induces a functor F⋆ : C → C which sends X to Fix F(X , _):

F⋆(X ) ∼= F(X , F⋆(X ))

Any candidate for Fix F?
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∼= F⋆(Fix F⋆)
∼= Fix F⋆

We can obtain a canonic solution (and an induction principle ) for
Fix F by asking existence of µF(X , _).
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functor? What is Fix F⋆?
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Let F : Cop → C. We seek a canonical object Fix F such that

F(Fix F) ∼= Fix F

Fop(F(Fix F)) ∼= Fop(Fix F) = F(Fix F) ∼= Fix F

Fix F := Fix(Fop ◦ F)

We could ask the existence of either µ(Fop ◦ F) or ν(Fop ◦ F).
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The analogue of the Lambek’s theorem for contravariant functor
F : Cop → C:

Lemma
If µ(Fop ◦ F) and ν(Fop ◦ F) exist, then F transforms µ(Fop ◦ F)
to ν(Fop ◦ F) and vice verca:

F(µ(Fop ◦ F)) ∼= ν(Fop ◦ F) F(ν(Fop ◦ F)) ∼= µ(Fop ◦ F)

If we assume that

µ(Fop ◦ F) ∼= ν(Fop ◦ F)

then F has a fixpoint.
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All we have seen so far motivates the following definitions.

Definition
A category C is algebraically complete if µF exists for each functor
F : C → C.
It is algebraically cocomplete if νF exists for each functor
F : C → C.

Definition
A categroy C is algebraically compact if it is algebraically complete
and cocomplete and µF ∼= νF canonically.
We have proven that:

Proposition
Let C be a algebraically compact category and F : Cop × C be a
functor. Then F has a fixpoint, viz., Fix((F⋆)op ◦ F⋆).



▶ There are very few examples of algebraically complete
(compact) categories.

▶ But we do not need to ask the existence of Fix F for all
functor.

▶ We could ask the existence of Fix F for F coming from
interpretation of types (formulas).

▶ Thus, the question of interpreting types of fixpoint logics in a
category reduces to finding a class of functors that have
fixpoints and are closed under the type constructors of the
given logic.



Digression
The traditional way to solve recursive equation in CPO-categories
due to Scott 1:

Let F : Cop × C → C be a CPO-functor. The idea is to transform
F to a CPO-endofunctor FE : CE → CE on category CE of
embedding in C such that a fixpoint of FE is a fixpoint of F .

Calculation of a fixpoint of FE :
▶ CE is required to have initial object 0.
▶ CE is required to have colimit of ω-chains.
▶ Limit/Colimit Coincidence Theorem.
▶ Relating colimit to the initial algebra.
▶ Lambek’s lemma.

1D.S. Scott. Continuous lattices. In F.W. Lawvere, editor, Toposes,
Algebraic Geometry and Logic, volume 274 of Lecture Notes in Mathematics,
1972.



Categorical Semantics of Fixpoint Logics



General recipe for µL
Let L be an arbitrary logic and µL be the finitary system obtained
by extending L with fixpoints of types.

A categorical model of µL is a pair (C,
−→
C ) where

1. C is categorical model of L
2. −→

C = (C)n is a class of n-ary functor Cn → C, and C0 = C
3. Type constructors of L induces functor in Cn for some n
4. All F : C → C in C1 have initial algebra and final coalgebra.

So, if F : Cn+1, there are fixpoint functors µF and νF . We
ask µF ∈ Cn and νF ∈ Cn.

5. −→
C is closed under composition, identity, and projections.

6. We Sometimes need to assume that functors in −→
C are

equipped with a structure, mainly, to deal with context in the
interpretation of inferences rules.



The case of intuitionistic logic



The case of linear logic



Relational model

We want to see if Rel is a model of µLL.



1. Rel is categorical model of LL
2.

−→
Rel = (Rel)n is a class of n-ary functor Reln → Rel, and
Rel0 = Rel

3. Type constructors of LL induces functor in Reln for some n
4. All F : Rel → Rel in Rel1 have initial algebra and final

coalgebra. So, if F : Reln+1, there are fixpoint functors µF
and νF . We ask µF ∈ Reln and νF ∈ Reln.

5.
−→
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6. We Sometimes need to assume that functors in
−→
Rel are

equipped with a structure, mainly, to deal with context in the
interpretation of inferences rules.
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6.
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Rel are strong functors.



1. Rel is categorical model of LL
2.

−→
Rel = (Rel)n is a class of n-ary functor Reln → Rel, and
Rel0 = Rel

3. type constructors of LL induces functor in Reln for some n
4. all F : Rel → Rel in Rel1 have initial algebra and final

coalgebra. So, if F : Reln+1, there are fixpoint functors µF
and νF . We ask µF ∈ Reln and νF ∈ Reln.

5.
−→
Rel is closed under composition, identity, and projections.

6.
−→
Rel are strong functors.

Let’s define
−→
Rel and prove item (4).



−→
Rel

A functor F : Rel → Rel is continuous if
▶ for all directed set of sets D, one has F(

⋃
D) =

⋃
X∈D F(X ),

▶ for X , Y ∈ Rel and all directed set D ⊆ Rel(X , Y ), one has
F(

⋃
D) =

⋃
{F(s) | s ∈ D}

We take Reln as the collection of n-ary continuous functors.



Let F be a continuous functor. We define σF as
⋃

n∈N F n(∅). By
continuity, (σF , id) is a F-coalgebra.
Theorem
The coalgebra (σF , id) is final coalgebra.

Proof
Let (X , f ) be a coalgebra. We define a sequence gn ∈ Rel(X , σF )
as follows where g0 = ∅:

gn+1 : X FX F (σF ) = σFf F (gn)

By induction, we have gn ⊆ gn+1 for all n using continuity.
Let g =

⋃
n∈N gn. We can then verify that

X FX

σF F(σF)

f

g Fg

We can end the proof by showing that g is unique.
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Let g ′ ∈ Rel(X , σF ) such that

X FX

σF F(σF)

f

g ′ Fg ′

We define a new sequence in ∈ Rel(σF , σF ) by taking i0 = ∅, and
in+1 = F(in).
By induction, we can show that in ◦ g = in ◦ g ′.

g ′ = (
⋃

n∈N
in) ◦ g ′ =

⋃
n∈N

(in ◦ g ′) =
⋃

n∈N
(in ◦ g) = g

We can also check that (σF , id) is also an initial algebra. So, we
look for a model to distinguish them.
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Another example of a model of µLL: non-uniform totality spaces
(Nuts)



Nuts

Given T ⊆ P(X ) we set

T ⊥ =
{
u′ ⊆ X | ∀u ∈ T u ∩ u′ ̸= ∅

}

T is a totality candidate for E if T = T ⊥⊥.

Fact
▶ T is a totality candidate on E iff T ⊆ P(X ) and T = ↑T .
▶ Tot(X ) (The set of all totality candidates on X ), ordered with

⊆, is a complete lattice (it is closed under arbitrary
intersections).



Nuts

A Nuts is a pair X = (|X |, T (X )) where
▶ |X | is a set
▶ T (X ) is a totality candidate on |X |, that is, a ↑-closed subset

of P(|X |).
t ∈ Nuts(X , Y ) if t ∈ Rel(|X |, |Y |) and

∀u ∈ T (X ) t · u ∈ T (Y )



Nuts

Let F be a continuous functor, and F be a lifting of F .

Nuts Nuts

Rel Rel

F

F

Does νF exist?



Let F be a continuous functor, and F be a lifting of F .

Nuts Nuts

Rel Rel

F

F

Let X = (|X |, T (X )) be an object in Nuts.

Since F is a lifting of F , there is an operation
θF : Tot(|X |) → Tot(F(|X |)) such that

F(|X |, T (X )) = (F (|X |), θF (T (X )))

Let |X | be σF . Then θF : Tot(σF) → Tot(σF).
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Since F is a lifting of F , there is an operation
θF : Tot(|X |) → Tot(F(|X |)) such that

F(|X |, T (X )) = (F (|X |), θF (T (X )))

Let |X | be σF . Then θF : Tot(σF) → Tot(σF).

Let S1, S2 ∈ Tot(σF) with S1 ⊆ S2. Then
id ∈ Nuts((σF , S1), (σF , S2)).

F(id) = Nuts(F(σF , S1), F(σF , S2))
= Nuts((F(σF), θFS1), (F(σF), θFS2))
= Nuts((σF , θFS1), (σF , θFS2)) = id
⇒ θFS1 ⊆ θFS2



Nuts Nuts

Rel Rel

F

F

θF : Tot(σF) → Tot(σF)

The function θF is monotone and Tot(σF) is complete lattice.
Hence a candidate for νF is

(σF , νθF )



Definition of νθF

Let (Tα)α∈O, where O is the class of all ordinals, be defined as
▶ T0 = P(σF)
▶ Tα+1 = θF (θα)
▶ Tγ =

∧
α<γ Tα

The sequence is increasing, and by a cardinality argument, there is
γ such that Tγ+1 = Tγ , and we take νθF as Tγ .

By construction, ((σF , Tγ), id) is a F coalgebra.



Theorem
(σF , Tγ) is final coalgebra of F .

Proof
Let (Y , g) be a F-coalgebra. (|Y |, g) is F-coalgebra. Since
(σF , id) is final F-coalgebra, there is a unique arrow h : |Y | → σF
such that

Y FY

σF F(σF)

g

h Fh

We prove that actually h ∈ Nuts((Y , g), ((σF , Tγ), id)). One can
show by induction on α that:

∀v ∈ T (Y ), h.v ∈ Tα
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Example (1)

Nuts Nuts

Rel Rel

1⊕X

1⊕X

We want to compute µ(1 ⊕ X ).

We have seen that σ(1 ⊕ X ) is isomorphic to N.

θ1⊕X : Tot(N) → Tot(N) which send T to

{u ⊆ N | 0 ∈ u or {n | n + 1 ∈ u} ∈ T }

Therefore νθF is {u ⊆ N | u ̸= ∅}
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Example (2)

Nuts Nuts

Rel Rel

N⊕(X⊗X)

N⊕(X⊗X)

We want to compute µ(N ⊕ (X ⊗ X ))

The elements of σ(N ⊕ (X ⊗ X )) can be describe as

α, β, · · · := ⟨n⟩ | ⟨α, β⟩

A similar computation shows that ν(θN⊕(X⊗X)) is

{u ∈ σ((N ⊕ (X ⊗ X ))) ⊆ N | u ̸= ∅}
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Example (3)

Nuts Nuts

Rel Rel

N⊗X

N⊗X

We want to compute ν(N ⊗ X ).

What is σ(N ⊗ X )?

The opreation θN⊗X maps T to

{u × v | u ∈ T , v ∈ P(N) \ ∅}

Hence νθN⊗X is {∅}.
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Example (4)

Nuts Nuts

Rel Rel

1&(N⊗X)

1&(N⊗X)

We want to compute ν(1 & (N ⊗ X )).

What is σ(1 & (N ⊗ X ))?
This functor send X to

{(1, ⋆)} ∪ {2} × N × X

Hence σ(1 & (N ⊗ X )) is N<ω.



Example (4)

Nuts Nuts

Rel Rel

1&(N⊗X)

1&(N⊗X)

We want to compute ν(1 & (N ⊗ X )).

What is σ(1 & (N ⊗ X ))?
This functor send X to

{(1, ⋆)} ∪ {2} × N × X

Hence σ(1 & (N ⊗ X )) is N<ω.



Example (4)
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1&(N⊗X)

The operation θ1&(N⊗X) send T to

{v ⊆ N<ω | () ∈ v and ∃n ∈ N, u ∈ T , {n} × u ⊆ v}

For example

θ1&(N⊗X)(P(N<ω)) = {u ∈ P(N<ω) | () ∈ u}

θ3
1&(N⊗X)(P(N<ω)) =

{u ∈ P(N<ω) | ∃n1, n2, () ∈ u, (n1) ∈ u, (n1, n2) ∈ u}



Example (4)
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Rel Rel

1&(N⊗X)

1&(N⊗X)

The operation θ1&(N⊗X) send T to

{v ⊆ N<ω | () ∈ v and ∃n ∈ N, u ∈ T , {n} × u ⊆ v}

Hence, ν(θ1&(N⊗X)) is

{u ⊆ N<ω | ∃f ∈ Nω, ∀k < ω, (f (1), · · · , f (k)) ∈ u}

So, a total element must contain (at least) an infinite stream of
integer.



We can generalize what we did for Nuts.

Nuts Nuts

Rel Rel

F

F



We can generalize what we did for Nuts 2.

O‚(L) O‚(L)

L L

F

F

Where O‚(L) is a focused orthogonality category 3.

Question
How about non-focused models such as finiteness spaces?

2M. Fiore, Z. Galal, F. Jafarrahmani, Fixpoint constructions in focused
orthogonality models of linear logic.

3M. Hyland and A. Schalk, Glueing and orthogonality for models of linear
logic.
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Categorical semantics of non-wellfounded proofs



Interpretation proofs via approximation

We need to interpret non-wellfounded proofs.

Ω
⊢ Γ

JπK = ⋃
ρ∈fin(π) JρK

So, we need to equip our categorical model (C,
−→
C ) with enough

structure to capture
⋃

ρ∈fin(π).
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General recipe for µωL
Let L be an arbitrary logic, and µωL be an infinitary system.

A categorical model of µωL is a µL model (C,
−→
C ) such that C is a

CPO-enriched category and greatest lower bounds of any
non-empty set exist in each hom-set.

A drawback
Although this definition includes many examples of model of linear
logic such as Rel and Coh, this does not apply necessarily to the
orthogonality construction such as Nuts.

We can nevertheless prove that if O‚(L) is built on top of a µωLL
model, then O‚(L) is also a model of µωLL 4.
▶ Semantical understanding of (syntactic) validity condition:

the interpretation of valid proofs are morphism in the
orthogonality category, and then are total.

4T. Ehrhard, F. Jafarrahmani, A. Saurin, On the denotation of circular and
non-wellfounded proofs in linear logic with fixed points
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logic such as Rel and Coh, this does not apply necessarily to the
orthogonality construction such as Nuts.

We can nevertheless prove that if O‚(L) is built on top of a µωLL
model, then O‚(L) is also a model of µωLL 4.
▶ Semantical understanding of (syntactic) validity condition:

the interpretation of valid proofs are morphism in the
orthogonality category, and then are total.

4T. Ehrhard, F. Jafarrahmani, A. Saurin, On the denotation of circular and
non-wellfounded proofs in linear logic with fixed points



On relationship between circular proofs and inductive proofs



Any finitary linear logic proof can be transformed into a circular
proof. This translation is proof-relevant:
▶ the semantics is preserved via this transformation.

There is a transformation in the reverse direction for a fragment of
circular proofs 5.
▶ This is also proof-relevant 6.
▶ This gives us a direct and canonic interpretation of strongly

valid circular proofs in a fragment of µLL model.

5David Baelde, Amina Doumane, Alexis Saurin: Least and Greatest Fixed
Points in Ludics.

6T. Ehrhard, F. Jafarrahmani, A. Saurin, On the denotation of circular and
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Some Questions



Semantical Brotherston-Simpson’s conjecture
Let π be a circular µLL∞ proof of ⊢ Γ. There exists a µLL (finite)
proof π′ of ⊢ Γ such that JπK = Jπ′K.
▶ A. Das and G. Curzi gave an answer to this for the case of

function on natural numbers in computability (or realizability)
semantics 7.

7Gianluca Curzi and Anupam Das, Computational expressivity of (circular)
proofs with fixed points
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Interpretation of all circular proofs in a µLL model
Let π be a strongly valid proof. Then JπfinK = JπK where the
interpretations of proofs are in any µLL model.
▶ J. Fortier and L. Santocanale addressed this this in case of

µALL 8 9.

8L. Santocanale, A Calculus of Circular Proofs and its Categorical Semantics
9J. Fortier and L. Santocanale, Cuts for circular proofs: semantics and

cut-elimination
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Functorial view on circular proofs
Considering proof systems as generalized CFG 10, and relating the
(syntactic) validity condition to the question of unicity of gCFG
models 11.
▶ Our result is currently for the Kleene algebra system given by

D. Kuperberg, L. Pinault, and D. Pous 12.

10Melliès, Zeilberger, The categorical contours of the
Chomsky-Schützenberger representation theorem

11Some results with N. Zeilberger, which we need to write up!
12D. Kuperberg, L. Pinault, D. Pous addresed, Cyclic Proofs and Jumping

Automata
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