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Linear logic

Seen through the lens of game semantics



Starting point: game semantics
Every proof of formula A initiates a dialogue where
Proponent tries to convince Opponent
Opponent tries to refute Proponent

An interactive approach to logic and programming languages



The drinker formula

Imagine that you enter in a non-empty café where

the formula A(z) means that the customer 1 is drinking

The drinker formula is the slightly counter-intuitive statement

Jy. {A(y) = Vz.A(z)}

which claims that

there exists a particularly sober customer v such that

if the customer 1y is drinking then all the customers x are drinking !

The formula is provable in classical logic but not in constructive logic.



The formal proof of the drinker’s formula

Axiom
Afzg) = Alz) bt Weakenin
Alzo) F Alzo), Ve A(x) R'Ffihgthl’v; :
= A(xg), A(xg) = Va.A(x) Right
-~ Ala), 3y (Aly) = Ve AW} o3
- Ve A(z), Jy.{Aly) = Vz.A(z)} Left Weakening
A(yo) F Vo . A(x), Iy {A(y) = Vo. A(z)} Right —
- A(yg) = Vz.A(z), Jy.{Aly) = Vz.A(z)}

- Sy {Aly) = Vo A}, Ty {A() = Vo.A(z)} et s

- 3y {A(y) = Ve Alx)} Contraction



The proof interpreted as a winning strategy
Step 1.

Prover picks randomly a customer % in the café,

Step 2.

Refutator contradicts Prover by exhibiting a customer 2 such that

x is not drinking while v is drinking !

Step 3.

Prover declares that his/her first choice of customer 7 was indeed wrong...

and picks as new witness y/ = 7 the customer just exhibited by Refutator !

Step 4.

Refutator has to admit defeat and Prover wins the game...



Opponent
Environment

Proponent
Program

plays the game plays the game

A - A

Negation permutes the roles of Proponent and Opponent




Proponent
Program

Opponent
Environment

plays the game plays the game

-~ A A

Negation permutes the réles of Opponent and Proponent




Sum

Proponent selects the board which will be played



Sum

A form of constructive disjunction
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Product

Opponent selects the board which will be played
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Product

A form of constructive conjunction
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Tensor product

The two games are played in parallel
Opponent is allowed to switch board but not Player
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Tensor product

A form of classical conjunction

14



Parallel product

The two games are played in parallel
Player is allowed to switch board but not Opponent

15



Parallel product

A form of classical disjunction
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The law of excluded middle

Carlsen Polgar

Player wins by playing Polgar against Carlsen
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The exponential modality

Opponent opens as many copies as necessary to beat Proponent
but is not allowed to open an infinite number of copies

coinductive from the point of view of Player,

H th dality i : . - i
enee, e Mogaly 5 1 inductive from the point of view of Opponent.
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A beautiful isomorphism of linear logic

For every pair of formulas A and B of linear logic

A®!B = (A& B)

reminiscent of the isomorphism

pA x pB = (A + B)

This isomorphism is the origin for the name of exponential modality
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Tensorial logic and linear continuations

A primitive logic of tensor, sum and negation
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Continuations

Captures the difference between addition as a function

nat X nat — nat

and addition as a sequential algorithm

(nat=1)=1 X (nat=1)=1 Xx (nat= 1)

This enables one to distinguish the left-to-right implementation

lradd = Ao M. k.o ( Az ( Ay k(xz+1y)))
from the right-to-left implementation
rladd = Mo M0 AU (My.o( Az k(z+7y)))

=

L
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The left-to-right addition

— 1 nat X — 1 nat - — 1 nat
question
question
12
question
D
17

lradd = Ap. M. k.o (M. (My.k(z+vy)))
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The right-to-left addition

— 1 nat X — 1 nat - — 1 nat
question
question
D
question
12
17

rladd = Ao MY ( Ny ( Az k(z+y)))
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tensorial logic

Tensorial logic

a logic of tensor, sum and negation
linear logic without A = == A
the syntax of linear continuations

the syntax of dialogue games
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Tensorial logic

> Formulas
AB:= 0|1]|A®B|A®B|-A
>  Sequents

Al,...,A. + B

— where each hypothesis A; is a formula

——  where the conclusion B is either a formula or the constant | .
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Axiom

Left —

ert T
Exchange

Tensorial logic

I'-A A AFB Cut
I')AFB
' -A

., Ay - B for any permutation o

: 7A(7<k) - B
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Left 1

Tensorial logic

I'A, B+ C 'HA AFB
' AR B F C [AFA®B

Right ®

Right 1
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Tensorial logic

' A -
[ Ao B Right © 1
Left & ' A-C T©'.BFC
[A®BF C I'F D i
, A D IE Ao B Right ®p
Left 0 no introduction rule Right 0

T 0F A
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Left-to-right implementation

lrsched = Ap. M. k. (Aa. ¥ (Mb. k(a,b)))
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Left-to-right implementation

question
question
a
question
b
(a,b)

lrsched = Ap. M. Ak.o(Aa. ¢ (Ab.k(a,b)))
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Right-to-left implementation

AF A BFB »
A B F Ao B R'g[‘;t@
A, B, - (A® B) F Right —

B,-(A®B) F -4 &
B,ﬂ(A@B),—l—lA - Re.th;
~(A®B), —A F -B °

-

~(A®B), —A, —B F '—;‘?t;t
Left ®

rlsched = Ap. A\ k.Y (Ab.p(Aa.k(a,b)))
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Right-to-left implementation

-— A X -—- B = - A®B
question
question
b
question
a
(a, D)

rlsched = Ap. A\ Ak ¢ (Ab. @ (Aa.k(a,b)))
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The functorial approach to proof invariants

Cartesian closed categories
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Brouwer - Heyting - Kolmogorov interpretation

A proof of the formula

A N B
IS a pair
(¢, )
consisting of a proof
®
of the formula A and of a proof
(2

of the formula B.
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Brouwer - Heyting - Kolmogorov interpretation

A proof of the formula

is an algorithm

which transforms every proof

of the formula A into a proof

of the formula B.
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Cartesian closed categories

A cartesian category C is closed when there exists a functor

= . CPxeC — 0

and a natural bijection

112

PA.B,C ; G(AXB,C) G(B,A:>O)
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The free cartesian closed category

The objects of the category free-ccc(C) are the formulas
AB = X | AxB | A=B | 1

where X is an object of the category C.

The morphisms are the simply-typed A-terms, modulo [371-conversion.

In particular, the Sn-normal forms provide a “basis” of the free ccc.
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The simply-typed A\-calculus

Variable

Abstraction

Application

Weakening

Contraction

Exchange

r ARz A
I'o: AP B
' e.P: A= B
I'-P:A=B AFQ: A

I'AFPQ:B
I'-P: B
I'e: A P: B
Ie:Ay: AP : B
[Vz:AF Plx,y<« 2| B
I'e:Ay: BBAFP:C
I'y: B,x: A AP C
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The simply-typed M\-calculus [with products]

I'EP: A I'-Q: B
'F(P.Q): Ax B

Pairing

o PP AxB

e rojection

Prel [hm P A

R PP AxB
rojection

Nt Project CFm P B

Unit T —
n I'F*x:1
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Execution of )\-terms

In order to compute a A\-term, one applies the S-rule

()\IP)Q %5 P[CIZ = Q]

which substitutes the argument () for every instance of the variable x in the body P
of the function. One may also apply the n-rule:

P —y Az, (Px)
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Proof invariants

Every ccc D induces a proof invariant [—| modulo execution

-
free-ccc(C) —  —— D

atoms interpretation of atoms

A purely syntactic and type-theoretic construction
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Knot invariants

Every ribbon category D induces a knot invariant [—| modulo execution

-

free-ribbon(C) — D

links interpretation of links

A topological and algebraic construction
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An analogy with knot invariants

Every ribbon category D induces a knot invariant [—| modulo deformation

free-ribbon(C) —

]
D
links interpretation of links
C

The free ribbon category is the category of framed tangles
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The free ribbon category

A typical morphism in the category free-ribbon(C)
(A+) — (B+7O_7D+)

looks like this:
B+ c- D+

A-i-

where f : A — B and g : C' — D are morphisms in the category C.
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%MN

The Jones polynomial invariant

202 — o x2y2

&%_'J —
+
E%hf:w
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Proofs as 3-dimensional string diagrams

The left-to-right proof of the sequent

is depicted as the flow of negation below

KO KO R
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Dialogue categories

The categorical counterpart of tensorial logic
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Dialogue categories

Definition.

A dialogue category D is a symmetric monoidal category with

> an object L

> a functor

A—-A : D _— D

> a family of bijections

oap - DA®B,1l) — D(A,-B)

)

natural in A and B.
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Dialogue categories

Definition. A dialogue category D has finite sums when

> the underlying category D has finite sums

> the finite sums distribute over the tensor product.

This means that the canonical morphisms

(ARB)@(A®(C) — A (B® () 0 — A®O0

are isomorphisms.

49



>D

>D

The free dialogue category J with sums

The objects of J are the formulas of tensorial logic

AB:= 0|1|A®B|A®B|-A

modulo a series of equations:

> associativity of @ and ®
> the unit laws of @ and ®
> distributivity of & over ®.

The morphisms of J are the derivation trees of tensorial logic

modulo a series of equations.
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The free dialogue category J with sums

Fact. Every dialogue category with sums D induces a functor

- . F D

which preserves the logical structure:

> negation
> finite sums @ and the unit 0

> tensor products ® and the unit 1

Here, we follow the philosophy of Lambek

51



Dialogue games

The concrete data structure behind the logic
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The free dialogue category J with sums

Key theorem.

>>>  The objects of J are the dialogue games generated by

AB:= 0|1|A®eB|A®B|-A

>>>  The morphisms of J are total and innocent strategies.

Slogan: innocent strategies are the « proof-nets» of tensorial logic
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The correspondence

Fact. Every formula of tensorial logic
AB:= 0|1|A®B|A®B|-A

modulo

> associativity of @ and ®
> the unit laws of @& and ®
> distributivity of & over ®.

is uniquely determined by a normal form

A = Bier Qjes ~ Aij




The correspondence

This canonical decomposition should be interpreted as follows:

con flict change
/ /- of player
A = Dig ®je]l- —Ajj

parallelism




The correspondence

change

of player ¥

memory site
con flict

BB = 5

change
of player

change
of player




Dialogue games

Definition. A rooted dialogue game is a bipartite tree
(C,V,>)

with nodes separated into a set (' of cells and a set |/ of values.
By bipartite, one means that

> C (OCxV 4+ VxC.
This tree is moreover equipped with a polarity function
A C+V — {+1,—-1}
such that for every cell & € (' and every value v € V' one has:

a>v = AMa) = Av)
v>a = AMa) = —Av).

Finally, one requires that the root * of the tree is a value of polarity +1.
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Dialogue games

change memory site
of player con flict

S
BB

parallelism
change

of player

change
of player
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Dialogue games

change

of player ¥

memory site
con flict

BB = X

change
of player

change
of player




Dialogue games

Definition. A dialogue game
A = (AZ ’Z < ])

is a family of rooted dialogue games A,.

Diagrammatically:
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Sums

The sum
A® B = (Cp |k el+J)
of two dialogue games
A= (Ajliel) B = (BjljelJ)
is defined by putting «side by side» the two families with

Ci = AZ and C] = B]
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Sums

Observation.  Every dialogue game

A p—

is the sum of its rooted components

A p—

(A;|iel)

Dicr A;
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Negation

Negation transforms the dialogue game

V..

into the rooted dialogue game below:
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Tensor product

The tensor product

®Rier T A;

of a family of negated games is defined by coalesced sum:
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Negation

Observation. Every rooted dialogue game A is the tensor product

A = ® B
el

of a family of negated games — B; indexed by the set of cells

I = {acelC | *x>a}

allocated by the root * of the rooted game A.

Hence, every dialogue game is of the form

A = b & _'Bij
el jed;
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Tensor product continued

The tensor @ distributes over the sum & in the sense that

A® @ierBi = e ARB;
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The dialogue game

A bestiary of dialogue games

1 is represented as a single Player move

@
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The dialogue game

A bestiary of dialogue games

1 & 1 s represented as a forest

O ©@

of two conflicting Player moves.
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The dialogue game

A bestiary of dialogue games

1 &1 s represented as a forest

of two conflicting Player moves.
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A bestiary of dialogue games

The dialogue game

- (11) =

is obtained by lifting 1 & 1 with one Player move.
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A bestiary of dialogue games
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A bestiary of dialogue games
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A bestiary of dialogue games
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Positions of a dialogue game

The underlying asynchronous transition system
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Positions of a dialogue game

Pos (0) = 0

Pos (1) = {x}
Pos(A@& B) =  Pos(A) + Pos(B)
Pos(A® B) =  Pos(A) x Pos(B)

Pos (= A) = Pos(A) + {*}
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Positions of a dialogue game

positions o

——>
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Positions of a dialogue game

positions

——>

O

7’



Positions of a dialogue game

positions

——>

©
O
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Positions of a dialogue game

positions o
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Positions of a dialogue game

positions o
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Positions of a dialogue game
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Positions of a dialogue game
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Positions of a dialogue game

positions

———>
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Positions of a dialogue game

positions

——>
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Positions of a dialogue game

positions o
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Positions of a dialogue game

©0
©O
O
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Positions of a dialogue game

©0O
©0
©O

O
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Positions of a dialogue game

BB —oB
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Positions of a dialogue game

89



The left-to-right strategy

—— bool

question
true

X

—— bool

question
false

=

—— bool

question

true
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Positions of a dialogue game

positions

——>
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Positions of a dialogue game

positions

——>

O

92



Positions of a dialogue game
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Positions of a dialogue game
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Positions of a dialogue game
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Positions of a dialogue game
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Positions of a dialogue game
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The right-to-left strategy

— - bool

question
true

X

— = bool

question
false

=

— = bool

question

true
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Positions of a dialogue game

positions

——>
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Positions of a dialogue game

positions

——>

O
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Positions of a dialogue game

positions

——>
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Positions of a dialogue game

102



Positions of a dialogue game
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Positions of a dialogue game
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Positions of a dialogue game
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Positions of a dialogue game revisited

The ordered space of positions
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Positions of a dialogue game

Pos (0) = 0

Pos (1) = {x}
Pos(A@& B) =  Pos(A) + Pos(B)
Pos(A® B) =  Pos(A) x Pos(B)

Pos (= A) = Pos(A) + {*}
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Suspension modality

Definition. A suspension modality
o : €6 — C
on a symmetric monoidal category C is defined as a

symmetric monoidal comonad

that is, a functor equipped with maps

€A ; OA — A counit

04 ; OA — OoA comultiplication
map < OA®OB — 0O(A®DB) lax monoidal

mi : 1 — 01 lax monoidal

satisfying a series of coherence properties.

108



A Godel translation L &® ~ LL+0O

Fact. Every suspension modality O induces an adjunction

Forget

@®e

Free

between C and its category D of O-coalgebras.

Key observation.

When € is x-autonomous, D is a dialogue category with negation

- A = Free((ForgetA)*)
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A Godel translation L &® ~ LL+0O

Corollary. Every x-autonomous category C and operator O

induces a functor

F [—] D Forget e

satisfying the equalities

0] = 0

1] = 1
AeBl = (A o[B
A® B = [A e (B
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Three functorial interpretations

F — Rel sets and relations
F — Coh coherence spaces and cliques
F — ScottL ordered sets and downsets

Corollary. [2013]

The set Pos (A) of positions of a dialogue game defines:
> a coherence space of positions

> an ordered set of positions

Positionality theorem. [2004] Innocent strategies are positional.
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Types as sets of positions

interpretation
of the type A
as a structured set
of positions
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Types as sets of positions

set of positions
interpreting

wnterpretation the proof M

of the type A
as a structured set
of positions

We will see that the positions can be seen at the same time as:
>  states in a higher-order automaton,

> intersection types specifying the behaviour of A-terms.
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Church encoding

of finite words and finite trees

A functional encoding of words and trees
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Church encoding of natural numbers

The induction principle can be written in first-order logic as

Vn. (¢(n) = Pn+1)) = (¥0) = Vna(n))

where 1) denotes a generic predicate on natural numbers.

If one removes the first-order part of the formula, one obtains the tautology

(=) = (v=9¢)
which becomes the Church encoding of natural numbers

(o0=>0) = (0= o)

when one replaces the predicate 1) by the base type o.
115



declares the function S

Az declares the constant 2z

lero = \S . )\z.z

( Z ) returns the constant 2

S:o=0,z2z:0 F z:0

FAS. A2z (o=>0) = (0= 0)
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declares the function S

Az declares the constant 2

One=)S.)\z.5z

returns the function S

S applied once

to the constant 2

S:o=0,z2z:0 F Sz:o0

FAS. Az Sz (o=0) = (0= 0)

117



declares the function S

e declares the constant 2

Two = AS . M\z.55z2
CS) returns the function S

CS) applied twice

( Z ) to the constant =z

S:o=0,z2z:0 F SSz:o0
FAS. A Az2.8S8z: (o=0) = (0= 0)
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declares the function S

declares the constant 2

returns the function S

Three = \S. ) \2.555z2

applied three times

to the constant 2

(OHH-(D-O-E

S:o=0,z2z:0 F §55z2:0
FAS. Az, 85895z (o=>0) = (0= 0)
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Church encoding of natural numbers

Observation: every simply-typed lambda-term
- M:(o=0) = (0= o0)
can be rewritten by (3-reduction and n-expansion to a Church numeral

M = AS Az.5...5z2

Key consequence:
There is a one-to-one correspondence between lambda-terms of type
S;z = (o=0) = (0= 0)

up to [n-conversion, and natural numbers n € IN.
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Church encoding of natural numbers

Observation: every simply-typed lambda-term
- M:(o=0) = (0= o0)
can be rewritten by (3-reduction and n-expansion to a Church numeral

M = AS Az.5...5z2

Key consequence:
There is a one-to-one correspondence between lambda-terms of type
S:1,2z:0 = (o=>0) = (0= 0)

up to [n-conversion, and natural numbers n € IN.
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Church encoding of finite words

Similarly: every simply-typed lambda-term
- M:(o=0) =(0o=0) = (0= o0)
can be Sn-rewritten to a Church word on two letters, for instance:

M = Xa.\b. Ae.a(bla(c)))

Consequence:

There is a one-to-one correspondence between lambda-terms of type
a:1,b:1,¢:0 = (o=0) = (0o0=>0) = (0= 0)
up to n-conversion, and finite words w € X" on the alphabet > = {a,b}.
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declares the function a

declares the function b

declares the constant ¢

aba=Xa.\b.Ac.a(b(a(c)))

applies the function a to
the function b applied to

the function a applied to

Q02020202026

the constant ¢

a:0=0,b:0=>0,c:0o F a(b(a(c))): o

FAXa.Xb.Ac.a(b(a(c))):(o=0) =(0=0) = (0= 0)
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Church encoding of finite trees

Observation: every simply-typed lambda-term
- M:(oxo=0) = (0=>0) = (0= 0)
can be (n-rewritten to a tree on the signature {a : 2, b: 1, ¢: 0}, for instance

M = MXa.\b. Ae.alc,a(b(c),c))

Consequence:

There is a one-to-one correspondence between lambda-terms of type
a:2,b:1,¢:0 = (oxo=0) = (0o=0) = (0= 0)
up to (31-conversion, and finite trees on the signature ¥ ={a:2,b:1,¢:0}.
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declares the binary function a
declares the unary function b

declares the constant ¢

applies the function a

to the constant ¢ G o and to the function a applied to
the function b o e the constant ¢

applied to the constant c e

a:oXxo=0,b:0=0,c:0o F alcalblc),c)) : o

= Aa.Ab.\c.a(c,a(b(c),c) : (oxo=0) =(0=0) = (0= 0)
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declares the binary function a
declares the unary function b

declares the constant ¢

applies the function a

to the constant ¢ G o and to the function a applied to
the function b o e the constant ¢

applied to the constant c e

a:0o=0=0,b:0=0,c:0 F alca(blc),c)) : o

= Aa.Ab.\c.a(c,a(b(c),c) : (o=>0=0) = (0=0) = (0=0)
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Linear decomposition of the arrow type

Given two types A and B, the arrow type or intuitionistic implication

A= B

factors in linear logic as

A=B = |A—-oB
where the linear implication is defined in the same way as in classical logic:

A—oB = Al®mpB

(A® BH)+

A proof of A = B can use the hypothesis A

as many times as it needs to prove the formula B.
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Church encoding in linear logic

The formula
(0=0=0)=(0=0)=0=0

traditionally translated in linear logic as

A = l(lo—o!lo—o0o)—o!(looo)—o!o—oo0

may be also translated as

B = !(o0o—o0—o0)—o!/(o—o0)—o!o —oo.
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Church encoding in linear logic

So, the same tree may be seen as a term of type

A = l(loo!lo—oo0o)—o!(looo)—o!o—oo0
with tree-constructors a, b and ¢ of type

a :!lo olo oo b :'o oo c : O
or as a term of type

B = !(o0o—o0—o0)—o!(o—o0)—o!0o—oo0
with tree-constructors a, b and ¢ of type

a . O —0 O —0 O b : ©o o o0 )
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Principle of duality

Opponent
Environment

Proponent
Program

plays the formula plays the formula

A AJ_

Negation permutes the réles of Proponent and Opponent
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Principle of duality

Opponent
Environment

Proponent
Program

plays the formula plays the formula

AL A

Negation permutes the réles of Opponent and Proponent
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Duality applied to the Church encoding

Question: So, what is the dual of a tree ?

Answer: Well, it should be a tree automaton !
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Duality applied to the Church encoding

The formulas A and B have counter-formulas:

At = l(lo—olo—o0)® !(loo0o)® o ® oF

B+ = (0 o0 20) @ !(0o00) ® 0 @ oF

Claim:

> the counter-formula B~ is the type of tree automata

> the counter-formula A~ is the type of alternating tree automata
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Tree automata

The tree automaton with two states () = {qo, g1 } and transitions

q1, 490 L> q0 do q, 9 q,
b
Qo — q (b)
C
— 40 q, d,
& Q1 ql
(9)
accepts the tree (c) (a) thanks to the run-tree
o  ©
)
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Automata for lambda-terms

Seen through the lens of linear logic
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Higher-order recognizability
Suppose given a set L of simply-typed \-terms of same type A.

Question:

When should one consider the set L as a recognizable language?
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Higher-order recognizability
Suppose given a set L of simply-typed \-terms of same type A.

Question:

When should one consider the set L as a recognizable language?

Tentative answer:

Interpret the simple type A as a finite Scott domain (after Salvati).
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The Scott semantics of linear logic

Well-known principle.

Every preorder (), <) induces a Scott domain

(Dom (Q), C)

defined as follows:
> its elements are the lower sets of the preorder,

> the lower sets are ordered by inclusion.

Recall that a subset X C () is a lower set of the preorder (), <) when

V¢ € Q, Vge X, ¢ <q=¢eX.
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The Scott semantics of linear logic

Key observation.
Suppose that the base type o is interpreted as the domain of lower sets
[e] = Dom(Q, <)

generated by a preorder () of atomic states.

In that case, the interpretation of every type A is a domain of lower sets

[A] = Dom(Qua,<4)

generated by a specific preorder () 4 of higher-order states.
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The Scott semantics of linear logic

This induces a family of logical connectives on preorders:

At = AP
A&B = (A+ B,<4+<p)
A® B = (AxB,<4x<p)
A = o (A)

where the finite sets of elements of A are ordered as:

{al,...,ap} S!A{bla---,bq} — Viel{l,...,p}dje{l,....q} Cl@'SAbj
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The Scott semantics of linear logic

Given a preorder of atomic states for the base type ©

Q@ — (Q; §>

the preorder () 4 of higher-order states is defined by induction:

QaxpB = Qa & Qp

Qa=p = Q4 — Up

In particular, a state of the simple type A = B is of the form

{917---76171} —0 q

where ¢, ..., qy are states of A and ¢ is a state of B.
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What is a higher-order automaton?

Methodological question.

Given a simple type A, a finite preorder (), <) and an element

g€ Q4

can we describe the A-terms of the associated language
Ly = {AMJ[qe[M];

in a more direct and automata-theoretic fashion 7
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Higher-order alphabet

Definition. A higher-order alphabet
X = a1:A,...,an: Ay
is a finite set > of letters equipped with a function
2 . X — Type
which maps every letter
a € X
to its higher-order arity
3(a) € Type

defined as a simple type of the A-calculus.

143



What is a higher-order automaton?

Definition. A higher-order automaton

"A: <E7A7Q757QO>

consists of:
> a higher-order alphabet X =a1: Ay, ...,an: Ap
> a simple type A
> a finite preordered set of states Q
> a family of transition functions 0 (a;) € Qy,
> a higher-order initial state gy € QA

where the interpretation of types is induced by the preorder (), = Q).
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Run-trees

Definition A run-tree R is a derivation tree of the judgement
(XFM:Ald,q)
in the intersection type system defined by the rules

¢<aqd 4 €d(a)

Variable e AT 0 A6, q)

(X,a:AF-M:B|é+aw{q,...,qn}, q)
(SFXM:A=B|6,{q,....qnt = q)

Abstraction

(SFM:A= Bldu—oq) (ZFN:A|du)
(X App(M,N): B|d,q)

Application

(XFM:A|d,q1) ... (XFM:A|dqn)

Bag
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lllustration of a run-tree

{{a:} ofao} o4} o {{a} 00} {%, 4} —oq,

declaration of the letter a

5(@) = {{n}-o{a} o}

declaration of the letter b

5(b) = {{a}oan}

declaration of the letter ¢

S(C) = {QO’ Q1}

{{a}oa} o {%, 0} -oq,

a, q, qc,(g qa:)
®
q, 4, "
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An adequacy theorem for the lambda-calculus
Suppose given a finite preorder ( (), <).

Adequacy Theorem. [ adapted from Salvati 2009 |

The interpretation [M] of a simply-typed A-term M of type A
coincides with the set of its accepting states.

In other words, for every higher-order state ¢ € () 4,

q € [M] <= M is accepted by the automaton (), Q, A, D, q)

Corollary.  The acceptance property is decidable.

147



Higher-order recursion schemes

From finite to infinitary lambda-calculus
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Higher-order recursion schemes

The infinite tree

is generated by the higher-order recursion scheme

S — Fabec
Frzyz = zyz)(Faylysz)

149



Higher-order recursion schemes

a O=0=0
Signature b O =0
C O
. S O
Non terminals
F O = O
Rewrite rules S = Fe
- F — Jr.az(F(bz))

S — Fc — ac(F(bc)) — ac(a(bc)F(b(bc)))




Church encoding in the \Y -calculus

The higher-order recursion scheme

S o Fabc
Fryz = x(yz) Fzrylyz)

may be seen as a \-term of type

(0=>0=0)=(0=0)=0=0

in the simply-typed A-calculus extended with a recursion operator Y .

Here, each tree-constructor a, b and c is of type:

a . O = 0 = 0O b : o = o C
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Church encoding in the \Y -calculus

The higher-order recursion scheme

S o Fabc
Fryz = x(yz) Fzrylyz)

may be seen as a \-term of type

(((oxo)=0) X (=0) X 0) = ©

in the simply-typed A-calculus extended with a recursion operator Y .

Here, each tree-constructor a, b and c is of type:

a : (0oX0)=o0 b : o= o c
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Church encoding in the \Y -calculus

The higher-order recursion scheme is translated as

M = (Y [ AF Xz y z.zz(Fxy(yz))])abce

where the functional /' has type

(((oxo0)=0) X (0=0) X0) = 0

Recall that the fixpoint operator Y behaves in the following way:

YM +— M(YM).
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Church encoding in the \Y -calculus

This alternative (and somewhat simpler)

M = (Y[ AFXz.az(F(bz))])c

produces the infinitary A-term [M |, obtained by plugging the context

into itself, coinductively...
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Generation by infinitary S-rewriting

The A-term [M] is then rewritten by an infinite sequence of 3-redexes

Moo —— My —— -+ —— My —— -

into the expected infinite tree

()
OO0
N = OO0
© @
()
(Y
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Generation by infinitary S-rewriting

The A-term [M|, is then rewritten by an infinite sequence of 3-redexes
Moo —— My ——— o —— My ——— -

into the expected infinite tree (along the Church encoding)
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Generation by infinitary S-rewriting

The infinitary sequence of (3-redexes

Moo N

which turns [M|, into the infinite tree /N plays a central role...

Key observation:

The sequence may be chosen « strongly Cauchy convergent »
in the sense of the Dutch school in infinitary rewriting.
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Invariance theorem

More generally, consider an infinite sequence of 3-redexes

M N

which is strongly Cauchy convergent.

We establish that for every higher-order automaton A,
the following invariance property is satisfied by the rewriting path:

Invariance theorem.

the ho-automaton A the ho-automaton A
recognizes <~ recognizes
the infinitary A-term M the infinitary A-term V.
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An important message here...

This invariance property is apparently easy to establish
using the traditional tools of denotational semantics:

> Scott semantics
> continuity

> Bohm trees

However, this semantic approach only works
for automata with purely inductive acceptance conditions.

One thus needs to revisit the foundations entirely
for more sophisticated notions of higher-order automata
mixing inductive and coinductive acceptance conditions.
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Higher-order automata with boundary

Shifting to infinitary trees and A\-terms
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The MY, -calculus

The A\Y);-calculus is defined as the simply-typed A-calculus

equipped with a least and greatest fixpoint operators:

Y oo (A=A = A
Y, (A=A = A

The two operators behave in the same way syntactically:

Y,M — MY, M)

but they are interpreted differently in the Scott semantics |—] .
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Infinite \-terms with boundary

Definition A boundary of a simply-typed infinitary A-term M is a set
C oo-path(M)
of infinite paths of M.

A simply-typed infinitary A-term with boundary is a pair

(MvM)

consisting of a simply-typed infinitary A-term M together with a boundary 3.

Inspired by the definition of Borelian games in descriptive set theory
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The adequacy theorem with boundary
Suppose given a finite preorder (), <).

Adequacy Theorem
The interpretation |[M ], of a simply-typed \Y),,-term M of type A

coincides with the set of its accepting states.
In other words, for every higher-order state ¢ € () 4,

q € [M] <= M is accepted by the automaton A= (0, Q, A, D, q)

where the acceptance condition on the run-trees of the automaton A
reflects the inductive and coinductive status of the fixpoints.
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Back to our illustration

The translation
M = (Y [ AF)z.az(F(bz))])c

produces the infinitary A-term [M |, obtained by plugging the context into itself

inductively or coinductively depending on the definition of the boundary...
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Traditional definition of the fixpoint operator Y
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Inductive definition of the fixpoint operator Y,

infinite path not in the boundary
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Coinductive definition of the fixpoint operator Y,

infinite path in the boundary

172



Generation by infinitary S-rewriting

The A-term [M] is then rewritten by an infinite sequence of 3-redexes

Moo —— My —— -+ —— My —— -

into the expected infinite tree

()
OO0
N = OO0
© @
()
(Y

173



Generation by infinitary S-rewriting

The A-term [M|, is then rewritten by an infinite sequence of 3-redexes
Moo —— My ——— o —— My ——— -

into the expected infinite tree (along the Church encoding)
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The need for an invariance theorem

Consider an infinite sequence of [3-redexes

M N

which is strongly Cauchy convergent.

We establish that for every higher-order automaton A,
the following invariance property is satisfied by the rewriting path:

Invariance theorem.

the ho-automaton A the ho-automaton A
recognizes — recognizes
the infinitary A-term M the infinitary A-term N
with boundary with boundary.
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A key tool: diffraction patterns

Key idea:
The occurrence D of a S-redex R is turned into a diffraction pattern
E = {DA,z'HE[}_ODB

by the reduction of the [-redex:
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Conclusion and future works
Higher-order automata generalising and explaining higher-order model checking
A modal \Y),,-calculus with boundaries refining the usual \Y-calculus

A neat proof of decidability based on:

>  Scott semantics of linear logic in the French style

> infinitary rewriting theory in the Dutch style
New automata-theoretic foundations to the lambda-calculus

New features: higher-order, compositionality, which need to be explored
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>

>

What | did not speak about here

Profinite lambda-calculus with Sam van Gool and Vincent Moreau [2023]

The recent result by Vincent Moreau and Tito Nguyén [2024] that

The syntactic definition The semantic definition
of higher-order regular languages of higher-order regular languages
by Hillebrand and Kanellakis [1996] by Salvati [2009]

are equivalent, using logical relations.

Dialogue duploids and the classical L-calculus with Eléonore Mangel
and Guillaume Munch-Maccagnoni [2025].

Ongoing work with Noam Zeilberger on context-free grammars
and the Chomsky-Schiitzenberger theorem [2022, 2025]

with connections to Daniela Petrisan’s tutorial tomorrow.
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Thank you !
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A modal translation of higher-order parity games

The S4 construction at work
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A colour modality for Scott domains
Suppose given a specific number n of colours.
Definition. The colour modality on preorders is defined as

OA = A& ---&A

n

As a consequence, note that

Dom (ODA) = Dom(A) x --- x Dom (A)
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The colour modality

Two observations

> The modality O defines a comonad.

€A : OA
(1,9)
0 4 : OA

(max (m1,m2),q)

A
q

OoOA

R
>
R

= (m1,(m2,q))

> The comonad O commutes with finite products:

O(A&B)
ol

~Y

~Y

DA & OB
T
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A colour modality

An important consequence: The composite modality

'O : Scott — Scott

defines an exponential modality of linear logic.

From this follows that the Kleisli category

D = Kleisli(Scott, ! O)

is a cartesian closed category.
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An inductive-coinductive fixpoint

For simplicity, let us assume that the number n of colours is even.

Given an infinitary A-term

one defines the fixpoint as

Theorem. This defines an interpretation in the \Y),;~calculus.

73371)

188



Modal reformulation

] o, A [l 4, = a

Collecting colours works in the same way as collecting levels of copies
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A colour modality for intersection types

Definition. A parametric modality is a family of functors
0, : ¢ — m € IN
each of them lax monoidal:
O0n,A ® 0,B — O,(A® B)
1 — 0,1
and defining together a parametric comonad

O A — 0,0, A

max(m,m’)

OpA — A

The structure of copy management in linear logic
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The exponential modality

1A ® !B — |(A® B)
A — 1A

A — A

The structure of copy management in linear logic
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Translation

AFEt:(0,m)N...AN(0p,mg) =0 A, Fu:6;
A AT ftmy, ..., Apftmg F tu 0
where

Afrm={F: (0, max(m,m')| F : (0,m)ec A}

is translated as

Ail—u : (92'
A, Opy Ay, oo, O, Ay B tu 0
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A domain-theoretic formulation

The category D has

> finite prime algebraic domains as objects

>  continous functions f : D" —— [ as morphisms.

Two morphisms of the category D
f.:D"—£FE g: E"—F
are composed as follows:

Dn pmax pnxn J" En g
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A domain-theoretic formulation

In the case n = 2

gof :(wv1,22) w— g(f(x1,29), (v2,22))
In the case n = 3

gof :(x1,x9,23) +— g(f(x1,22,23), f(x2,29,23), f(x3,23,23))

More generally:

tH

W DN

W DN DO

LW W Ww
=~ =~ = =
Ot & W DN —
U =~ W N DO
Ot I~ W W W
Ot =~ & &= &
Ot Ot Ot Ot Ut

=~ Q0 DN —
H~ QO DN DO
~ Qo Qo W
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