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We consider modal logic extended with the well-known temporal operator ‘eventually’ and provide
a cut-elimination procedure for a cyclic sequent calculus that captures this fragment. The work
showcases an adaptation of the reductive cut-elimination method to cyclic calculi. Notably, the
proposed algorithm applies to a cyclic proof and directly outputs a cyclic cut-free proof without
appealing to intermediate machinery for regularising the end proof.

1 Introduction

Non-wellfounded derivation systems underwent their first rigorous study in [9} [11} 2} [14]]. In contrast to
the traditional finite derivation trees, one allows for infinite branches that mimic the induction axioms
required for capturing semantics of temporal operators (more generally, implicit/explicit fixpoints). To
exclude vicious reasoning and capture the true semantics of temporal constructs, a so called global va-
lidity condition is placed on infinite branches. This condition necessitates a re-investigation of reductive
cut elimination in the non-wellfounded setting. Cyclic proofs correspond to the regular fragment of non-
wellfounded proofs. They are, in some respects, more amenable to this treatment as the global validity
condition for a cyclic proof can be reformulated in terms of a condition posed on simple cycles in the
graph representation of a cyclic proof.

With the advance of non-wellfounded and cyclic proof theory, cut elimination has also received
considerable attention (see e.g. [15, 3} [13} [12]). The common approach proceeds in two steps: first cuts
are pushed ‘up’ away from the root by the usual cut reductions to obtain, in the limit, a non-wellfounded
derivation; in the second step the acquired limit structure is shown to satisfy the global validity condition.
When it comes to cyclic systems, cut-elimination procedures that can directly produce cut-free cyclic
proofs are rare. Although the aforementioned two-step approach can be applied, the resulting structure
may not necessarily be a regular tree. For those calculi whose cyclic fragment does exhaust all validities
one may invoke other machinery, such as automata, to find a cut-free cyclic proof.

We consider a simple temporal logic MLe with a complete cyclic sequent calculus GKe and describe a
syntactic cut-elimination procedure for GKe that works directly on cyclic proofs. The logic MLe extends
modal logic with the so called ‘eventually’ operator, the transitive closure of the diamond modality.
Although MLe is expressively weak, this work can be seen as a starting point to apply cut elimination to
cyclic proof systems for richer modal fixpoint logics.

Cuts occurring in a cyclic proof can be split into two categories: cuts that reside in a cycle and those
that do not. We call them, respectively, unimportant and important cuts. We show that unimportant cuts
are for most part harmless, in the sense that the cut formula does not interfere with the global validity
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2 Cut-elimination for Cyclic Proofs

condition and as such, these cuts can be eliminated by the standard way of pushing them away from
the root of the proof-tree. The main challenge posed is to eliminate important cuts, as in this case a
‘successful’ trace fulfilling the global validity condition can follow a cut formula.

The global validity condition can take different forms. A trace-based condition is formulated in
terms of traces, i.e. paths of ancestry of formulas, on a branch. Such conditions are relatively easy
to formulate but harder to work with. By annotating sequents with additional information one may
succeed in formulating a branch-based condition that is not directly concerned with traces. Such a
condition is easier to work with when performing operations such as projecting a proof or zipping two
proofs that are critical in reductive cut elimination. Annotated proof systems were first introduced by
Jungteerapanich [6] and Stirling [16] building on work of Walukiewicz [17]. There are general ways of
obtaining annotated proof systems from cyclic proof systems [4} [7]. It is with this rich framework in
mind that the presented case analysis has been carried out.

2 Syntax and Semantics of MLe

Let Prop be an infinite set of propositions. Formulas of MLe are defined inductively by

o:=p|l-0|oNo| o |Fo

where p € Prop. The connectives VV,— and O are taken as abbreviations and can be defined as usual. To
see MLe as a fragment of the modal p-calculus [1] define Fo = px.(¢ vV Ox).

Formulas are evaluated on Kripke models in the standard way:

Definition 1. A Kripke model is a tuple S = (S,R, V), where S is a non-empty set, R is a binary relation
on S and V is a function § — & (Prop).

Let S = (S,R,V) be a Kripke model, s € S and let R* be the transitive closure of R. The relation |- is
defined inductively by:

S,slkp & peV(s)

S,slF—e & S,slf @

S,slFoAy & S,slF@andS,sl-y

S,slFCe & there exists t € S with sRtf and S,z IF ¢
S,sl-Fe & there exists r € S with sR*r and S,z I- ¢

A formula ¢ is called valid if S, s IF ¢ for every Kripke model S = (S,R,V) and every s € S.

3 Proof System GKe

We present the cyclic annotated proof system GKe, which is sound and complete with respect to the
valid formulas of MLe. The annotations allow us to formulate the global validity condition as a simple
condition on paths. As MLe is a fragment of the alternation-free mu-calculus one bit of information per
formula suffices [8]]. Moreover, as in MLe traces are very well-behaved, in particular cyclic traces do not
pass through disjunctions, at most one formula in focus in each sequent is sufficient [10].

An annotated formula is a pair (¢,a), usually denoted as ¢“, where a € {f,u}. We call annotated
formulas of the form ¢/ in focus and @* out of focus. Let T" and A be sets of annotated formulas, where
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every formula in A is out of focus and at most one formula in I of the form F¢ or OF @ is in focus. Then
I' = A s called an annotated sequent. As every formula in A is out of focus, we omit the annotations in
the right side of the annotated sequent. For a set of annotated formulas I" we define I = {¢" | ¢ € T'}.
If it is clear from the context we will be sloppy and call annotated formulas just formulas and annotated
sequents just sequents. We define OA = { @ | ¢ € A}.

Definition 2. Let ¢ and y be formulas. We write ¢ —¢ v if y is either a direct subformula of ¢ or
¢ = Fyx and y = OFy. The closure Clos(I' = A) of a sequent I" = A is the least superset of I'UA that
is closed under —¢.

The rules of GKe for the propositional connectives and the modal operator are standard. The rules
F; and Fy for the eventually operator F stem from the identity F¢ = ¢ V OF@. In Fy the formula Fo*
is called its principal formula. The rule F; and the focus rules u and f are the only rules that change
the annotations of formulas. The discharge rule D allows us to discharge leaves, that are labelled by
sequents that already occur at one of its ancestors. To qualify as a GKe proof, this is only allowed if a
certain success-condition is met. Each instance of D* is labelled by a unique discharge token x taken
from a fixed infinite set 7 = {x,y,z,...}.

Ax: o= A o',y I'=A I'=sAe TI'sAy
: p”:>p ol —— N — R:
Ot = OA oAy T = A F'=sApAy
£ OFp*T'=A o¢“ T'=A E.. I'=s Ao, OF I'=sAe 9 I'=A
o Fp?.T = A T T=AFe e T=A  FTr=a-¢
=A,0 @' I,=A,  T'=A CI'=A
cut: WL ———— WR: ——————
I[,T,= ALA, o', I'=A I'=A9
= A
. o/ \T'=A ¢ o', I'=A
. U, —— L
D L=A . I'=A o/ T'=A
I'=A

Figure 1: Rules of GKe

Definition 3. A GKe derivation © = (T, P,S,R) is a quadruple such that (7, P) is a, possibly infinite, tree
with nodes T and binary relation P; S is a function that maps every node u € T to an annotated sequent;
R is a function that maps every node u € T to either (i) the name of a rule in Figure|l|or (ii) a discharge
token, such that (i) the specifications of the rules in Figure T]are satisfied and (ii) every node labeled with
a discharge token is a leaf.

For every leaf [ that is labeled with a discharge token x € & there has to be a proper ancestor ¢(l) of
[ that is labeled with D* and such that / and ¢(/) are labelled with the same sequent. In this situation we
call [ a repeat leaf, and c(1) its companion.

A GKe derivation of a sequent I' = A is a GKe derivation, where the root is labelled by I' = A.

Definition 4. Let 7 = (7, P,S,R) be a derivation. We define two trees we are interested in: (i) The usual
proof tree 7 = (T,P) and (ii) the proof tree with back edges 7, = (T,PC), where P¢ = PU{(L,c(1)) |
[ is a repeat leaf} is the parent relation plus back-edges for each repeat leaf.
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Definition 5. A path 7 in a GKe derivation 7 = (T, P,S,R) is a path in .Z,C. A path 7 is called successful
if it holds that

1. Every sequent on 7 has a formula in focus and
2. The path 7 passes through an application of F;, where the principal formula is in focus.

We call a repeat leaf v in a GKe derivation 7 a discharged leaf if the path T(v) in (7, P) from c(v) to v is
successful. A leaf is called closed if it is either a discharged leaf or labelled by Ax and open otherwise.

Definition 6. A GKe proof is a finite GKe derivation, where every leaf is closed.
Next lemma is usually a consequence of guardedness. For the GKe proof system this is immediate.
Lemma 7. Let v be a discharged leaf in a GKe proof m. On ©(v) there is a node labelled by <>.

The soundness and completeness of GKe follows from [10] wherein a cyclic hypersequent calculi is
given for a class of modal logics with the master modality characterised by frame conditions. In the case
of no frame conditions, the calculus coincides with GKe, with the difference that the modalities O and
are taken as principal instead of < and F. Yet, as O¢ = ~O—¢ and ®@ = —F—@, the systems can be
easily translated into each other.

Theorem 8 (Soundness and Completeness). There is a GKe proof of a sequent ' = A iff A\ — \/Ais
valid in every Kripke model.

4 Cut Elimination
We introduce a cut-elimination method based on reductive cut elimination tailored for cyclic proofs. The
cut reductions we employ are the expected ones for the calculi; see for full list.

The main difficulty in this approach are cut reductions, that alter successful paths. As an example
consider the following principal cut reduction:

OFp/ T=A o@“T'=A

Fr
F:A@QWF Fo/.T = A
- 7”
F:>A,F(p R F(P”,FZ>A
I'=A cut
OFp/ T= A
— Uu
I'=Ae,OFp OFp".T'=A ;
cu
I'=s A o', I'=A
cut
I'=A

Note that in this reduction an F; rule, where the principal formula is in focus, gets removed. Hence, paths
that were successful before the reduction, could be unsuccessful afterwards. We define unimportant cuts
in such a way, that in all cut reductions successful paths remain successful, i.e. the behaviour from above
may not occur. Thus, for unimportant cuts it suffices to push all cuts upwards until a repeat is reached.

The treatment of important cuts is more complicated, as descendants of the cut-formulas could be in
focus, and therefore being crucial in the discharge condition of repeats. In order to make these observa-
tion formal we first need some technical definitions.
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4.1 Preliminary definitions

Let (G,E) be a graph. A strongly connected subgraph of G is a set of nodes A C G, such that from every
node of A there is a path to every other node in A. A cluster of G is a maximally strongly connected
subgraph of G. A cluster is called frivial if it consists of only one node.

Let 7 be a GKe proof. A cluster of 7 is a cluster of Z,C. Let % be the set of non-trivial clusters of
7. We define a relation — on %7 as follows: S; — S if S| # S, and there are nodes v; € Sy, v; € S, such
that there is a path from v| to v, in .Z,C. The relation —» is irreflexive, transitive and antisymmetric. We
write depth(S) for the length of the longest path in (.7, —) starting from S.

Let v be a node in a proof . We define the depth of v, written depth(v), to be max{depth(S) | S €
7z and there is a path from v to some u € S} and 0 if this set is empty. The depth of a proof 7, written
depth(m), is the depth of its root.

The component of v, written comp(v) is the set of nodes u € 7, that are reachable from v in .7,¢ with
depth(u) = depth(v). Note that comp(v) does not have to coincide with a cluster in 7, but may contain
multiple clusters. The component of the root is called the root-component and the cluster of the root is
called the root-cluster. A descendant y at a node u of a formula ¢ at a node v is called a component
descendant of ¢ if u € comp(v).

Definition 9. Let C be an occurrence of a cut rule with cut-formula ¢ in a GKe proof m. We call C
important if all formulas in the conclusion of C are out of focus and unimportant otherwise.

The rank rank(@) of a formula ¢@ is the maximal nesting depth of F’s in ¢. The rank of a cut is the
rank of the cut formula. The depth of a cut is the depth of its conclusion. The sum-depth of a cut is
the sum of the depths of both premises. The cut-rank, cut-depth and cut-sum-depth of a proof 7 are the
maximal rank, depth and sum-depth of a cut in 7, respectively.

The next lemma justifies the definition of unimportant cuts. It implies, that pushing unimportant cuts
upwards does not alter successful paths.

Lemma 10. Let C be an unimportant cut in a GKe proof m. Every component descendant of the cut-
formula of C is out of focus.

Any node v in a non-trivial cluster of a GKe proof 7 has a formula in focus, as it is on the path (/)
of a discharged leaf /. For nodes in a trivial cluster this is not necessarily the case. We can apply f and
u rules in a certain way to minimize nodes with a formula in focus. By doing so, nodes with a formula
in focus resemble the non-trivial clusters of the proof tree with back edges: Any node with a formula in
focus is either in a non-trivial cluster or is labelled by f.

Formally we call a GKe proof minimally focused if (i) if v is labelled by u, then its child is labelled
by D and (ii) if depth(v) < depth(v') for a child v of V/, then v is labelled by f. As every proof can be
transformed to a minimally focused proof of the same sequent with the same cut-rank, cut-depth and
cut-sum-depth, we will always assume that GKe proofs are minimally focused.

Definition 11. Let 7 be a GKe proof and v be a node in 7. We define the GKe proof 7, as the subproof
of & rooted at v, where recursively every open leaf [ in x, is replaced by ﬁc(l)ﬂ

Note that 7, is well-defined, as ¢(/) is a proper descendant of v for every open leaf /. Hence, at some
point 7,(;y has no open leaves. Importantly, depth(7,) = depth(v).

!In order to guarantee that D rules are labelled by unique discharge tokens, discharge tokens x are replaced by fresh discharge
tokens, whenever a D* rule is duplicated.
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4.2 Important cuts

The strategy to eliminate an important cut of rank 7 is as follows. We first push the cut upwards, until it
can not be reduced any more, those cuts we call critical. Then we take m; and 7,, the proofs of the left
and right premise of the cut, and ‘zip’ them together, while deleting all descendants of the cut formula.
This is done recursively, similarly to how a cut can be pushed ‘up’. In order to find suitable repeats we
also have to keep track of the already constructed cut-free subproof. The intermediate objects of this
process are called traversed proofs, that correspond to proofs, where on every branch of the proof there
is at most one cut of rank n.
Definition 12. Let 7 be a GKe proof and C an important cut in . We call C critical if
1. the left premise of C is labelled by a u rule, i.e., the cut is of the form

Iy
=10,y
Y =10,y ’ y' 3, =11,

Zl, X = Hl, I1,

cut

2. the cut formula y is of the form F¢ or OF .

Lemma 13. Let © be a GKe proof with one important cut at the root. Then there is a GKe proof &' of
the same sequent with the same cut-rank, cut-depth and sum-cut-depth, where all cuts are critical.

Proof. We can apply cut reductions from Appendix [A]until all cuts satisfy point 1 of Definition[12} If y
is not of the form F¢ or OF @, then unfold DX, i.e. apply a cut reduction to u and D* on the left branch.
Continue this process until all cuts are critical. In all cut reductions, except where F¢ is principal, the
syntactic size (i.e., number of symbols) of the cut formula is not increased, and in the reduction for &
the syntactic size of the cut formula decreases. Due to Lemma [/|on the path from a companion node to
one of its discharged leaves there is a < rule. Hence, the syntactic size of the cut formula y decreases
until y is of the form F¢ and after applying further cut reductions both conditions of Definition |12 are
satisfied. O

Definition 14. An F-traversed proof p of £ = Il is a derivation of X = II, where all leaves are either
closed or labelled by a sequent I';,I', = A;, A, together with a triple (7, y, 7,), written as [m;]y/[m,], such
that y = Fo or y = OF @, m is a proof of I'; = A;, v and 7, is a proof of w* I, = A,, where (I'.)* =T,.
If Fo is clear from the context we will just write traversed proof.

By applying a cut with cut-formula ¥ at every open leaf, every traversed proof p corresponds to
a GKe proof 7, where on every branch of the proof there is at most one cut of rank rank(y). Hence,
transforming a F@-traversed proof to a traversed proof without open leaves corresponds to eliminating
cuts of rank rank(F¢).
Lemma 15. Let © be a GKe proof with only one critical cut at the root, i.e. T is of the form

L
Z;:>Hl7ll/ u ﬂR
=1,y y' X, =11, ;
cu
¥, 2= 11,10,

where Ty, and Ty are cut-free and of depths ki, and kg, respectively, and the cut formula W equals F@ or
OF@. Then we can construct a proof T of £, X, = I1;,I1,, where all cuts either have rank rank() or
rank rank(F@), depth < max{ky,kg} and sum-depth < ki + kg.
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Proof. Let py be the F-traversed proof of ¥;, X, = I1;, I, consisting of one application of u and an open
leaf labelled by X7, ¥, = IT;, I1, together with [, ]| y[7g], this we will denote by

(7] w{7R]
%, = 10,10,

———u
¥, X = 11,11,
Starting from p; we will inductively transform the traversed proof, until we end up with a traversed

proof of ¥;, X, = IT1;,I1,, where all leaves are closed. This will be done as follows: Let p be a traversed
proof. If all leaves are closed we are done. Otherwise consider the leftmost open leaf v labelled by

[TCI] W[n-r]
I,T, = ALA,

Let the roots of m; and 7, be labelled by the rules R; and R,, respectively. We transform p by a case
distinction on R; and R,. We only show the crucial cases, the full proof can be found in Appendix
e If R; is D*, we make a case distinction:

— If there is a node ¢ in p, that is an ancestor of v and labelled by I';,I", = A;, A,, such that
the path from c to v is successful, then insert a D*-rule at ¢ and let v be the discharged leaf
[, T = A, A.J* with fresh discharge token z.

— Else let #; be the proof obtained from 7, by replacing every discharged leaf labelled by x
with ;. We replace v by

[ﬁ:l]ll/[nr}
1—‘171—‘r = AlaAr

 If R, is DY, then let &, be the proof obtained from 7’ by replacing every discharged leaf labelled
by y with .. We replace v by

[EI]W[ﬁr}
I, = ALA,

e If R;is Fg and R, is F;, i.e. m; and 7, are of the forms

m A !
[1=2,9,0F¢ OFp" T, = A, ¢“T,=A,
L =AFp Foa.T, = A, L
then v is replaced by
(m]OF (] !
U= ALAL e @' 1, = A, ;
cu
I, = ALA,

where the introduced cut has rank rank(¢).
e If R; is f of the form
m
I = ALy c
I=ALy
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then v is replaced by
oy
ol ve. I = A,
I'l=AL,y  yY, F = A,
I, T = AL A,
I, I, = ALA,

cut

where the introduced cut has rank rank(F¢), depth < max{k.,kg} and sum-depth lower than
ki + kg, as the left premise of the cut is in the next component.

* If R, is f, we do the analogous transformation as in the case above.

* If R; or R, is any non-principal rule, we push the open leaf ‘up’, similarly as a cut can be pushed
away from the root.

Let p; and p; be traversed proofs. We write p; < p; if p; can be obtained from p; by the above
construction and p; # p;. If p; < p;, then p; is a subproof of p;, in the sense that p; can be obtained from
pi by replacing some open leaves in p; by traversed proofs and inserting nodes labelled by D. Thus, p;
consists of at least the nodes in p; and we can identify nodes in p; with nodes in p;.

Let p > p; and let v be an open leaf in p labelled by

(] (]
Flu 1—‘r = AlaAr

We can define a node u(v) € 7, with ; = 7, (), S(ur(v)) = I = A;, w and such that u; (v) is in the
root-cluster of 7, or is labelled by f. Analogously we can define ug(v) € mg. These definitions extend to
nodes w below an open leaf v. Hence, nodes below an open leaf can be labelled by only finitely many
distinct sequents.

Let 7 be the path from the root of p to the open leaf v. Using the above definitions of u; (w) and
ugr(w) we obtain corresponding paths 7, in 7, and Tz in 7.

Combining these observations, we can find a bound on the height of open leaves: As there are only
finitely many distinct sequents on 7, at some point an open leaf v is reached, such that an ancestor c in p
is labelled by the same sequent. The path 7(v) from ¢ to v in p corresponds to a path 7, (v) in 7. If 7(v)
is of some certain length the path 7, (v) is successful. This implies that the path 7(v) is successful as well
and the leaf v will be closed. A more detailed proof with explicit bounds can be found in Appendix [B]

In conclusion, as every constructed tree is finitely branching, after finitely many steps a traversed
proof pr without open leaves is constructed. As every traversed proof without open leaves is a proof we
have shown the lemma. 0

Example 16. Consider the following proof & containing a crucial cut

(58 TR
Foop! =Fop — Fop/=Fp
FOOP = FOp FOp* = Fp

cut

FOOP = Fp
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where the two proofs 7; and 7z are

[FOOp! = FOp)X o [FOp! = Fp)Y
OFOOp, = OFOp OOpt = OFOp , b OFOp, = OFp Opt = OFp -
L FOOp, = Op, OFOp - FOp! = p, OFp F
FOOp! = Fop 1, Fop’ =Fp o,
FOOpf = Fop Fop/ = Fp

For the sake of readability we apply weakening implicitly and omit w rules in this example. The leaves
marked by double lines can be proved easily without cuts or repeats.

Following the construction of Lemma 15| we define p; as above. In the first steps, the proofs 7 and
mg get unfolded. Then the Fg rule in 7k is added to p, this results in the following traversed proof:

[ﬂa]FQp[ﬂ'b]
FOOp! = p,OFp
FOOP! = Fp

FOOp" = Fp

Fr

Now the rules R; and Rg are Fg and F;, respectively. Hence a cut with cut-formula $p is introduced.
Then the traversed proof gets further transformed into

(7t |FOpmR]
" FOOpT = Fp
OFOOp, = OFp OOpt,= OFp F
L _———
FOOP! = Op, OFp Opt = OFp wt
FOOp! = p,OFp
C. FR
FOOp! = Fp
U
FOOp" = Fp

The root of 7y is labelled by D* and the repeat condition for v is satisfied: The node c is labelled by the
same sequent as v and the path from c to v is successful. Thus a D? rule is inserted at ¢ and v is discharged
by z, which results in a GKe proof.

4.3 Unimportant cuts

Definition 17. Let © be a GKe derivation and v be a node in . The infinite unfolding of comp(v) in
7, written 7™, is obtained from 7 by recursively replacing every discharged leaf /, that is a component
descendant of v, by m; and removing nodes labelled by D*, where no discharged leaf is labelled by x.

Lemma 18. Ler w be a GKe proof of cut-rank n and cut-depth k+ 1, such that all cuts are unimportant
and in the root-cluster. Then we can transform T into a GKe proof T’ of the same sequent with cut-rank
n and cut-depth < k.

Proof. Let I' = A be the sequent at the root r of @ and m = |Clos(I" = A)|. Let 7* be the infinite
unfolding of comp(r) of w and let A be comp(r) in 7*r. Note that A is infinite.
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We want to push the cuts (also the ones with cut-depth < £, to avoid cut reductions with cuts) in A in
¥ upwards, until the set of nodes A of height at most 8" + 1 in A do not contain cuts.

This can be done inductively: Choose a root-most node v labelled by cut, take a lowest descendant
V' of v, that is labelled by cut, such that both premises are not labelled by cut (That could also be v
itself). This can always be found as 7 is a proof and hence a repeat does not only consist of cut rules.
Apply a suitable cut reduction defined in Appendix[A]to v'. At some point this will be a non-principal cut
reduction, because 7 is a proof and the cut-formula is out of focus: There are infinitely many F, rules,
where the principal formula is in focus. Thus the height of the cut-free sub-proof increases. Continue
this process until Ay is cut-free. All cuts outside of A have cut-depth < k, otherwise they would be in A.
Because all cut-reductions defined in Appendix [A]preserve the cut-rank, all cuts have cut-rank < n.

As Ay is cut-free, each formula in Ay is in Clos(I" = A), where it could occur or not occur in I" and
A, and be in focus or out of focus in I". Thus, there are at most 8" many distinct sequents in Ay and on
each branch in Ay there is a node v such that an ancestor ¢(v) of v is labelled by the same sequent. For
each such branch choose the root-most such node v, insert a D* rule at ¢(v) and let v be a discharged
leaf labelled by x with fresh discharge token x. All sequents in Ap have a formula in focus. Because
of Lemma [10] all cut-reductions are not affecting formulas in focus and Fj-rules, where the principal
formula is in focus, remain. The path from ¢(v) to v is successful and we obtain a proof with cut-rank n
and cut-depth < k. 0

4.4 Cut elimination

As in the finitary case, we want to prove cut elimination by first showing cut admissibility. Yet in the
context of cyclic proofs it does not suffice to eliminate one cut at the root of the proof, but rather we
transform a proof with cuts only in the root-cluster to a cut-free proof. If the root-cluster is trivial this
coincides with the usual notion of cut admissibility.

Lemma 19 (Cut admissibility). Let w be a GKe proof with cuts only in the root-cluster. Then we can
transform T into a cut-free GKe proof T’ of the same sequent.

Proof. By triple induction on the cut-rank n, the cut-depth k and the sum-cut-depth m of 7. If the root-
cluster is trivial, there is one important cut at the root of 7. Otherwise k > 0 and all cuts are unimportant.

In the first case Lemma [I5] together with Lemma [T3] yields a proof 7y, where all cuts have cut-rank
< n or rank n, depth < k and sum-depth < m. In the second case Lemma [I§]yields a proof m; with cut-
rank n and cut-depth < k. In both cases we inductively apply the induction hypothesis to every subproof
with cuts only in the root-cluster to obtain a cut-free proof 7’ of the same sequent. O

Theorem 20 (Cut elimination). We can transform every GKe proof T into a cut-free GKe proof &' of the
same sequent.

Proof. By induction on the number of clusters with cuts in 7. Let 7y be a subproof of & with cuts only
in the root-cluster. Lemma gives a cut-free proof 7 of the same sequent as 7my. By substituting 7, in
7 we obtain a proof of the same sequent, where the number of clusters with cuts is reduced. 0

5 Conclusion

We have presented a syntactic cut-elimination procedure for the cyclic proof system GKe. To our knowl-
edge, this is the first cut-elimination method that works directly on cyclic proofs without a detour on
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infinitary proofs. This work is a case study in the sense that we believe the introduced method can be
generalised to other annotated, cyclic proof systems for fragments of the modal y-calculus. As a next
step we are working on applying the strategy to a proof system for Propositional Dynamic Logic [[1] .
Other interesting candidates are the focus system for the alternation-free fragment introduced in [8] and
the annotated proof systems for the modal p-calculus [6, (16, 14].
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A Cut reductions

For readability we state the cut reductions for a simplified cut rule, where I'; =I', and A; = A,. This can
be generalized in the obvious way.

Principal cut reductions:

o T y[5)
FiA,(p,QF(pF OFp", T=A o¢“ T'=A
T=AFp | Fo'.T = A t
cut
I'=A
V%) m
I'=sA0,OFp  OFp“T'=A -
— cut 2
I'=Aop " I'=A
cut
I'=A
o 51 o s
Y =A0 o' = A Y=A0 @"=A
- N cut
Oy = OA, O SOt = OA cut Y =A
Oyt = CA O = OA
7o) ™ b(%)
I'=sAe TI'sAy o'y T'=A
AR ———— AL
I'=sAoAy oAy T =A ;
cu
I'=A
m V(%)
o I'=sAy o y" T'=A
— cut
I'=A0@ o'\ I'=A
cut
'=A
o T
¢".I'= A I'=A0Q < 7o
T R T A L — I'=A¢@ ¢ I'=A
I'= A -0 " I'= A cut
cut I'=A
I'=A
Trivial principal cut reductions:
¥ Ty
I'= A, =
PP pcut - '=Ap
I'=Ap
m
‘= “T = A &
p=r P at T pAT=A

T =A
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o
I=A s
I'=A0 0" I'=A

I'=A

cut

4|
'=A0 " I'=A
TS cut
=

L

Cut reductions for u, D* and f:

Cut-elimination for Cyclic Proofs

I'=A
I'=A

We push u and f rules ‘upwards’ away from the root and unfold D* rules. The presented reductions are
analogous, if the right premise of the cut is labelled by u, D* or f.

o
I'=A@ Dx
I"'=A¢Q - —
vV: —— u 1
I'=s A o', I'=A
cut

I'=sA

) v
I'=sAe oe“T=A
I'=A

cut

where 7, is obtained from 7y by (i) unfocusing sequents up to D rules and leaves labelled by x and (ii)
replacing every discharged leaf labelled by x with 7,, where v is the left premise of the cut ruleE]

o
b I'=Ao D~ T .
I'= A o' T'=A
cut

I'=A

o v}
I'=sA¢0 o“T=A
I'=A

cut

where 7)) is obtained from 7 by replacing every discharged leaf labelled by x with 7,, where v is the left

premise of the cut rule.

o
I'o= Ao
— u
FM:A’(p f m —
I'=s Ao o“T'=A
cut

I'=A

/

where 7, is defined as above. For a rule R different from u we do the following:

o
I'o=Ag
FuﬁA,(Pf m —
I'=Ao o'\ I'=A
cut

I'=A

)
w T
I'= A o'\ I'=A
cut
I'=A
o
F0:>Ao £
M m
I'=s Ao o'\ I'=A
cut
I'=A

2Here and in the following cut reductions discharge tokens y are replaced by fresh discharge tokens, whenever a DY rule is

duplicated.
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Non-principal cut-reductions for a rule R different from cut, &, u, f and D:

T T,
o =A== A
I'=Ao o'\ I'=A
cut
I'=A
o m Ty T,
I'=sA90 o' 1T1=>A I'=sA¢e oo“I',=A,
— cut cut
IN.I'=A,A I,.I'=A,A R
I'=A
T Tty
F1=>A1a(P 1—‘n:>Ana(P R o
I'=A0 " I'=A
cut
I'=A
T 1)) T, o
I'=A,09 " I'=A In=A,0 " I'=A
— cut cut
I',I'=A,A I, I'=A,,A R
I'=A

B Important Cuts

Lemma 21. Let S be a non-trivial cluster of size n in a proof T and T = vv;... be a path T in S. Let [(7)
be the length of the path t. Then,

1. ifl(t) > n, then T is successful,

2. if I(t) > n, then there is a companion node on T,

3. if1(t) > n, then there is a node labelled by <> on T,
4

. if I(t) > 2k - n then there are k indices 1 <my < --- < my < 2k-n such that vy,,...,vy, are com-
panion nodes and the paths vy, Vin+1...vm; are successful for all i < j.

Proof. Every node of 7 is in S, hence it has a formula in focus. Thus for[T] we only have to show that 7
passes through an application of Fy, where the principal formula is in focus. If every node of § is passed,
then [I] 2 and [3| are satisfied. Otherwise there has to be a node that is passed twice. This is only possible
if there is a discharged leaf u such that every node of 7(u) is in 7. Thus and are satisfied. E] follows
by combining [2]and [} O

Lemma 15. Let @ be a GKe proof with only one critical cut at the root, i.e. the cut formula @ equals F@
or OF@ and 7 is of the form

L
E;:>Hl7ll/ u nR
¥ =1,y ' X, =11, ;
cu
Z[,Zr:>H[,Hr

where Ty and Tig are cut-free and of depths ki and kg, respectively. Then we can construct a proof 7@’
of £, X, = I1;,I1,, where all cuts either have rank rank(@) or rank rank(F@), depth < max{ky,kg} and
sum-depth < kp + kg.
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Proof. Let py be the F-traversed proof of ¥;, X, = I1;, I, consisting of one application of u and an open
leaf labelled by X7, ¥, = IT;, I1, together with [, ]| y[7g], this we will denote by

(701 w{7g]
X, Z = 11,10,
——————u
¥, X = 11,10,
Starting from p; we will inductively transform the traversed proof, until we end up with a traversed

proof of ¥;, X, = IT1;,I1,, where all leaves are closed. This will be done as follows: Let p be a traversed
proof. If all leaves are closed we are done. Otherwise consider the leftmost open leaf v labelled by

[ﬂ:l] W[nr]
I,T, = ALA,

Let the roots of m; and 7, be labelled by the rules R; and R,, respectively. We transform p by a case
distinction on R; and R,.

e If R; is D*, then m; has the form
]
U= ALy
Ii=ALy

X

We make a case distinction:

— If there is a node c in p, that is an ancestor of v and labelled by I';,I', = A;, A,, such that
the path from c to v is successful, then insert a D?-rule at ¢ and let v be the discharged leaf
[, = A, A,]* with fresh discharge token z.

— Else let #; be the proof obtained from 7/ by replacing every discharged leaf labelled by x
with m;
We replace v by

7] y(m]
I, = ALA,

* If R; is Fg with principal formula F¢ we make a case distinction on R,:
— If R, is Fy with principal formula F¢, the proofs 7; and 7, have the form

/

7'L'l/ T, n;l
Fl :>A[,(P,<>F(p F <>Fq0“,1"r:>Ar ¢M7Fr:>Ar F
I''=A,LFo . Fo*.T', = A, t

and v is replaced by

[m]OF (] !
I, = ALAL, e o1 = A, ;
cu
l—‘lal—‘r = AlaAr

where the introduced cut has rank rank(¢).

3Discharge tokens y are replaced by fresh discharge tokens, whenever a DY rule is duplicated.
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— If R, is u of the form
v I = A,
1;/“ I = A,
then v is replaced by

[yl
I, I = ALA,

— If R, is DY of the form

/
ﬂ:"

v, = A,

B y
vi L= A,

then let 7T, be the proof obtained from 7/ by replacing every discharged leaf labelled by y
with ﬂ,ﬂ We replace v by

]yl
Fh 1—‘r = AlaAr

— If R, is f of the form

g’

v I = A,
v = A,

then v is replaced by
(0 717,
Ii=A,y vy'I,=A,

.1, = ALA,

cut

where the introduced cut has rank rank(F¢), depth < max{ky,kg} and sum-depth lower than
kr + kg, as the right premise of the cut is in the next component.

— If R, is w of the form
"
= A,
y T = A,
then v is replaced by

/

T

= A,

I'= A,
e
F17FF:>A17AI’

4Discharge tokens z are replaced by fresh discharge tokens, whenever a D? rule is duplicated.
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— If R, is any other rule, then the proof has the form

m !
I = A vl =a o
v, = A,
and v is replaced by
1
(] y(,] (] y(ny]
Flarrl‘jAlaA;{ F17F¢:>A17A’},’l R

I, = ALA,

e If R; is ©, then we make a case distinction on R;:
- If R, is ©, the proofs have the form

TCI

i !
x' = ALFe Fo!= A
Oxl = OALOFe OF 9 = OA,
Then v is replaced by
(7 |F ()]
Xf = AlaAr
Oxf = OALOA,

— If R, is any other rule, we do the same as in the previous case.

e If R; is f of the form

/
F;‘:>Az,1l/f
L= ALy

then v is replaced by
o

7'L'l/ lllaa F; = Ar u
I'=A,y vy I,=A
cut
OfLr = And
I, = ALA,
where the introduced cut has rank rank(F¢), depth < max{k.,kg} and sum-depth lower than

kr + kg, as the left premise of the cut is in the next component.

e If R; is w of the form

I''=A
_ W
I'i'=ALvy
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then v is replaced by
o
F] = Al
_ W
I, T, = ALA,
 If R; is any other rule, 7; has the form

1

I=ALY ... ry;»Ay,q/R
I=A,v
Then v is replaced by
() lwim] (7' y(m]
ILI,=ALA ... TWLL,=AlLA, .
1—‘lal—‘r :>A1)Ar

Let p; and p; be traversed proofs. We write p; < p; if p; can be obtained from p; by the above
construction and p; # p;. It holds that < is irreflexive, antisymmetric and transitive. Moreover, if
pi < pj, then p; is a subproof of p;, in the sense that p; can be obtained from p; by replacing some open
leaves in p; by traversed proofs and inserting nodes labelled by D. Thus, p; consists of at least the nodes
in p; and we can identify nodes in p; with nodes in p;.

From now on, whenever we speak about a traversed proof p we mean a traversed proof p > py.

Let p > p; and let v be an open leaf in p labelled by

[”l]u’[nr]
I, = ALA,

We first define nodes uy (v) € mp and ug(v) € mg with
1. = 7'L'ML(V) and T, = ﬂuR(v)a
2. S(ML(V)) =I7= A, v and S(uR(v)) = y/“,F’, = A,

3. ug(v) is in the root-cluster of 7, or is labelled by f and ug(v) is in the root-component of 7g or is
labelled by f.

The nodes uy (v) and ug(v) are defined by recursion on the construction. For p; define u; (v) to be the root
of m; and ug(v) to be the root of 7g. For the recursion step we follow the case distinction. For example,
let p’ be obtained from p with leftmost open leaves v and v, respectively, where the last applied rules in
m; and 7, are <>. Then uy (V') is the child of uz(v) and ug (V') is the child of ug(v).

3 follows, as 7 is minimally focused, hence every path through 7;, which leaves the component, has
to pass a f rule, but then the corresponding leaf in p gets closed.

This definition extends to nodes w in a traversed proof p below an open leaf. For such nodes w and
w’ it moreover holds, that if w is the parent of w/, then either

Loug(w) =u,(w),

2. ur(w) is the parent of uz(w') or
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3. ug(w) is an ancestor of u; (w'), where all but one node on the ancestor path are labelled by D.

The same holds for the nodes ug(w) and ug(w').

Let 7 be the path from the root of p to the open leaf v. By the above definition we can define
corresponding paths 7z, in 7y and Tg in 7g.

Let n;, be the size (i.e. the number of nodes) of the root-cluster of 7; and ng be the size of the root-
component of 7g. By the above argumentation nodes in 7 can only be labelled by at most n =4 ny, - ng
distinct sequents. Moreover, if [(T) = k- ng, then /(7,) > k. This holds as in every step of the construction
either m; or 7, is transformed. Whenever 7 is transformed case 1 above can not be the case. But if
I(t) > ng, m has to be transformed, as otherwise /(tg) > ng. Due to Lemma there has to be a &
rule on Tg, in which case m; gets transformed as well.

We claim that every open leaf in a traversed proof p has height at most 5 - n? - n%. For suppose that
v is an open leaf of height more than 4 - n? - n%. Let T be the path from the root of p to v and let 7,
the corresponding path in 7. It holds that /(1) < 5- n% -ng. Using Lemma we obtain 5 - ny - ng
companion nodes cj,c,... in Tp. Hence there are as many traversed proofs with leftmost open leafs
Vi, V2,... with uL(vj) = c; for all j. This means that there are 5-ny - ng traversed proofs p; < py <--- <p,
with left-most open leaves vy, vy, ..., which are repeat leaves, i.e. m; is of the form

m
I=ALy
I'=A,y

X

By the above argumentation the nodes vy, v;, ... are labelled by at most 4 - n; - ng many distinct sequents.
Hence there are i < j such that S(v;) = S(v;). Due to the choice of the companion nodes in Lemma
the path from ¢; to ¢; in 7z is successful. Note that, if uz (w) is labelled by F;, where the principal
formula is in focus, then so is w. Therefore, and because all sequents in T have a formula in focus, it
follows that the path from v; to v; in 7 is successful as well. Hence, the leaf gets discharged in the next
step of transforming p;. This contradicts the fact that v in p is an open leaf of height more than 5 - ”12 -n2.

In conclusion, as every constructed tree is finitely branching, after finitely many steps a traversed
proof pr without open leaves is constructed. As every traversed proof without open leaves is a proof we

have shown the lemma. O
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