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Knaster-Tarski fixed point theorem

For pL,ďq a complete lattice & F : L Ñ Lmonotone:

Theorem (Tarski ’55)
Thefixed points of F form a complete lattice underď.
⇝ F has a least fixed pointµF and

a greatest fixed point νF.

Applications across Computer Science:
‚ GameTheory.
‚ (Finite) ModelTheory.
‚ AutomataTheory.
‚ Typed Programming Languages.
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Simple types

Types: σ, τ, . . . ::“ K | X | σ ` τ | σ ˆ τ | σ Ñ τ

Type Set theoreticmodel

Computability theoreticmodel

K ∅
σ0 ` σ1 σ0 Z σ1

σ0 ˆ σ1 σ0 ˆ σ1

σ Ñ τ τσ

‚ ‘Formulas-as-types’⇝ Curry-Howard correspondence.
‚ No set theoretic interpretation of νX X and µXppX Ñ σq Ñ τq.
⇝ impredicativity.

5 / 31



Simple types

Types: σ, τ, . . . ::“ K | X | σ ` τ | σ ˆ τ | σ Ñ τ

Type Set theoreticmodel

Computability theoreticmodel

K ∅
σ0 ` σ1 σ0 Z σ1

σ0 ˆ σ1 σ0 ˆ σ1

σ Ñ τ τσ

‚ ‘Formulas-as-types’⇝ Curry-Howard correspondence.
‚ No set theoretic interpretation of νX X and µXppX Ñ σq Ñ τq.
⇝ impredicativity.

5 / 31



Simple types

Types: σ, τ, . . . ::“ K | X | σ ` τ | σ ˆ τ | σ Ñ τ

Type Set theoreticmodel

Computability theoreticmodel

K ∅
σ0 ` σ1 σ0 Z σ1

σ0 ˆ σ1 σ0 ˆ σ1

σ Ñ τ τσ

‚ ‘Formulas-as-types’⇝ Curry-Howard correspondence.

‚ No set theoretic interpretation of νX X and µXppX Ñ σq Ñ τq.
⇝ impredicativity.

5 / 31



Simple types withfixed points
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Sequent calculus: proofs-as-programs

Sequents: σ1, . . . , σn ñ τ (interpret as σ1 ˆ ¨ ¨ ¨ ˆ σn Ñ τ )

Each type can be constructed and destructed. E.g.

Γ, σ ñ τ
Ñr

Γ ñ σ Ñ τ

Γ ñ ρ Γ, σ ñ τ
Ñl

Γ, ρ Ñ σ ñ τ

⇝ Curry-Howard correspondence: proofs-as-programs.

Fixed point rules:

Γ ñ σpµX σpXqq
µr

Γ ñ µX σpXq

Γ, σpτq ñ τ
µl
Γ, µX σpXq ñ τ

Γ, τ ñ σpτq
νr
Γ, τ ñ νX σpXq

Γ, σpνX σpXqq ñ τ
νl

Γ, νX σpXq ñ τ

Definition ([Cla09])
µLJ is the extension of usual LJ by the fixed point rules above.
Computational model given by cut-reduction.
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Examples: natural numbers and streams

N :“ µXp1 ` Xq

0 :“
ñ 1

ñ 1 ` N
µr

ñ N

n ` 1 :“

n

ñ N
ñ 1 ` N

µr
ñ N

add : N ˆ N Ñ N

id
N ñ N
1,N ñ N

id
N ñ N

N ñ 1 ` N
µr

N ñ N
1 ` N,N ñ N

µl
N,N ñ N

ˆ

addp0, nq “ n
addpm ` 1, nq “ addpm, nq ` 1

˙
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Structure meets power: a question of expressivity

Computational interpretations relate logic and computation

:

System Computation Logic
simple types Extended Polynomials Pure FO Logic

+N HO Primitive Recursion (T) FO Arithmetic (PA)

+ @, D Polymorphic λ-Calculus (F) SO Arithmetic (PA2)

What do fixed point types compute?
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Circular and non-wellfounded proofs

‚ Derivations may be non-wellfounded but regular.
‚ Correctness by an ω-regular property of infinite branches.

Cyclic proofs are a bridge between automata, games and proofs.

Landscape:
‚ Algebra. E.g., [San02, FS13, DP17, DD24].
‚ Type systems. E.g., [Cla09, BDS16, DP18, KPP21, BDKS22].
‚ Modal logics. E.g., [NW96, Lan03, Stu08, Sha14, AL17].
‚ Predicate logic: E.g. [Sim17, BT17a, BT17b, Das20, DG22].
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Non-wellfounded typing

µ1LJ obtained from µLJ by replacing µl and νr by unfoldings:

Γ, σpµX σpXq ñ τ
µ1
l

Γ, µX σpXq ñ τ

Γ ñ σpνX σpXqq
ν1
r

Γ ñ νX σpXq

‚ A coderivation is generated coinductively from rules of µ1LJ.
‚ It is progressing if every infinite branch has an infinite progressing thread.
(Precise definition is beyond the scope of this talk.)

Definition
CµLJ is the class of regular progressing coderivations.
Computational model again given by cut-reduction.

11 / 31



Non-wellfounded typing

µ1LJ obtained from µLJ by replacing µl and νr by unfoldings:

Γ, σpµX σpXq ñ τ
µ1
l

Γ, µX σpXq ñ τ

Γ ñ σpνX σpXqq
ν1
r

Γ ñ νX σpXq

‚ A coderivation is generated coinductively from rules of µ1LJ.
‚ It is progressing if every infinite branch has an infinite progressing thread.
(Precise definition is beyond the scope of this talk.)

Definition
CµLJ is the class of regular progressing coderivations.
Computational model again given by cut-reduction.

11 / 31



Non-wellfounded typing

µ1LJ obtained from µLJ by replacing µl and νr by unfoldings:

Γ, σpµX σpXq ñ τ
µ1
l

Γ, µX σpXq ñ τ

Γ ñ σpνX σpXqq
ν1
r

Γ ñ νX σpXq

‚ A coderivation is generated coinductively from rules of µ1LJ.
‚ It is progressing if every infinite branch has an infinite progressing thread.
(Precise definition is beyond the scope of this talk.)

Definition
CµLJ is the class of regular progressing coderivations.
Computational model again given by cut-reduction.

11 / 31



Non-wellfounded typing

µ1LJ obtained from µLJ by replacing µl and νr by unfoldings:

Γ, σpµX σpXq ñ τ
µ1
l

Γ, µX σpXq ñ τ

Γ ñ σpνX σpXqq
ν1
r

Γ ñ νX σpXq

‚ A coderivation is generated coinductively from rules of µ1LJ.
‚ It is progressing if every infinite branch has an infinite progressing thread.
(Precise definition is beyond the scope of this talk.)

Definition
CµLJ is the class of regular progressing coderivations.
Computational model again given by cut-reduction.

11 / 31



Examples of progressing coderivations

add : N ˆ N Ñ N rn0, n1, . . . s n ÞÑ rn, n ` 1, . . . s

id
N ñ N
1,N ñ N

...
µ1
l ‚
N,N ñ N

N,N ñ 1 ` N
µr

N,N ñ N
1 ` N,N ñ N

µ1
l ‚

N,N ñ N

n0

ñ N

n1

ñ N
...

ñ N ˆ S
νr

ñ S
ñ N ˆ S

νr
ñ S

id
N ñ N

id
N ñ N

N ñ 1 ` N
µr

N ñ N

...
‚

N ñ S
cut

N ñ S
N ñ N ˆ S

ν1
r ‚

N ñ S

Recursion to cycles:

Γ, σpτq ñ τ
µl
Γ, µXσpXq ñ τ

⇝

...
µ1
l ‚
Γ, µXσpXq ñ τ

σ
Γ, σpµXσpXqq ñ σpτq Γ, σpτq ñ τ

cut
Γ, σpµXσpXqq ñ τ

µ1
l ‚

Γ, µXσpXq ñ τ

12 / 31



Examples of progressing coderivations

add : N ˆ N Ñ N rn0, n1, . . . s n ÞÑ rn, n ` 1, . . . s

id
N ñ N
1,N ñ N

...
µ1
l ‚
N,N ñ N

N,N ñ 1 ` N
µr

N,N ñ N
1 ` N,N ñ N

µ1
l ‚

N,N ñ N

n0

ñ N

n1

ñ N
...

ñ N ˆ S
νr

ñ S
ñ N ˆ S

νr
ñ S

id
N ñ N

id
N ñ N

N ñ 1 ` N
µr

N ñ N

...
‚

N ñ S
cut

N ñ S
N ñ N ˆ S

ν1
r ‚

N ñ S

Recursion to cycles:

Γ, σpτq ñ τ
µl
Γ, µXσpXq ñ τ

⇝

...
µ1
l ‚
Γ, µXσpXq ñ τ

σ
Γ, σpµXσpXqq ñ σpτq Γ, σpτq ñ τ

cut
Γ, σpµXσpXqq ñ τ

µ1
l ‚

Γ, µXσpXq ñ τ

12 / 31



Ackermann function

1
ñ N

...
‚

N,N ñ N
cut

N ñ N
wk
N,N ñ N

...
‚

N,N ñ N

...
‚

N,N ñ N
cut

N,N,N ñ N
µ1
l N,N,N ñ N

µ1
l ,s N,N,N ñ N
c ‚
N,N ñ N

¨

˝

Ap0, nq “ n ` 1
Apm ` 1, 0q “ Apm, 1q

Apm ` 1, n ` 1q “ Apm, Apn ` 1,mqq

˛

‚
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The ‘Brotherston-Simpson conjecture’

Are circular and finitary proofs equally expressive?

Several recent advances around first-order arithmetic via metamathematics. E.g.

The case ofN
Write pCqT for restriction of pCqµLJ to just the fixed pointN:

Theorem ([KPP21, Das21b])
CT andT define the same (type 1) functions.

Theorem ([Das21a])
CT andT define the same functionals (at all types).

NB: further results on affinity [KPP21] and type levels [Das21b].
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Main result

Theorem ([CD23])
µLJ andCµLJ define just the functions provably recursive inΠ1

2-CA0.

µLJp´q CµLJ CµLJ´

µHA Π1
2-CA0µPA

simulation ␣␣-trans.

(‹)

(˝)␣␣-trans.

(†)

Systems:

Theories:

(‹) Formalisation of semantics by fixed points as fixed points:
‚ Novel reverse mathematics of fixed point theorems, building on [Das21a, DM23].

(˝) A complex black box result due to [Mö02].

(†) Realisability interpretation by fixed points as SO types.
‚ (Considerable) specialisation ofHA2 Ñ F.
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General inductive definitions in arithmetic

µPA is (informally) the extension of PA by µ and ν formulas.

Axioms:
(pre) φpµφq Ď µφ.
(ind) φpψq Ď ψq Ñ pµφ Ď ψq

Perspective: µφ “
Ş

tA Ě φpAqu.

Theorem (Essentially [Mö02])
Π1
2-CA0 is arithmetically conservative overµPA.

Proposition (Implicit in [Tup04])
µPA isΠ0

2 -conservative over an intuitionistic variant,µHA.
Idea: specialisesΠ0

2-conservativity of PA2 overHA2.
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Proposition (Implicit in [Tup04])
µPA isΠ0

2 -conservative over an intuitionistic variant,µHA.
Idea: specialisesΠ0

2-conservativity of PA2 overHA2.

17 / 31



Realisability

Define a judgement ¨r¨ Ď xµLJ´
y ˆ Form and a t : Form Ñ Type s.t.:

Theorem
IfµHA $ φ then there is P rφwithµLJ´

$ P : tpφq.

Corollary
The provably total recursive functions ofµHA are definable inµLJ´.
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Realisability judgement

Realisability candidates:
Binary relation ¨A¨ Ď xµLJ´

y ˆ Nwith nice properties.
‚ t rm “ n ifm “r t “r n.
‚ t rφ0 ^ φ1 if p0t rφ0 and p1t rφ1.
‚ t r An if tAn.
‚ t r Dxφpxq if there is n P Nwith p0t “r n and p1t rφpnq.
‚ t rφ Ñ ψ if, whenever s rφ, we have ts rψ.
‚ t r@xpφpxq Ñ ψpxqq if whenever u r pn “ n ^ φpnqqwe have tu rψpnq.
‚ t r@xφpxq, whereφ is not aÑ-formula, if for all n P Nwe have tn rφpnq.
‚ t r nPµXλxφpX, xq if t r@xpφpA, xq Ñ Axq Ñ An for all A.

A varies over realisability candidates, subsets of xµLJ´
y ˆ Nwith ‘nice’ properties.

Perspectives:
‚ µ, ν viewed under their SO encodings (unlike [BT21]).
‚ . . .a (considerable) specialisation ofHA2 Ñ F.
‚ Must inline relativisation toN (unlike [BT21]).
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Semantics: a computability model

Definition (Type structure)
A varies over sets of coterms with ‘nice’ properties.

||σ Ñ τ || :“ tt | @s P ||σ||. ts P ||τ ||u

||µXσpXq|| :“ µrA ÞÑ ||σpAq||s

||A|| :“ A
||N|| :“ tt | Dn P N. t “

η
r1 nu

||σ ˆ τ || :“ tt | p0t P ||σ||& p1t P ||τ ||u

Theorem
IfCµLJ´

$ P : τ then P P ||τ ||.

Proof idea.
‚ Otherwise, iteratively construct an infinite branch and || ¨ ||-inputs witnessing

|| ¨ ||-non-membership. Need ‘general inputs’ for two-sided sequents.
‚ The progressing condition induces from this an infinite descending sequence
of ordinals approximating || ¨ ||-non-membership.

Corollary
ifCµLJ´

$ P : N Ñ N then P defines a total functionN Ñ N.
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Arithmetisation: reverse mathematics of fixed point theory

‚ Model || ¨ || and totality argument can be formalised (non-uniformly) inΠ1
2-CA0.

‚ Requires novel reverse mathematics of fixed point theorems.

Theorem (Π1
2-CA0)

IfφpX, xq P ∆1,`
2 pX, X⃗q thenµXλxφpX, xq P ∆1,`

2 pX⃗q.
Can be seen as a partial arithmetisation of [Lub93].

Proof crucially relies on µφ “
Ş

tA Ě φpAqu “
Ť

α φ
α.

Corollary (Π1
2-CA0)

||σ|| P ∆1
2.
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Summary and furtherwork

We settled both questions we started with!

Theorem ([CD23])
µLJ andCµLJ define just the functions provably recursive inΠ1

2-CA0.

Corollary
...and so doesµMALL andCµMALL.

Emerging consensus: circularity and (co)recursion are equally powerful.
. . .but circular proofs may be more succinct, cf. [Das20, Das21b].

‚ What about (very) weak systems? (cf., e.g., [CD22])
‚ Relating FOL and type systems via proof interpretations? (w.i.p.w. Tom Powell)

Thank you.
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