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WHY | AM HERE

| am not really a FICS really person
(but I hope I'll be soon...)

| wrote this “fanfiction” because | needed it
Now | want to understand it better
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The category Nom of nominal sets
Abstraction, concretion
Nominal algebraic types: recursion modulo a for free
Mixed inductive-coinductive higher-order terms
What we want
What we get
Nominal mixed types
(Some) a-equivalence classes as a mixed fix-point
Capture-avoiding substitution: it works!

Capture-avoiding substitution: it works! s



A GLIMPSE OF NOMINAL SETS




THE CATEGORY Nom OF NOMINAL SETS

V is a fixed set of variables.

A set A equipped with a &(V)-action - is a if all
acAif : there is a finite set supp(a) s.t.

Vo € &(V), (vx e supp(a), o(x)=x)=0-a=a.
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THE CATEGORY Nom OF NOMINAL SETS

V is a fixed set of variables.

A set A equipped with a &(V)-action - is a if all
acAif : there is a finite set supp(a) s.t.

Vo € &(V), (vx e supp(a), o(x)=x)=0-a=a.

Nom is the category of nominal sets and &(V)-equivariant
maps.

It has all colimits (created by U : Nom — Set) and limits.
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ABSTRACTION

Key construction: the [V]- : Nom — Nom.

Fix a nominal set (A,-). V x A is equipped with an equivalence
relation ~ defined by (x,a) ~ (x’,a’) whenever

3y ¢ supp(a) usupp(@) u{x,x’}, (xy)-a=(x"y)-a’.

(x)a denotes the class of (x, a).

[VIf : (x)a— (x)f(a)
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CONCRETION

Reverse construction: , the partial map

[VIAxV — A
(xa,y) fory ¢ supp((x)a)

In particular:

W x)a@y)=(x)a
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NOMINAL ALGEBRAIC TYPES

Consider the nominal set of (finite) A-terms A, together with

0-x:=0(x)
o-Ax.t = A( ).
o-tu:=(0-t)(0-u)

a-equivalence is compatible with -, hence (A/=,,-) is a
nominal set too.
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NOMINAL ALGEBRAIC TYPES

Consider the nominal set of (finite) A-terms A, together with

0-x:=0(x)
o-Ax.t = A( ).
o-tu:=(0-t)(0-u)

a-equivalence is compatible with -, hence (A/=,,-) is a
nominal set too.

N)=pXV+VPxX+XxX
N =q,") = pX.V + + X xX
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MIXED INDUCTIVE-COINDUCTIVE
HIGHER-ORDER TERMS




INFINITARY A-CALCULI

Af

Ag

AXQ
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MIXED BINDING SIGNATURES

Binding signatures [Plo90; FPT99] are extended to

a set ¥ of constructors,

for each cons € 3, an arity

kR = number of inputs,

n; € N = number of variables bound by input i,
b; € B = (co)inductive behaviour of input i.

eg. =A@ ar)=(10a) ar(@):=(0,b), (0,0).
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FINITE TERMS ON A MBS

Given a MBS (2, ar), its is
k
FsX,Y) =V + 11 11 M, (X, Y)
consel i=1
ar(cons)=((nq,b4),....(nk,bg))
and its is
3
QX V)=V + 11 [TV, x.v).
consex

i:
ar(cons)=((n4,b1).....(Nk,b))
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FINITE TERMS ON A MBS

Given a MBS (2, ar), its is
k
FsX,Y) =V + 11 11 M, (X, Y)
consel i=1
ar(cons)=((nq,b4),....(nk,bg))
and its is
3
QX V)=V + 11 [TV, x.v).
consex

i:
ar(cons)=((n4,b1).....(Nk,b))

The algebra of (raw) finite terms is
Ts = pwZ.F5(Z,2).

a-equivalence classes of finite terms form the

algebra 75 /=4 = pZ.9s(Z, 2).
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MIXED TERMS ON A MBS

The coalgebra of (raw) mixed terms is
52 =vY X Fs(X,Y).

Explicitely:
eV €5 5
€Js »oteJs? » teJs®
€ V”1 c vnk ’b1 € jioo ’bfe c j;:oo
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MIXED TERMS ON A MBS

The coalgebra of (raw) mixed terms is
52 =vY X Fs(X,Y).

Explicitely:
3% €75 =%
€ V”1 c vnk ’b1 € jioo ’bfe c j;:oo

cons (Xq.tq,..., Xg.tg) € F5>°

The set 7™ is the metric completion of 75
wrt. (a variant of) the Arnold-Nivat metric [AN8O].
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MIXED TERMS VIA METRIC COMPLETION

The set 7™ is the metric completion of 75
wrt. (a variant of) the Arnold-Nivat metric [AN80].

First define the (mixed)

[tlo ==
|X]n41 =
|cons (X1.t1, ... Xg.tk) | q == €ONS (X7 t1]ns1-b, » o> Xb- Ltk )ns1-b, )

... and then the

d(t,u) =inf{27"|neN, [t], = u]n}.
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THE TROUBLE WITH INFINITARY TERMS

U(WZ.F5(Z,2))

Ts

~
~
K

¥

TE/:or
U(pZ.95(2.2))

13/21




THE TROUBLE WITH INFINITARY TERMS

U(WZ.F5(Z,2))

Ts 7 > 5K
jioo/:a
¥
TE/:or

UpZ.95(Z,2))

13/21




THE TROUBLE WITH INFINITARY TERMS

U(WZ.F5(Z,2))

Ts 7 > 5K
jioo/:a
¥
TE/:or ls > (TZ/:a)oo

UpZ.95(Z,2))

13/21




THE TROUBLE WITH INFINITARY TERMS

U(WZ.F5(Z,2))

Ts 7 > 5K
jioo/:a
¥
TE/:or ls > (TZ/:a)oo

UpZ.95(Z,2))

13/21




THE TROUBLE WITH INFINITARY TERMS

UZ.55(2,2))
Ts 7 > 5K
jioo/:a
¥
TE/:or ls > (TZ/:a)oo
U(pZ.95(Z,2))

When the signature is non-trivial,
(557 /=q) = (T5/=¢)™ iff V is uncountable.
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THE TROUBLE WITH INFINITARY TERMS

The idea of the counter-example:

if V = {xg, Xq,...}, consider the sequence

([Ax.X0X1q ... ]a)neIN

it is Cauchy,
it has no limit in %5 /=4.
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NOMINAL MIXED TYPES




LET’S FIX THE PROBLEM
UQZ.F5(Z.2)) 7/\

s J5>°
Ts/=a (Ts/=a)%

UG2.95(2,2)) \/
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LET’S FIX THE PROBLEM
UGZ.F5(2.2)) 7/\
U@Y pX.Fs(X,Y))

nom

5 COTP.I? (I5")ts 55°
Ts/=a ——3 (T3/=)T (Ts/=a)®

U@Z.25Z.2) AOMPL ey X 050X, V)

Ass is the (nominal) set of the finitely supported elements of A.
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LET’S FIX THE PROBLEM
UGZ.F5(2.2)) 7/\
U@Y pX.Fs(X,Y))

Ts %r:;l) (55)ss (K)gpy ———> K2
Ts/=a ——3 (T3/=)T (T)ity /=4 — (Ts/=a)™

U(pz.25(2,2)) compl. U@Y.pX.Qs5(X,Y))

Ass is the (nominal) set of the finitely supported elements of A.

(55)gey is the set of terms t € 5™ such tht fv(t) is finite.
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NOMINAL MIXED TYPES

(55 /=q carries the nominal set vY.pX.Q5(X, Y).
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NOMINAL MIXED TYPES

(55 /=q carries the nominal set vY.pX.Q5(X, Y).

Proof:

We show that pX.#s(X,—) and pX.Qs(X, —) satisfy some
requirements (being “polynomial”).

This allows to rebuild [Kur+13]'s work with these functors.
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NOMINAL MIXED TYPES

(55 /=q carries the nominal set vY.pX.Q5(X, Y).

Proof:

We show that pX.#s(X,—) and pX.Qs(X, —) satisfy some
requirements (being “polynomial”).

This allows to rebuild [Kur+13]'s work with these functors.

Conclusion:
It makes sense that everything works as in [Kur+13].

We recover canonicity at the price of a reasonable
restriction.
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CAPTURE-AVOIDING SUBSTITUTION: IT WORKS!

The definition we want...
subst(x, x,N) :== N
subst(y, x,N) =y
subst(A(y.M), x, N) := A(y.subst(M, x, N)) y y
subst(@(Mg, M), X, N) := @(subst(Mg, x, N), subst(M, x, N)).
... can be turned into a precise morphism acting directly on
a-equivalence classes.
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CAPTURE-AVOIDING SUBSTITUTION: IT WORKS!

subst is defined by

R B > T3
unfoldexﬂ"?\L
pX.Qs(X, I°) x V x T5° unfold
)
PX Q50X T + T2 x ¥ x g0y XBLIORD e 05X, 75)

where h is recursively defined by:
(invar(x), x, u) » pX.Qs(X, inl)(unfold(u))
(invar(y), x,u) = invar(y) fory = x

(incons <<y°'1>“’ <y°’"°>t0’) , X, u) > pX.Qs(X, inr) (incons ( ¥o.1) - (Yoo (to, X, ), ))
V1,1 Y1)t Tn, ((Y1,1) - V1,0, 011, X, U)

under the condition that (...).
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CAPTURE-AVOIDING SUBSTITUTION: IT WORKS!

Definition: subst is defined by

T XV XTI === === subst_ _ __ __ _ L g
unfoldexﬂ"?\L
pX.Q5 (X, Jg°) x V x Ig° unfold

|
X.Qs(X,id bst
LX.Q5 (X, T + T x V x o) XL -y o (X, 72)

A X A
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Definition: subst is defined by

T XV XTI === === subst_ _ __ __ _ L g
unfoldexﬂ"?\L
pX.Q5 (X, Jg°) x V x Ig° unfold

|
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Klixa
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SUGGESTIONS FOR A FUTURE COFFEE BREAK

“This may be a particular case of [very abstract work]":
please tell me!

Once a year | want to formalise things about A%?" and
people tell me, “Don't, it's difficult”: really? : '-(
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Thanks for your attention!
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