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Introduction

Various proof-techniques for Craig-Lyndon’s interpolation.
=- Maehara's method which exploits cut-admissibility.

One often has more than cut-admissibility, but also a syntactic

cut-elimination result allowing (i) to give a computational

interpretation to proofs and (ii) to investigate semantics of proofs.
= Focus on syntactic cut-elimination relations.

Relationship between interpolation and cut-introduction.
= Cut-introduction will guide the synthesis of the interpolant.

Computational content to the interpolation theorem?
= Interpolation factors a computation
through the interpolation type.

Results developed for Linear Logic (LL), then extended to classical
logic (LK) and intuitionistic logic (LJ) via proof translations.
= For simplicity, we consider mostly LK in this talk.
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Statement of Craig's Interpolation Theorem

Definition (Interpolation property)

A logic L has the interpolation property if, for any formulas A, B such
that Ak, B, there is a formula C satisfying Voc(C) C Voc(A)NVoc(B)
and such that A+, C and CH; B.

Voc(C) C Voc(A)NVoc(B) means:

@ (in Craig’s interpolation) that all predicate symbols occurring in C
occur both in A and B.

@ (in Lyndon’s interpolation) that all predicate symbols occurring
positively (resp. negatively) in C occur positively (resp. negatively)
in both A and B.

AF C CH.B

Remark that this amounts to a cut-rule: (Cut)
Ak B
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Proof(-theoretic) methods for interpolation

Maehara 1960, for Classical Sequent calculus
Maehara:

@ Induction on the structure of a cut-free derivation of A~ B,

@ Strengthen the induction hypothesis, by showing that if [ = A, then
for any splitting ", of [ and A’, A” of A there exists an
interpolant C with Voc(C) C Voc(I, A"YNVoc(I",A”) such that
M= C,A"and ", C+ A",
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Method of wide applicability for sequent calculi with cut-admissibility:

Maehara (1960) proved it for LK;
Schiitte (1962) extended this to LJ;

Roorda gives a proof for LL analyzing in which fragments
interpolation actually holds (1994) (actually only covers MALL...);

Application to various modal logics;
Also in natural deduction: Prawitz (1965);

Voc refined as Voc™ / Voc™ for Lyndon’s inteprolation.
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LK Sequent Calculus and Cut-elimination

One-sided first-order LK sequent calculus, with ancestor relation:

(A) FMF FFLA

FFFL T (Cut)
L w R i KT A
FFE FE.P HFF6,A
o =i FFF EG, A = Fy, FSI
T For Frxeea Y ERver Y
Fettbdf i L (v) (in (v), x¢FV(N))
F3xG, I FVxF,
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LK Sequent Calculus and Cut-elimination

One-sided first-order LK sequent calculus, with ancestor relation:

A) FRWF FFLA

"F,FJ‘ ( ) A (Cut)

FE HF,F,T FIG F.A

—= (W) ——— (X)

FF.E FF,p FIFLF,.G.A

. FE FER, EG,A FF AT

T (T — W) (v)

S FFAGH, A AR

FG{t/x},I FER .
Fade vy S (in (7)., x ¢ FV(D))

(Examples of) cut-reduction relation:
Key cases & commutation cases

FAT BT FAL BL A FBI' FAL B A
’ ) T T T (Cut)
FAAB,T,I’ FALvBL A —at AT FAL T A
(Cut) (Cut)
LA S N
FAT B C FBIM,C +ChA
— = (Cut)
FAABT,T',C FChA —at FAT FB,I",A
(Cut) (n)
FAAB,I,T. A FAAB,T T A
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System L : Term calculi for the Sequent calculus

NAFB,A Me=AA r" Br A
Back to 2-sided — (=) (=1
r-A= B,A M. A= BFA, A"

/
sequent calculus! (Cut)
rLrr=a A A"
MAFBA r" Br A"
—at [MFAA rr'A-A A"

RNV

(Cut)

(Cut)
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System L : Term calculi for the Sequent calculus

u e
F,AFtB,A M"eAAN r" B+ A
Back to 2-sided — (=) (=)
sequent calculus! N-A=BA rr",A= Bk A,A"

rrr=aA A" (Cut)

bl k) b t 9 e
MAFB,A r" Br A"

—at [T+ L/IA,A’ I AFA,A

RNV

(Cut)

(Cut)

Corresponds (roughly) to a variant of Krivine's Asbtract Machine (after
Curien-Herbelin's Duality of computation):

(Ax.t | ue) —eut (u | fix.(t | €))

(u- e corresponds to evaluation context e[Ju] while
fix.(t | e) corresponds to let x =0 in e[t].)

= System L calculi are structured around: terms t (right rules),
contexts e (left rules),
commands (t | e) (cut rules).
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Proof-Relevant Interpolation as Cut-Introduction
Refining Maehara’'s method
Prove that for any splitting of the conclusion sequent, one can find (i) an
interpolant formula and (ii) two interpolating proofs such that cutting
together the interpolating proofs cut-reduces to the original proof.
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Proof-Relevant Interpolation as Cut-Introduction

Refining Maehara’'s method
Prove that for any splitting of the conclusion sequent, one can find (i) an
interpolant formula and (ii) two interpolating proofs such that cutting
together the interpolating proofs cut-reduces to the original proof.

Interpolation as Cut-Introduction will proceed in two phases:

@ Bottom-up phase: Starting with a splitting of the root sequent,
traverse the initial proof @ bottom-up, from root to axioms, and
split each visited sequent I, as (I',") according to the ancestor
relation. In the end, there are 4 cases for an axiom rule - A, A:

FALA FALA FALA FALA
and similarly for each axiom corresponding to T.

@ Top-down phase: Equipped with the sequents splitting information,
one shall now apply cut-introduction rules to axioms, progressively
moving the cuts down and merging them in such a way, ultimately,
to reach the root sequent of the original proof.
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L 7R
- |Z7';A interpolated as M )
FILA 616



Proof-Relevant Interpolation Situation

Definition (Proof-relevant Interpolation Situation — PRIS)
A PRIS for (', A) is given by:

@ a cut-free LK proof @ of conclusion F T, A and with n > 0 open premises
(F Ti,Af)1<i<n such that for each 1 <i < n the formulas in ['; (resp. A;)

are ancestors of formulas in T (resp. of A); — the goal
@ for each 1 <i < n, aformula J; st. Voct(I;) € Voc™ (I;)NVoct(A;) and
Voc™ (1;) € Voc™(I;)NVoc™ (A)); — the partial interpolants
@ for each 1< i < n, derivations 7> (resp. #?) of conclusion i T, /; (resp.
H I,-l,A,-). — the partial solutions
R R
77:{_ 1 71',[,' TTn
Frih R0 Flodn  FLEA,
—— (Cut) —— (Cut)
FrAg Frpnd,
Represented as:
T
FTLA
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t mf i nf
I, h }*IIJ?Al . ol F/;,A" -
. FrLA; " FrnA, "
Special cases of PRIS ’
T
FTA

o

@ Initial PRIS: when n=0, FTA

@ Solved PRIS: when n=1 and 7 is reduced to one open premise node

nt f
FrA m=FTh FIEA _
—— X  (Cut)
FTLA

I1 is the interpolant and 7r1L,7'c1R are the interpolating proofs.
@ Elementary PRIS: for (r) an n-ary inference rule,
mt mf b nx
Frih R A Flndy  FIF A,
T=— "~ " (Cut) ————— (Cut)
FT,A0q FThAp
FIA

)

Q]

How to relate initial and solved PRIS via cut-introduction?
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Solving PRIS it ria i -l
H , Flpdh HIA
olvin LU Bl R UARUB R R
g F 1,0 o FTo A, (€
FT.A v
Lemma
For any n-ary inference rule (r) and any elementary PRIS 1 there exist I, al ok
L 7[R
such that o' = 1.1 FILA (cut) is a solved PRIS and w«—},, .
FT,A
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L R L R

Ty Ty
: Frih FiA Floly FIEA
lving PRI aLEL sk i Hob Db,
So g S Fro, A o F oA, (o
Fr.A '
Lemma
For any n-ary inference rule (r) and any elementary PRIS & there exist I, x" xR
rt R
such that o/ =FT, 1 FItA is a solved PRIS and 7+, .

Cut
Fr.A (Cut)

Corollary

Any initial PRIS can be reduced, by cut-expansions, to a solved PRIS.

(Indeed, each application of the above lemma decreases by 1 the size of
interpolation goal: the sequence of cut-introductions ends in a solved PRIS.)
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R L

L 71:1 R

Solvin PR|S Fyrrll.,ll F A le,?./n H:—T",A,,
8 R I

FT.A o

Lemma
R

For any n-ary inference rule (r) and any elementary PRIS & there exist |,x"
R

xt ™
such that o/ =FT.,1  FI-A
FILA

(cut) is a solved PRIS and 7+, .

Corollary
Any initial PRIS can be reduced, by cut-expansions, to a solved PRIS.

(Cut)

(Indeed, each application of the above lemma decreases by 1 the size of
interpolation goal: the sequence of cut-introductions ends in a solved PRIS.)

Theorem

Let A,B be LL formulas and © be a cut-free LL proof of A B.
There exists a LL formula C such that Voc™(C) C Voct(A)NVoc™(B) and
Voc™ (C) C Voc™ (A)NVoc™ (B) and two cut-free LL proofs my,mp of AF C

a ™2
and C - B respectively such that At CA - BC FB (Cut) —eut T
(Similar results for LK and LJ.)
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Proof-Relevant Interpolation in System L

Computational Content of Interpolation
terms t (right rules),
contexts e (left rules),
commands (t | e) (cut rules).
For classical, intuitionistic or linear versions of System L:

Proposition

Assume t (resp. e, resp. c) is a normal L-term (resp. normal L-context, resp.
normal L-command). The following interpolating results hold:

Q /fc:(M,Tak Aq,Ap), there exist an | € Voc(I'1,A1)NVoc(l2,A) and
t,e such that T1-t: 1| Ay and Ty |e: 1+ Ay, and (t|e) —* c.
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Q /fc:(M,Tak Aq,Ap), there exist an | € Voc(I'1,A1)NVoc(l2,A) and

t,e such that T1-t: 1| Ay and Ty |e: 1+ Ay, and (t|e) —* c.

Q IfI,Tot:A| A1, Ay, there exist an | € Voc(I'1,A1,A)NVoc(M,As)
and o, t’ € stTiHt Ala:1,A1, To|e 1Ay, and t'{e/a} —* t.
IfT1,To | e: AF A1,Ap, there exist an | € Voc(I'1,A1,A)NVoc(lM2,A»)
and o,/ e” stTy| e Ala:l,A1, To|e" :IF2Ay, and €{e"/a} —*e.
IfT1,Tot: Al Ay, Ay, there exist an | € Voc(I'1,A1)NVoc(I2,Az,A)
and a,t', t" st. T1Ht": 1| Ay, To,x: 1t :A| Ay, and t'{t"/a} —* t.
IfT1,T2 | e: AF A1,Ap, there exist an | € Voc(I'1,A1)NVoc(M, As, A)
and x,t' € st. T1Ft/: 1| Ay, To,x:1]€:AF Ay, and €{t'/x} —*e.

© © o
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Related proof-relevant Interpolation results

Quite surprisingly, Maehara's usual proof technique essentially provides this
result, even though this is not noticed in any published reference.
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Related proof-relevant Interpolation results
Quite surprisingly, Maehara's usual proof technique essentially provides this
result, even though this is not noticed in any published reference.

Prawitz:
LemMa. Let 11 be a normal deduction in C' of A depending on I, and
let I'y and Iy be two disjoint sets such that I'y U I'y=1I". Then there is a
Sformula F, called an interpolation formula to {I';, {I'y, A>>, such that
I'+=F and {F}UI'.~A and such that every parameter that occurs
positively [negatively] in F occurs positively [negatively] in some for-
mula of I'y and negatively [positively) in some formula of I',U {~A}.

(for NK and NJ)
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I'+=F and {F}UI'.~A and such that every parameter that occurs
positively [negatively] in F occurs positively [negatively] in some for-
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(for NK and NJ)

Cubrié: Similar proof-relevant result established in 1993 for simply typed
A-calculus by refining Prawitz's result, in a paper that was almost never cited:

Proposition 3.3. Let L, and L, be two languages, and let Ty and T, be two
J.8-theories on the respective languages. Let Ty, be a theory on the language Ly N L,
such that Ty TynT, (we may as well assume that the theories are deductively
closed). Let (x®I>t€) be a term in the language L, UL, such that the type B
is in L, and the type C is in L,. Then, there is a type A in L, L, and terms
(xB>r4) in Ly, and (y*[>5°) in L, such that:

Tyu T Ft=,ss(r/y).
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Conclusion & Perspectives for future works

classical intuitionistic linear
Sequent calculus v'[Maehara] | v/[Schitte] v'[Roorda]
PR int v[S] v[S] v[S]
System L v[S] V[S] v[9]
Natural deduction v'[Prawitz] | v'[Prawitz] | v'[Fiorillo, Osorio, S]
PR int ongoing v'[Cubri¢] v[9]
A-calculi v [Fiorillo] v'[Cubri¢] ?
Denotational semantics ? v [Cubri¢] ongoing
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Denotational semantics ? v [Cubri¢] ongoing

@ Cut-introduction as a mean to synthetise PR interpolants.

@ Computational interpretation: interpolant as an interface datatype
through which a given computation can be factored.

@ Computational interpretation of uniform interpolation?

@ Other directions of ongoing and future works:

PR interpolation in the p-calculus (ongoing with Osorio).

To which other proof systems can we apply the method?
Semantical interpolation result (ongoing with Fiorillo).

Impact of the proof-relevant approach on other applications of

interpolation (in database theory or model-checking)?
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Proof of the Main Lemma

Axiom case

") one simply takes | = F*, r] = F FL (A% 2nd

=1 F R

The cut between 7'6{ and 7] reduces to 7 by one cut-axiom reduction step.

o Ifr= FFFL (AX) , the case is symmetrical taking / = F.
o Ifr= (A% one takes I = L, m! _—r (1) and
T RFRF ’ T T RR R L
ny =TT (m

The cut of 717{ and 7] reduces to 7 by a key T /L case.

(Ax

0 Ifr= FFFL ) , the case is symmetrical, taking I =T.
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Proof of the Main Lemma

rt zf
FIi FI1LAAB

FI,AAB

FILAAVB
R

@ Ifn= (Cut) then taking /' =1/, it = 77.'1L and

™)

G
R =+ AAB v Ve obtain a solved PRIS 7/ such that @ <—cut @

FIb A AVB
by a commutative reduction of (Cut).
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Proof of the Main Lemma

L R

iz 0
o If AN YN cut) then taking /' =/, nt =z} and
T=— t) then taking I' =1, n- =@y an
FIL.AAB (Cut) g ' 1
— V)
FILAAVB
mf
aR = FIHAAB v Ve obtain a solved PRIS 7’ such that 7 ¢—cyt 7’
FIL,AAVB
by a commutative reduction of (Cut).
mt m 5 ey
Flri,h FiEALA FTah  Fl00.B )
@ fmr=— -~ (Cu) ———— "~ (Cut), then setting
FT,A1,A I PWAYN 1
1,2, A1,A2,ANB
nf 2y
L mt s R FELALA A B
— — kI, Fo = (A)
I=hAb, & 1,h 2, and I AL A, ANE
[ ENEN YA (V)

= (Il/\/z)L,Al,Az,A/\B
one gets a solved PRIS 7’ such that @ +—%,; 7' by a commutative
reduction of (Cut) and a key (A)/(V) case.

@ Other cases are treated similarly.
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