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—— Abstract

This paper investigates the question of denotational invariants of non-wellfounded and circular proofs
of the linear logic with least and greatest fixed-points. Indeed, while non-wellfounded and circular
proof theory made significant progress in the last twenty years, the corresponding denotational
semantics is still underdeveloped.

A denotational semantics for non-wellfounded proofs, based on a notion of totality, is provided,
building on previous work by Ehrhard and Jafarrahmani. Several properties of the semantics are
then studied: its soundness, the relation between totality and validity and the semantical content of
the translation from finitary proofs to circular proofs. Finally, the paper focuses on circular proofs,
trying to benefit from their regularity in order to define inductively the interpretation function. It is
argued why the usual validity condition is too general for that purpose, while a fragment of circular
proofs, strongly valid proofs, constitutes a well-behaved class for such an inductive interpretation.
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1 Introduction

In the framework of logics providing induction and potentially coinduction (such as the
p-calculus, logics with inductive definitions, logics for Kleene algebras, etc...), circular and
non-wellfounded proofs have gained growing attention over the past twenty years. Regarding
this circular and non-wellfounded proofs, different proof systems have been considered over
different: for classical logic [12, 13, 11], for intuitionistic logic [15], for linear logic [6, 23, 32, 18]
as well as for linear-time or branching-time temporal logics [40, 27, 40, 17, 20, 2].

Beside non-wellfounded proof systems, there are also finitary proof systems that allow us
to do inductive and coinductive reasoning. For instance, in the case of linear logic, Baelde and
Miller considered an extension pMALL of multiplicative additive linear logic with induction
and coinduction principles [3, 7] in the form of Park’s rules. It is worth mentioning that
actually those finitary proofs systems predate the circular ones in general. It seems that
it is generally accepted that if we want to have a cut-elimination theorem for the finitary
proof systems with an induction principle, then the price to pay is to loose the sub-formula
property (this is mentioned by Per Martin-Lof [28]). There are basically two ways to discard
such a situation: either considering infinitary logic in the sense of [34, 37], or considering
non-well founded proofs as mentioned above.

The relationship between finitary and non well-founded proof systems is an important and
often difficult question, which remains open for a number of systems. In particular, in the
substructural fragments of the p-calculus, it is not known whether the regular fragment of
? Thomas Ehrhard, Farzad Jafarrah.mani, Alexis Saurin;
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On denotations of circular and non-wellfounded proofs

non-wellfounded proofs coincides with the finitary fragment. Berardi and Tatsuta showed [10]
that in general circular and inductive proofs are not equivalent for the system of inductive
definitions in classical logic for the first-order language [13]. It is also shown, by Simpson [35]
on the one hand and Berardi and Tatsuta [9] on the other hand, that circular and inductive
proofs are equivalent for classical logic when both systems (inductive and circular) contain
Peano arithmetic. This question is still open for linear logic, and what we only know till
now is that the provability of uLL., circular proofs is strictly included in the provability of
arbitrary plLs, proofs based on the recent result by Das, De, and Saurin [16].

However, one inclusion is clear, it proceeds by “unfolding” the (co)inductive inferences
using the ability to build circular reasonings. For instance, in the case of uMALL, the finitary
version of Park’s rule [41] (the (rec) rule) will be transformed to the following circular proof:

FT, AL ¢ F o) .
T O, (FIA/C) S FIvCF/C) 0, AL F[A/C]
m 2 (cut)
FALA ?F,AJ‘,F[A/(] () ~ kT, 7T, AL F [v¢ . F/(] )
Uy,
AT CF ec F 7T, 7T, AL, uC .F © -
FT, AL uC F FA A
(cut)
FA T, .F

Such translations are known to preserve provability. The present paper aims at clarifying
the situation on operational properties of such translations, using techniques from denotational
semantics.

This paper investigates the question of denotational invariants of non-wellfounded proofs
of linear logic with least and greatest fixed points. Indeed, while the proof theory of
circular proofs made progress in the last twenty years, their denotational semantics is
still underdeveloped. Santocanale considered circular proofs in the framework of purely
Additive linear logic, and he provided a categorical interpretation of circular proofs in u-
bicomplete categories [32, 23]. In this paper we will consider the full linear logic, whereas it
is not clear how p-bicomplete categories provide the monoidal and exponential structures
required for interpreting uLL. However, we only provide concrete models, and not categorical
axiomatization.

A denotational semantics for non-wellfounded proofs is provided, building on previous
work by the first and second authors [21] which consists in:

a categorical semantics of pLL extending the standard notion of Seely category of classical

linear logic;

a simple instance of this setting based on the category Rel of sets and relations, which

does not distinguish least from greatest fixed points;

an enrichment of the previous model by considering sets equipped with an additional

structure of totality: a non-uniform totality space (NUTS) is a pair X = (|X|, T (X))

where |X| is a set and T(X) is a set of subsets such that it coincides with its bidual for a

duality expressed in terms of non-empty intersections.

This semantics is used to investigate the denotational content of the standard translation
from finitary proofs to non-wellfounded ones: it is shown that the above mentioned translation
from finitary proofs to circular ones is denotationally transparent (preserving semantics),
suggesting that it is the correct translation. Moreover, the paper studies some properties of
this semantics:

the semantics is indeed sound in the sense that each proof of an infinite cut-reduction

sequence of proofs converging to a cut-free valid proof has the same interpretation as its

limit;

it is also shown that valid proofs are interpreted as total elements of the semantics.
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Although it is not true in general that the totality of the interpretation of a proof implies its
validity, the notion of totality in NUTS provides a sort of maximal notion for validity as,
intuitively, 7(X) represents the total, that is, terminating computations of type X.

2 Background

Linear logic (LL) was introduced by Jean-Yves Girard in his seminal work [25]. LL is a
refinement of both classical and intuitionistic logic taking its roots in the analysis of the
denotational interpretation of System F in coherence spaces [24]. Contrary to classical logic
LK, LL is a substructural logic: one does not have free access to the structural rules of
weakening and contraction. More precisely, we can only weaken and contract formulas if
they have been marked with the so-called exponential modalities.

The remainder of this section recalls how one can extend LL with least and greatest fixed
points operators.

2.1 Syntax of formulas of linear logic with fixpoints of types

We assume to be given an infinite set of propositional variables V (ranged over by Greek
letters ¢,&...). We introduce a language of propositional LL formulas with least and greatest
fixed points, called ulLL pre-formulas:

AB,--:==1| L | A®B | A®B|0| T | A®B | A&B | 1A |74
| ¢ | u¢A | vCA

The notion of closed types is defined as usual, the two last constructions being the only
binders. Refer to closed pre-formulas as pylLL formulas.
We can define two basic operations on formulas.
Substitution: A[B/(], taking care of avoiding the capture of free variables (using a-
conversion).
Negation or dualization: defined by induction on formulas as usual for LL formulas plus
(OF = ¢ (uC A+t = v¢(A)* and (v¢ At = p¢ (A)*. Obviously A+ = A for any
formula A.
Sub-formula: We consider two notions of sub-formulas, the usual one and a notion of
sub-formula which is specific to the u-calculus, the Fischer-Ladner subformulas. Those
are defined in Appendix A.

In the following sections, we shall consider two proof systems for deriving judgments
concerning plL formulas, a finitary proof system and a non-wellfounded one. Those judgments
which will be derived will be sequents - I" where I' is an ordered list of uLL formulas.

» Remark 1. Using sequents as lists allows us to distinguish two different occurrences of
the same formula in a sequent, by referring to their respective position in the sequent. The
ability to distinguish occurrences is crucial to give a computational content to proofs and, in
the following, it will even be required to define what is a valid non-wellfounded proof, using
the notion of threads.

The inference rule to be introduced in the following subsections will be equipped with a
(pretty standard [14]) notion of formula ancestor, relating for each inference, occurrences of
formulas in the conclusion to occurrences of formulas in the premisses. The ancestry relation
will be defined graphically in the proof system (as colored links) and will usually be kept
implicit on examples unless useful, such as when exhibiting a validating thread. When we
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The identity and structural fragments:

- (A% FLLF +FLA FI,G, F,A 0
1 Cu —
-FEF LA o T FGA
The multiplicative fragment:
FEGT FFT FGA T o
——— (®) W W
FEXGT FFeG A FL1,T
The additive fragment:
— L L (& _— (@ no rule for
FPeCT ) Faiedr 0 FTT
The exponential fragment:
FF,T FF,T T () F?F7F, T
? ! ‘w _ ?
orr Y fra P FET Ry

3

Figure 1 Inference rules of LL

FT,F[uC . .F/C] FAA T, AL FA/C]

Vrec
FT,uC.F (M) FATT,vC.F ( )

Figure 2 Fixed-point inference rules of ulLL

129 depict a line linking a list in the conclusion to the same list in the premise, we mean that

130 each formula of the list is in relation with the formula in the same position in the other list.

w 2.2  Finitary plLL

1 In the present section, we will briefly describe the syntax of proofs of pLL [3]. The proof
133 system of ulLL, extends the usual one-sided sequent calculus of classical propositional LL [25],

1 which are recalled in Figure 1, with the (1) and (vec) rules, given in Figure 2.

13 > Example 2. As an example, consider the type of natural numbers nat = u¢ .(1 @ ¢) and its

s dual natt = v¢.(L & ¢). The following uLL proofs correspond respectively to the encoding

137 of the natural numbers and of the successor function:
— (A
1 @ Tk F natt, nat
(@ _TTonmm & _——— @)
138 0 = |- 1@ nat Thi1 = 1 @ nat u Tsuce = |- patt, 1 @ nat
— (»)

K F nat
F nat F natt, nat

i 2.3  Non-well-founded LL with fixed points (uLL.)

1o The syntax of pulLL,, formulas is exactly the same as the one for pLL in 2.2. The inference
1 rules of ully is the extension of rules of [18, 6] with exponential rules of LL. In other words,
12 the inference rules of ulLL,, are the rules of LL [25] (see Figure 1) plus the two fixed-point

w3 inferences given in Figure 3.

- FluC.F/C],T - Flu¢F/c],T
FaoFTD FUCF,T

Figure 3 Fixed-point inference rules of puLL™
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A pll, pre-proof is a possibly infinite tree, generated by the inference rules of pulL.

Among all plL, pre-proofs, the regular/circular proofs are the ones that have finitely many
sub-trees. Those circular proofs can be represented with finite proof-trees having back-edges
or labels.

» Example 3. The following proof corresponds to the function from nat to nat which returns
the double of its input:

— 1
I—l()

F 1@ nat
Tdouble = - nat

F 1,nat
F L & natt, nat

F nat', nat

(1)

)

However, in general the pre-proofs can be unsound. For instance one can provide a pre-proof
for any sequent - I' (and in particular a pre-proof of the empty sequent F) as follows:

ot EZ; . EZ;
Fv(.C FT,u¢ ¢
T (cut)

In [18, 6], a criterion, called validity condition, is provided in order to distinguish proper
proofs from pre-proofs. We only sum up this criterion here and provide some examples, and
we refer to [30] for more details.

» Remark 4. The variable ¢ is a subformula of A = (v(.() ® (. However, there are two
different ¢ in the formula A, one is the bound ¢ and the other is the free one. To distinguish
them, one can use the notion of occurrence [30]. As we also need this notion for Definition 8,
we provide it here.

» Definition 5. An infinite branch of a pre-proof w is a sequence (I';,ji)icw of pairs of
sequents and indices, for j; € {1,2}, such that Tg is the root of m, T';11 is the jith premises
of I'; in the proof tree for each i € w.

» Definition 6. A thread on an infinite branch § = (I';, ji)icw s an infinite sequence of
formula occurrences t = (Fy)k<icw such that for any i > k, F; € T'; and Fi41 is an immediate
ancestor of Fj.

A thread t is stationary if only finitely many of the F; are principal in I';. By principal
formula, we mean the one that the inference rule is applied on.

We denote by Inf(t) the set of formulas that occur infinitely often in t.

With each infinite branch is associated a set of threads. Notice that there is not a unique
thread in general (and there may be none).

For instance, we have two threads in the following proof: |- : ) | The threads
Be G vE € )

g CovE £ o
are t1 = uC.C, uC .¢, uC .¢,- -+ and to = v€ ., v€ & v€ L, -+ -. Since the only rule applied in
the proof is the (v) rule, the formulas u( .¢ are never principal, and the thread corresponding
to the uC.C is called stationary.

Now, we have all the required material to define the notion of valid threads and then
valid proofs.
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FEG
FF1G

v @2)

"EGHLG oy
(b) FFEAGOG
Fle(F3(Gol).G -

WeXE (w)

7o

(L)

Figure 4 Examples of valid and non valid pre-proofs.

ws  » Definition 7 (Valid thread, valid pre-proof). A valid thread ¢ is a non-stationary thread
wo  such that Inf(t) has a minimum (with respect to the usual sub-formula ordering) which is a
1o V-formula.

181 Appendix A provides details on plLL,, subformulas and the minimality invoked above.

12 » Definition 8. A valid pulL., proof (or ulls, proof, for short) w is a pre-proof ® such that
183 any infinite branch contains a valid thread.

184 We now examine some valid and non-valid pre-proofs. Let us consider Figure 4.(a)
s presenting a derivation of formula F = u¢ .(v€.(C ® &)) where G = v€ .(F ® £). The only
s thread that we have for the leftmost branch ist = F, G, (F ® G), F, - - -, so, min(Inf(t)) = F.
1e7  Hence this thread is not a valid thread, and there is no more thread on this branch.
s Hence this proof is not valid. Let us consider another example in Figure 4.(b), with
w F=v(pué.(le (B Ed L) and G =p.(1d (FB (£ L))). For the thread ¢ =
w FG(1e(FB(Gel)), FR®(Gel)),F, - wehave min(Inf(t)) = F, since F' <qu G.
w1 Hence t5 is a valid thread, and hence this proof is valid.

102 The set of primitive (single step) reduction rules of ulLL, are the ones for LL plus the fol-

103 lowing one together with the corresponding commutation rules (Figure 3.2 of [18]). The proof

71./

m /
FAFL e FL T u
108 FL Fluc F/dl ¢ F/C] M (e /4] (v) reducesto +I,F[u¢.F/¢] +AF*+[wC.F+/(] .
FT,ul . F FA v Ft (cut)
T A (cut) FT,A
195 Various Cut—elirr;ination theorems on non-wellfounded proofs are proved in [6, 18, 4] and

s especially of plL itself [33] but the rest of the paper does not rely on those normalization
17 results, so that they can safely be ignored.

118 We end this section by stating the functoriality of ulLL., which we will use the functoriality
19 of uLL in Section 3.2:

20 B Proposition 9. Let ((,&1,...,&k) be a list of pairwise distinct propositional variables
w1 containing all the free variables of a formula F and let C' = (Ch,...,Ck) be a sequence of
202 closed formulas. Then the following rule is admissible in puLLy:
For, AL B (
- -
2T (FIA/C, /€N FIB/C T/ €]

SF)

203

24 Proof. The proof is done by induction on the formula F', and we refer to [18] for the details
205 (Definition 2.38 of [18]). The presence of exponential modalities does not modify the proof in
26 any non trivial way. <
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3 Semantics of non-well-founded proofs

In this section we will first provide interpretation of formulas and inferences rules of plL,
in the category Rel of sets and relations (this is done in Section 3.1). We therefore interpret
plLlso pre-proofs in Rel. Then we will investigate the relationship between the interpretation
of inductive proofs and their image as circular proofs in a more categorical setting, i.e
categorical model of uLL in the sense of [21] (this is done in Section 3.2). Afterward, in
Section 4.2, we will consider the category Nuts of non-uniform totality spaces, which can be
seen as a refinement of Rel, as another concrete model of uLL,,. The interpretation of proofs
in both models of Rel and Nuts are the same. However, by looking at their interpretation in
Nuts, we will obtain more information. For instance, we will show that the interpretations
of the valid proofs are total elements (Theorem 21).

3.1 Interpreting non-well-founded proofs

We first recall briefly the interpretation of formulas of linear logic with ﬁﬁ)oints of types
[21]. The idea is to interpret a formula A with repetition-free sequence ¢ = ((1,...,Cx)
of type variables containing all the free variables of A as a k-ary CPO strong functor. We
denote the interpretation of A by [[A]}? Then the interpretation of formula is defined by
induction on the formulas in the obvious way, for instance [4A ® B]]? =®o ([[A]}?, [[Bﬂ?)
considering ® as a 2-ary CPO strong functor, and [v¢ A]]? = V([[Aﬂ?’c) 1. Then one also

has HAJ-]]? = ([[Aﬂ?)l- up to a natural isomorphism which allows us to define other formula
by De morgan duality. By V([[A]]? C)’ we mean the final coalgebra of the endofunctor [A]-

and we know this exists as Rel is a CPO-enriched category and [[A]]? clsa CPO functor [22ﬁ

We now provide our definition for interpretation of ulL., pre-proof in Rel. First, one
can define the interpretation of finite uLL., proofs by induction on last inference rule. One
can find the interpretation of LL rules for instance in [29], and it is also given in the appendix
(Section B) for any categorical model of LL. We just provide explicitly two cases below as
examples, as we will use those cases afterwards.

™

FT Lﬂ—{w,*)weuwnm} CFTA = (G | (e € )

=T, L FI'A @ A

P4 FTE (= (6 (L) | 0na) € Fral} UL (2,0 | (00) € B}
FILA&B

Now, we only need to say how we interpret the (v) and (u) rules in Rel, and this is done, in
an obvious way, as follows:

BN I I AT B
T F K FI,v¢.F

We also take the empty set as the interpretation of the (2) rule. Finally, given a ulLL., proof
m, we define [T]re1 = U, cfin(x) [PlRe1 Where fin(m) is the set of all finite sub-pre-proof of 7
(we are allowed to do this, since we added the (2) rule).

! We assume that the iso between vF and F(vF) is always the identity as this holds in our concrete
models. This assumption is highly debatable from the view point of category theory where the notion
of equality of objects is not really meaningful. It will be dropped in a longer version of this paper.
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On denotations of circular and non-wellfounded proofs

Let us look at an example. Consider the following circular proof 7=, which correspond
to the function on natural numbers which sends n to n mod 3:

nat

T2
F nat, L F nat, natt (&)
et F nat, L & natt
(1) - (v)
F nat, L F nat, nat (&)
w(’;a‘ Fnat, L & natt
(L) )
F nat, L F nat, nat

(&)
F nat, L & natt

F nat, nat™t

v)

The interpretation of 7 in Rel is, up to an iso, the natural number k, and we denote it
by k , i.e [m}**]re1 = k. To compute interpretation of 7=,, we need to take supremum of the
interpretation of all finite sub pre-proofs. For example, imagine that in the proof 7=, above,
we do a €2 rule instead of the back-edge, and called this proof o. Then we have

[o]Rrer = {(2, (2, (2, (1, %))), (1, (2, (1, %))), (0, (1,%)))}

That is to say, up to an iso, we have [o]rel = {(2,2),(1,1),(0,0)}. If we do one more step,
we will see that (0,3) € [7=,]Rrel- So, one can see that [r=,]|rer = {(n,m) | n =m mod 3}.

3.2 On the relation between the interpretation of finite proofs and their
circular correspondent

In this section we will talk about the comparison between pLL proofs and pl L, circular proofs.
As it is mentioned in [18], if a sequent b T' is provable in ulLL, then it is provable in ulLL..
This can be done by translating a uLL proof 7 of F I' into a circular pylLLs, proof n’ of HT°
that we will denote it by Trans (7). This translation can be done by induction on 7. We just
deal with the case of the (rec) rule, and the other ones is done in a trivial way in Appendix D.

1 T2
If the last inference rule is the (V) rule, then Trans | © AA AL FIA/ (Veee)
AT, ¢ F
is the following circular proof using the functoriality of formulas given in Section 2.3:
Fr, AL vC . F
‘ (5r) .
=T, (F[A/C)*, F [v¢ F/(] F 0, AN F A/ (cut)
cu
70, 70, AL, F [v¢ .F/(] o
14
F T, T, AL, vC . F
c) 1
FT, AL vC F FAA

(cut)

F A, uC.F

And finally, Proposition 2.14 of [18] shows that Trans () is a valid ulLL, proof.

Our main goal in the section is to prove that the semantic is preserved via this operation
Trans (). To do so, first of all, we need to say what the interpretation of a ulLL., circular
proof is in any categorical model of uLL. The interpretation of each inference rule of plLL.,
is given in Section 3.1. To interpret the pulL ., circular proofs, the general idea is to associate
a system of equations on the morphisms of the given category to the proof, and then proving
that it has a solution which we take it as the interpretation of the circular proof. This is done
in the case of additive linear logic in [23, 32]. However, in this paper we only do this on the
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circular proofs that are coming from the translation of an inductive proof, i.e, image of the
operation Trans (), and we leave this question for all ulLL., circular proofs to a future work.

We suppose that we have a categorical model of uLL in the sense of [21]. That is to say a
pair (£, £) where £ is a model of LL and L is class of strong functors which is closed under
composition and a plLL operations and it also satisfies some further conditions expressing the
monoidality of as well as its compatibility with the comultiplication of !_.

We will use the following lemma, which is well-known in the literature on fixed points of
functors [31, 1], in the proof of Theorem 11.

» Lemma 10. Let A be an object of a category A and let f1, fo € A(A,vF). If there exists
l e A(A, F(A)) such that F(f;)l = f; fori=1,2, then f1 = fa.

» Theorem 11. Let w be a pLL proof. Then we have [r] = [Trans (7)] where the interpretation
is given in a model (L, L) of pLL.

4 Properties of the semantics

In this section, we will show essentially the soundness of our model, and then we will also
show that if we interpret the plLL,, proofs in the model Nuts which is introduce in [21],
then the valid proofs will be interpreted as a total element.

4.1 Soundness of the interpretation wrt cut-elimination
4.1.1 Soundness for one-step cut-elimination

We first prove that the semantic is preserved via the one-step cut reduction rules of ulLL.

» Theorem 12. Given two finite uLLo, proofs ™ and ©" such that 7' is obtained from w via
an one-step cut-elimination rule, then [r] = [7'].

4.1.2 Soundness for Cauchy-sequences of cut-eliminations

One can define a natural metric d on the set of all ulLL., finite proofs saying d(mw, ') = 0
if two proofs m and 7’ are identical, otherwise d(m, ') = 2%“ where k is the length of the
shortest position at which 7 and #’ differ. Then we can see that indeed set of all infinite
uLLoo proofs is the metric completion of the finite proofs (Theorem 30 of Appendix C). This
is quite standard in the literature [8, 38, 39], however we have just mentioned the details
of this technical development in Appendix C for the sake of self-containdness, and as it is
nevertheless necessary for a precise definition of the semantics of non-wellfounded proofs that
we consider in the latter sections.

» Lemma 13. Let (m;) be a Cauchy sequence. Then [lim,_, m;]|rel = |J; nj>i[[7erRel-
» Theorem 14. Let (;)icw be a Cauchy sequence such that Vi,j € w we have [m;|re =
Hﬂj]]Rel- Then [[hIIln_)OO Wi]]Rel = [[’/To]],

[lim, oo mi]ret = U; mj>i[[7rj]]Rel By Lemma 13

= Uﬂ[[ﬂoﬂRel = [[W()]]Rel

And, we can now prove the soundness theorem for ull., as a direct conclusion of
Theorem 12 and Theorem 14:

Proof.

» Corollary 15. If 7 and 7' are proofs of = T' and 7 reduces to ' by the cut-elimination
rules of pllso, then [T]rel = [ ]Rel-
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4.2 Valid proofs are interpreted as total elements

What we have seen till now is the interpretation of uLL., proofs in Rel and a soundness
theorem for ulLL., with respect to Rel. However, as one might notice, we did not talk
about valid proofs. Indeed, Lemma 13 is true in general for any Cauchy sequence of plL
pre-proofs (not necessary the valid ones). In this section, we provide a denotational account
of the validity criterion using the model introduced in [21], i.e, Nuts. Nuts is the category
which has sets equipped with a notion of totality on top of it as its objects, and relations
preserving totality as its morphisms. More precisely, a NUTS X is is a pair X = (| X, 7 (X))
where | X| is a set and T(X) C P(|X|) satisfies 7(X) = T(X)*+ for the orthogonality _+
defined as follows 2:

(TXN: ={u' C|X||VueT(X)unu #a} .

The morphism f € Nuts(X,Y) is a morphism f € Rel(|X|, |Y|) such that Vu € T(X) f-u €
T(Y) where f - u is the image under relation f. Working with Nuts has also the benefit
that distinguish interpretation of least and greatest fixpoint, whereas this is not the case in
Rel (as X+ = X for any object X in Rel).

We prove the main result of this section which says that the interpretation of any valid
proof is a total element, i.e. Theorem 21. The proof method is similar to the proof of
soundness of LKID“ in [11]. However the system of [11] is classical logic with inductive
definitions, and their proof is for a Tarskian semantics. We need to adapt that proof in
two aspects: considering plls, instead of LKID”| and trying to deal with a denotational
semantics instead of a Tarskian semantics. The adaptation for ulL., is somehow done in [18],
since there is soundness theorem for yuMALL,, with respect to the truncated truth semantics
(a Tarskian semantics). So, basically, the main point of our proof is turning a Tarskian
soundness theorem into a denotational soundness theorem.

From now on, when we write the interpretation of formula as [F], we mean its interpreta-
tion in Nuts (definition of T ([F]) is provided in [21]). And when we write the interpretation
of proof as [r], we mean its interpretation in Rel, i.e, [1]rer. However, at the end of this
section, we will see that indeed this [7]re is a total element, so, it is indeed in Nuts (but
this needs to be proven).

As one can see in [21], given a closed formula v{.F', we can define its interpretation
in Nuts by a transfinite induction (using Knaster—Tarski theorem) considering sequences
of totality candidate as follows: Ug' = P([v¢.F]re1) where P(X) is the power set of X,
ULy = T(IFD)([vC .Flret, UL), Uf = (N,<s UZ, and finally, there is an ordinal A such that
Uy = Ux41, and we use A4 for the least such ordinal.

To have simpler notation, we use the notation U, (and Uy) freely without mentioning
the formula. One can find what the corresponding formula is from the context.

The following definition is borrowed from [18].

» Definition 16. The marked formulas of uLLs are defined as follows where « is an ordinal:

AB,-=1]0|L|T|A®B|A®B|A&B|ASB|?A|\B|(|uC.F|vC.F (1)

We denote by A° the label-stripped formula A.

2 The idea of this orthogonality is that 7 (X) intuitively is a denotational account for the normalization
of the programs. This is explained in Section 5.
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The interpretation of ¥*(.F in Nuts is [v*(.F] = ([v¢ .F]Rre1, Ua), and the other marked
formulas are interpreted as usual.

» Proposition 17. Let A be a ulLl, formula. Then we have [A] = [A] where A is the
marked formula, obtained from A by marking every v binder of A by the ordinal \4.

The proof of this proposition is obvious.

» Lemma 18. If A is a plly formula and t ¢ T ([v*¢.F]) (t C [v*(.F]), then there exists
an ordinal v < o such that t ¢ T([F [v"(.F/C]]).

» Lemma 19. T([F [u¢ .F/C]]) = T([p¢ .F]).

» Lemma 20. If 7 is a proof of F T and [n] &€ T(([T])), then

1. 7 has an infinite branch v = (F T';)icq such that [m;] & T(([T:])) where m; is the sub-proof
of ™ rooted in F T';;
2. and there exists a sequence of functions (f;)icw, where f; maps all formulas D of T; to a
marked formula f;(D) such that
(fi(D))* =D,
one can write I'; =T, C,
and there exists x € T([(f;(T})*]) such that [m].x & T([f:(C)]) where T, =
ALy AL and [T = [LADD* -+ ® ([£(AL )]

Proof. See proof in Appendix F.6. The idea is essentially to construct the infinite branch ~
inductively using properties of totality. |

Now, we can state and prove our main result of this section.
» Theorem 21. If w is a valid proof of the sequent T, then [x] € T([T]).

Proof. Let us assume [7] ¢ T([I']). We can then apply Lemma 20 to obtain an infinite
branch (- I';);e. and a sequence (f;)icw satisfying properties 1 and 2 of Lemma 20. By the
definition of valid proof (Definition 8), there exists a valid thread ¢t = (F});e,, for the infinite
branch (F I';)ie,. Let v F' be the minimal formula formula of ¢. So, there are infinitely
many times in ¢ that we use a v rule to unfold v{ F. Let (ix)re. be the sequence of indices
where v( F' gets unfolded. Then v({ F' in the sequent I';, is sub-occurrence of v{ F' in the
sequent I';,, for k > k’. By the property 2 of Lemma 20, f;, (v¢ F') = v**(. f;, (F). Therefore,
by the property 2 of Lemma 20 and by the construction of the f; in the proof of Lemma 20,
the sequence (o )rew is strictly decreasing. As this contradicts the well-foundedness property
of the ordinals we obtain the required contradiction and conclude that [7] € T([I']). <

5 What totality tells us

One might think of the following statement as the converse of Theorem 21. If 7 is a pre-
proof of the sequent - I" such that [7] € T([I']), then 7 is a valid proof. This statement
is not necessarily true, and there are many counterexamples indeed. For instance, take
F=puC (L& ((®¢)) and G =vE.(1® (£BE)) and the pre-proofs 7 defined in Figure 5,
where 71, is defined (corecursively) on the right of the figure.

This pre-proof is not valid, since there is no valid thread in the rightmost branch. The
interpretation of 7 in Rel is [r]rer = {((1, %), (1,%))}. However, [r]re € T([F % G]).
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Figure 6 Examples of non-valid proof with total interpretations.

Notice that there are two ways to see that [1]rer € 7 ([F % G]). One can compute the
interpretation of the formula F' 28 G in Nuts. And one can also provide a valid proof 7’ of
F F,G such that [7]rel = [7'|re1r- Consider indeed the pre-proof #’ of Figure 6 (a). This
proof 7’ is a valid proof, since the thread ¢t = Gq, (1 B (G B G))ai, (G B G)wir, Gairis
is a valid thread (min(Inf(¢)) = G). We also have [7'Jrer = {((1,%),(1,%))}, and hence
using Theorem 21, we know that [r]] = [7'] € T([F ® G]). The proof given in Figure 6
(b) is another example of non-valid proof whose interpretation is total. This examples
differs however from 7’ (the proof given in Figure 6 (a)). It is true that this pre-proof does
not respect the validity criterion, but it is valid with respect to the more recent criterion
of [18, 6]. However this proof is considered as a valid proof in a more recent work [4].
That is why we hope that denotational semantic helps us to understand which validity
conditions is more appropriate. However, this is just a hope till now. The only thing
that we can say for the moment is that the notion of totality provides a sort of maximal
notion for validity as valid proofs should be interpreted as total elements. To see this, let
us assume that there is another notion of validity which will not be interpreted as total
elements. In particular, take a proof 7 of I nat™, nat such that [7] ¢ T([nat] —o [nat]). As
T ([nat] —o [nat]) = {f CNx N |Vn3Im s.t (n,m) € f}, then this says that there is a finite,
hence valid, proof ¢ of a natural number such that the cut-elimination procedure of 7 and o
will not terminate. Hence we can learn that that notion of validity is not a good one, as it
does not enjoy cut-elimination.

6 On the semantics of circular proofs

The semantics developed in the previous section allows us to interpret both general non-
wellfounded and circular proofs, but it presents two drawbacks:
We only know how to interpret those proofs in concrete models and we do not provide a
general categorical semantics for those proofs, even in the circular fragment, contrarily to
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what Santocanale [32] achieved for the purely additive fragment of pLL.
In the case of circular proofs, the approximation semantics does not benefit from the
circularity of the proof objects in any way.
In the present section, we will discuss what are the challenges and how to proceed to achieve
those goals.

One of the main difficulties to extend Santocanale’s approach to uLL,, can be seen in the
example of 7, presented in Figure 7. This is an example of a valid circular proof but having
a quite involved validity structure, with three types of infinite branches (see Appendix H and
[30] for more details). Santocanale’s interpretation method strongly relies on the possibility
to identify a thread by a formula, therefore 7., falls out of the scope of that method.

Two natural options are either (i) to disregard validity in interpreting circular proofs,
as we did for non-well-founded proofs in previous sections, or (ii) to constrain the validity
condition to make Santocanale’s method usable. We discuss those two options below.

6.1 Interpreting circular pre-proofs

In this section, we will see how we can interpret circular pre-proofs in any model of pLL which
is CPO-enriched. We first define size(7) of a pre-proof 7 as it is defined in [18]. Let nax(w)
and elc(7) be the numbers of the non-axiom rules in 7 and the numbers of the elementary
cycles in 7 respectively. Then we define size(w) as the pair (elc(m), nax(7)). We define the
interpretation of a circular pre-proofs 7 by the lexicographic induction on size(w) providing
a base case if elc(m) = 0. In the base case, we simply interpret the proof as in plLL, since we
have a finite proof (no cycle). If elc(r) > 0, then we consider two cases. Either 7 is strongly
connected as graph or not 3. If 7 is not strongly connected, then there are two sequents - I’
and F A such that there is no path from FI" to H A. Let m; be the proof tree which is the
reachable part of w from F I', and let w5 be the proof tree obtained from 7 by adding an
auxiliary rule r on F I and taking the reachable part from the conclusion of 7. Since m; does
not have - I, we have nax(m;) < nax(w), and then by induction hypothesis we have [7;]. We
now take the interpretation of the rule r with the conclusion - I" as [71]. Then by removing
F T from s, we have nax(m2) < nax(m). Hence we know how to compute the interpretation
of T by induction hypothesis, and finally we take [7] as [m2] assuming [m;] for F T

3 We look at a proof as a directed graph where the nodes are the sequents and there is an edge from + T’
to = A if there is an inference rule r such that - A is one the premise of » and - I is its conclusion.
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aaa Now, we assume that 7 is strongly connected. Then, there is an infinite path p that visits
ws  all the sequents of w. Let ¢t be a trace of p, and let F A be a sequent where the minimal
us  formula of ¢ has been unfolded.

aa7 We suppose without loss of generality that - A is - I't v¢ A

ws  for some context I', and it is also the conclusion of 7. Graphically,

wmo is the proof depicted on the right.

450 In this case, we have a morphism f in L(I([T'] — [v¢ A]), [I'] —

s [v¢ A]). As the category L is a CPO-enriched category, we define

#2 [r] as the supremum of the chain {f™ o Lyrj—[cap | n € N} FTL uCA

w3 where f"1 ol = fo(f"oL)and Lirj_o[yc a7 is the least element

e of L(1,I([T] — [v¢ A]).

= 0.2 About interpreting strongly valid proofs

s In this direction, that we plan to pursue in future work, we plan to consider a proper fragment
w7 of plloo, requiring that along every infinite branch, there exists a valid thread such that, each
s time it visits a sequent of the circular representation, the thread points to the same formula
9 of the sequent. Such a fragment has indeed been considered in the literature of fixed-point
w0 logic, under the name of strong validity, in order to finitize circular proofs: first used to
w1 adapt Santocanale’s argument to the interpretation of uMALL in Ludics [5], it was then
w2 used for the linear-time p-calculus [19], and in a more general logical system in Doumane’
w3 PhD [18]. The class of strongly valid proofs contains all the unfoldings of finitary proofs. In
s Appendix G, we recall the definitions and the main result on strongly valid proofs.

265 Noticing that strongly valid proofs can be finitized, an alternative strategy is available to
ws interpret strongly valid circular proofs: given a strongly valid proof 7, one could interpret
w7 it using the interpretation of its finitization in uLL. Of course, one needs to prove the
w8 interpretation via finitization coincides with the interpretation of the circular proof as a
w9 non-wellfounded proof, somehow requiring that interpretation is preserved via the finitization.

470 The preservation of the semantics by the finitization is somehow the converse of what we
a  did in Section 3.2 (their composition is not identity) in any model of uLL. We plan to check
a2 this coincidence in the case of the concrete models such as Rel, as we already know how to
a3 interpret pull., proofs in Rel. This is what we will consider as an immediate future work,
an and we just exemplify it in this paper. For instance, consider the following circular proof 7:

(ax)

F nat*, nat (@2)
wpt F (L & I) @ natt, nat,
g 1, nat I, nat V)
F 1,nat F nat*, nat , m (2) L& I,nat (&)
415 W= F L & natt nat (&) o= n (&) — (ax)
) V) FL&I,(1®1+)&nat () F natt, nat (@2)
F nat*, nat F1l&I, I+ B F (L& I) @ nat*, nat, ’
F natt, I+ (Ve F I, nat (cut) ®)
F natt, nat “

s We can see that [r]rer = {(n,0) | n € N}. If we apply the finitization given in [18] to this
a7 proof, we will get the finite proof 7’ above where I = v(.((L & ¢) @ nat*). Then when
ws  computing the interpretation of 7/, we see that [7'|rel = [7]re1. Of course, it is just an
a9 example but we conjecture that it holds on all strongly valid proofs. The main difficulty is
w0 then to provide a more “structural” finitization procedure such as an (co)inductive definition.
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7 Conclusion

In this paper, we studied the non-wellfounded proof system pll., from a Curry-Howard
perspective, by providing a denotational semantics of ulLL.,. We first showed that the category
Rel of sets and relations is a sound model of ylLL.,. More precisely, we interpret formula and
pre-proofs of uLL,, in Rel, and prove that the semantic is preserved via a possibly infinite
reduction sequence of cut-elimination. Then we investigated the relationship between the
interpretation of inductive proofs and their image as circular proofs in a categorical model of
uLL in the sense of [21]: it is shown that the translation from finitary proofs to circular ones
is sound (i.e. it preserves the semantics), bringing evidence of the computational soundness of
this translation. Finally, we provided another concrete model of ulLL, based on the category
Nuts of non-uniform totality spaces and relations preserving totality, which is not the case,
in general, for pre-proofs. Although the interpretation of proofs in both models of Rel and
Nuts are the same, one can obtain more information by looking at the interpretation in
Nuts as we showed any valid proofs will be interpreted as a total element.

Santocanale considered circular proofs in the framework of purely Additive linear logic, and
he provided a categorical interpretation of circular proofs in p-bicomplete categories [32, 23].
On the one hand, we treat both the multiplicatives and the exponentials, but on the other
hand, we have concrete models and no categorical axiomatization yet. Moreover, on the one
hand we can interpret arbitrary non-wellfounded proofs, but on the down side, we cannot
benefit from the finitely presentable structure of circular proof, this is for future work.

We conclude by mentioning some directions for future work.

We only provided concrete models of ulLL., in this paper, and not a categorical axio-
matization. For instance, in [23, 32], there is categorical model for the circular proof in
the additive fragment of LL. So, one can wonder if that can be extended to full plLL.
If we do not restrict ourselves to circular proofs and consider all valid plLlL., proofs,
there is little hope to provide a categorical model for them, because it is not even clear
how to interpret an arbitrary non-wellfounded proof. Of course, one can assume some
structure on the category in order to interpret those proofs. For instance, one can work
with CPO-enriched categories, and interpret proofs using the same idea as we did in Rel.
Nevertheless, it is worth trying to find a class of categories as model of plLL,, rather than
finding a free category for ulLL., logic in the sense of what we have for CCC categories
and simple typed A-calculus.

Another question could be seeking for a complete denotational model of ulLL ., in the sense
of Girard and Streicher [26, 36]. This could be useful to tackle the Brotherston-Simpson’s
conjecture for pLL (this conjecture says that inductive proofs and circular proofs have
the same provability) as well as a proof-relevant/denotational version of the conjecture
which would read as follows (the converse of this conjecture is Theorem 11):

» Conjecture 22. Let - T' be a puLL sequent and ® be a circular pLL*> proof of + T.
There exists a uLL (finite) proof ©' of b T such that [x] = [7'].

Some non-valid uLL,, have a total interpretation. A natural question is to understand
what sort of information can be obtained from a total interpretation, if not syntactic
validity. We saw in the paper that, for functions from nat to nat, the totality of nat — nat
is all total relations on natural numbers; as a consequence it is not possible for a non-
terminating program of type nat —o nat to have a total interpretation in Nuts. A natural
(but difficult) question is whether this can be lifted to all ulLL., types. The same question
is asked by Girard for second-order types, and it is still an open problem [24].
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ws A  On the two notions of subformulas

oo In the following, we shall consider two notions of sub-formulas, the usual one and a notion of
e0 sub-formula which is specific to the u-calculus, the Fischer-Ladner subformulas.

e » Definition 23. The sub-formula relation on ull. is defined as follows:

662 Ax B =4 A and A x B — 4 B where x is a binary LL connective.

663 QA —4up A where Q is either ! or 7.

664 o( F —sup F' where o is either v or p.

ss G is a subformula of F' when F' =%, G.

666 Notice that the usual sub-formula relation is an ordering, so, we write A <z B if A is

s7 sub-formula of B, i.e, we have B =% , A.

ws > Definition 24. We define the relation — pp, on formulas as follows:
660 Ax B —p, A and Ax B —p;, B where % is a binary LL connective.
670 QA —pr, A where Q is either ! or 7.

671 oCF —p, FloC F/(] where o is either v or p.

sz A formula G is a Fischer-Ladner sub-formula of F when F' =%, G.

673 It is a well-known fact that the Fischer-Ladner closure of any formula (ie. the set of its
o Fischer-Ladner sub-formulas) is finite, see for instance Corollary 2.1 of [18].

o5 B Proposition 25 (Proposition 2.7 of [18]). If a thread t is coming from a branch of an plL
o6 pre-proof, then Inf(t) admits a minimum with respect to the usual sub-formula ordering <sup
e (see Definition 23), denoted min(Inf(t)).

ss  Proof. Proposition 2.7 of [18]. The idea of the proof is based on the observation that Inf(¢)
oo forms a cycle, and roughly speaking, the minimum of Inf(¢) is the nearest to the root in that
60 cycle. <

& B  Interpretation of LL rules

DM L T2

o [Faar @] = FTA EALA = (I = 4] 24 o)
FT.A cut)
§7T1 371'2
= [[ﬁ (1)]]:"’1 FT, A FA,B = (IrD)* @ (Ja)*t L 1410 (8]
TTAAGB
o o
S = ) I T
FT, L FT,AX B
)
w [T ) =t A= @Dt T [A] T (A @ [42]
FT, A Ay
DM t Ty
w  lera rrp | = @Dt T )& B]
CFT,A&B
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C Metric completion of finite proofs

The purpose of this section is to develop a precise characterization of non-wellfounded proofs
as the completion of a space of finite proof with a notion of approximant, much in the same
way a Bohm trees for the A-calculus. As such, the material in this section should not surprise
the reader in its technical development but it is nevertheless necessary for a precise definition
of the semantics of non-wellfounded proofs that we consider in the latter sections.

We consider the proof system of ull. extended with the following rule: " () for
any sequent I'. The reason why we consider this assumption will be clear later, for instance
in Definition 28. Here, we can say that we are using this auxiliary rule in order to cut the
infinite proofs at different levels and consider all its finite approximation.

» Definition 26. Given a ulLL, pre-proof 7, we associate a set Pos(w) of positions corres-
ponding to each sequent of ™ as follows:
(0) € Pos(m)
Let r be an occurrence of an inference rule in m and that (x), which belongs to Pos(w), is
the location of this occurrence in m
If r € {(®), (&), (cut)}, then both (x0) and (x1) are in Pos(m);
Otherwise (z0) € Pos(r).

The elements of Pos() are finite sequences of 0 and 1.

» Definition 27. Given a pre-proof @ and p € Pos(w), we denote by Proof(m,p) the last
sequent of the sub-pre-proof of w rooted at position p.

As an example, consider the following proof 7:

(ax) — (ax)

FAL A @ - BL, B @
24t A F7BL, B
_— (W _— (W
F24L 7BL A F24L ?BL B

(&)

- 7?4 7BL A& B
- 74L,?7BL 1(A & B)

Then one can represent it by the Pos(7) as follows which is also annotated by the sequents.
One can also label the edges by the inference rules.

o (ICD* ® PA] 2% ([r]* 1 —= ([r]*
ET W) = cur(f) where f is lm
FT,74 1
s
FT7A2A || = cur(f) where fis ([T)* ® (14+ @ 144) “20h (i)t @ 1at L o
FT,74
T4 — cur(f) where f = ([T])* ® [AL] 2%, ()t @ 4+ L1, |
- T,74 (d)_
L ® dies, o 1]
F T, A = [®prer (Bi)] ———= [Qprer!'Bi] — U[@prer !'Bi]) — ![A]
[T} (P)]
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F 2?4+, 2B 1(A& B) (0)

F?4%,?7BY, A& B (00)

/—\

F?A+, 7B A (000) - ?A* 7B+, B (001)

F 24+, A (0000) F?B*, B (0010)

F A+, A (00000) F B, B (00100)

» Definition 28. Let w be a pre-proof and P be a prefiz-closed subset of Pos(w). We denote
by m(P) the sub-pre-proof of ™ whose set of positions is P, i.e, Pos(w(P)) = P.

Notice that if we do not assume having the () rule, then 7 (P) might not exist.

» Definition 29. If w is a pre-proof we denote by Pos;(m) the subset of Pos(m) that contains
only all position of length i, i.e, Pos;(m) = w(Pos(m) N {0, 1}%).

Let X be the set of all uLL, finite proofs. One can define a distance d : X x X — [0, 1]:
d(m,7') = 0 if two proofs 7 and 7’ are identical, otherwise d(m,n’) = &, where k is the
length of the shortest position at which = and #" differ.

Denote by C[X] the collection of all Cauchy sequences in X'. Define a relation ~ on C[X]
by

() ~ (m},) < limy, 00 d(mp, 7)) =0

Tt is easy to see that this is an equivalence relation on C[X]. This definition does not
depend on the choice of representatives in the two equivalence classes. Let X'™* be the set of
all equivalence classes for ~. One can define the metric d* on X'* as follows where [(,,)] is
an equivalence class:

d*([(mn)); [(m3)]) = limy s 00 d(7n, 7,)

The metric space (X*,d*) is called metric completion of X, and there is standard result
showing that this is a complete space.

» Proposition 30. Let X, be set of all (potentially infinite) uLlo, proofs. Then the metric
space (X*,d*) is isomorphic to Xu.

Proof. Since the completion of a metric space is unique up to isometry, it is enough to show
that (X, d’) is the completion of X for a metric d’. That is to show X is dense in X, for
taking d’ same as d.

Take 7 € X. Consider the sequence (7,,) where m, = m(lJ,,, Posi(7)). We have now
d(m,7,) = 2%, so, m is the limit of the sequence (7, ) of finite proofs. <

As the direct conclusion of 30, the metric space (X, d) is complete, that is to say every
Cauchy sequence of proofs in X, has a limit inside of X.

» Remark 31. In the cut-elimination process of ulLL,, for any natural number n, the number
of steps of the sequence which reduces a (cut) rule at depth less that n is finite [18]. So, the
cut-elimination reduction has countable length.
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We saw that the metric space (Xu,d) is a complete space, but this was a result of the
proposition 30. Here we show the completeness of this metric space directly.

» Proposition 32. The metric space (Xs,d) is complete.

Proof. Take a Cauchy sequence (m,). First, we define the set P as (J;(;-,; Pos(m;). And
we also provide a function f that sends a p € P to a sequent as follows: Since p € P,
V5 > i(p € Pos(m;) A (Proof(m;, p) = Proof(m;, p)). So, we define f(p) as Proof(m;, p) (this
does not depend on the choice of 7). Now since the sequence () is a Cauchy sequence, we
have Vk,INVi,j > N(d(m;, ;) < 55), and therefore d(II(P, f),m;) < 5 where II(P, f) is
the pre-proof tree that has P as set of its positions and it is labeled by element of f(P) (one
can deduce it by the contradiction). Hence the proof II(P, f) is the limit of the (). <

We will use this direct proof later in proof of Theorem 12.
D Definition of Trans ()
We have the following for r € {(1), (ax), (L), (%), (T), (®1), (B2), (w), (c), (d), (p), (1)}
T Trans ()
Trans ("A r) = FA
-T T
We have the following for r € {(cut), (®), (&)}:

1 2 Trans(mw1)  Trans (m2)
Trans (" Ay F Ay r) = FA F A,
- T T '
7r
1L
And finally Trans FL AT A/ (V') is the following circular proof using the
0 AL uc P
functoriality of formulas given in Section 2.3:
o0, AL v F
T (SF)
-, (FLA/Q)S FICF/Q) .
S (F A/ K CF CALFLA
F 0,0, AL u¢ . F ©
c
F, AL v F

E Proofs of Section 3

E.1 Proof of Lemma 10

» Lemma 33. Let A be an onject of a category A and let f1, fo € A(A,vF). If there exists
l € A(A, F(A)) such that F(f;)l = f; fori=1,2, then f1 = fa.

Proof. Since F(f;)l = f; for i = 1,2, we have f; € Coalg 4(F)((A,1), (vF,Id)) for i =1,2.
(vF,Id) is the final object in Coalg 4(F)((A4,1), (vF,Id)), so there is a unique morphism
from (4,1) to (vF,Id). Hence f1 = fa. <

» Remark 34. In the proof of Lemma 10, we refer to the identity for the coalgebra morphism
of vF but never use any of its property and the proof would go through using any iso instead
of Id: it is just a consequence of the universal property of a final coalgebra.
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E.2 Proof of Theorem 11

The interpretation of a uLL formulas F' that contains n free variable is an n-ary strong
functor [F] [21]. We use the notations [F] and [F] for the underlying functor and strength
of the strong functor [F] respectively.

» Theorem 35. Let w be a puLL proof. Then we have [r] = [Trans (7)] where the interpretation
) of uLL.

Proof. The proof is by induction on 7. Let us assume that the last inference rule is a (v)
rule so that 7 is the following proof:

is given in a model (L,

7.r/

F 0, AL F A/
b, AL uCF

Let f = [Trans(7)]. By definition of Trans () given above, f should satisfy the following
diagram:

(Vec)

e A ! [vCF]
Cyppiy@ld [FI(Iv¢ F)
re!rjeA T
¥
Id®[r']

I[r] @ TFI(A]) — 22— [FICIr] @ [4])

By the construction given in [21] to interpret formulas and proofs of ulLL, the interpretation
of 7 is the unique morphism [7] € L(![I'+] ® A, [v¢ F]) satisfying the following diagram:

[7]

[+ e A v F]
Cypriy©1d [FI(Iv¢ F1)

[t e!rt)e A S

Id®[r']

1[04 o TFT(AD —— TR0 o [AD

Hence, by Lemma 10, we have [7] = [Trans (7)]. <
F  Proofs of Section 4

F.1 Proof of Theorem 12

» Theorem 36. Given two finite uLLo, proofs ™ and " such that 7' is obtained from © via
an one-step cut-elimination rule, then [r] = [«'].
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Proof. We only need to check the reduction of (u) — () given in Section 2.3. And this is trivial,
as both (u) and (v) rules have no effect on the interpretation as we saw in Section 3.1. <«

F.2 Proof of Lemma 13

» Lemma 37. Let (7;) be a Cauchy sequence. Then [limy, o m|ret = U; ﬂj>i[[7rjﬂRe1.

Proof. By Proposition 32, lim, ., m; = II(P, f) (we are using a notation introduced in
the proof of Proposition 32). By definition, [II(P, f)]ret = Uresinmi(p,f))[T]rer. Take a
n’ € fin(II(P, f)). For each p € fin(II(P, f)), we have 3i,Vj > i,(p € Pos(m;) A(Proof(m;, p) =
Proof (7', p)), by definition. Let i be the maximum among all ¢,’s (The set Pos(n’) is finite).
Then for all j > i we have n’ € 7;. Hence we have the following:

v’ e fin(II(P, f)) Vpen’ i Vj>1i (penj A (Proof(m;,p) = Proof(n’,p)))

And that is to say for each 7’ € fin(II(P, f)), there exists an ¢ such that for all j > i,
7’ is a finite sub-pre-proof of all w;. Hence [7']rer is a subset of [7;]rer for all j > 4, so,

[7'rer € nj>i[[7rjﬂRel- <

F.3 Proof of Theorem 14

» Theorem 38. Let (m;)icw be a Cauchy sequence such that Vi, j € w we have [m;|rel =
[mi]Rer. Then [limy o0 mi]Ret = [mo]-
Proof.
[ Jim 7ilrer = U ﬂ [7i]Rer By Lemma 13
1 J>1

= U m[[ﬂ'o]]Rel = [[WOHRel

F.4 Proof of Lemma 18

» Lemma 39. If A is a ull formula and t & T ([v*¢.F]) (t C [v*C.F]), then there exists
an ordinal v < o such that t ¢ T([F [v"¢.F/C]]).

Proof. If « is a successor ordinal § + 1 then U, = T ([F])([v¢ F]Rel, Us) by definition, and
obviously ¢t & T([F])(([v¢ F]rel, Us)). And so t & T([F [v¢.F/(]]) for v = 4.
If a is a limit ordinal, then: Uy =, Uy, and t € (), ., Uy =541, Us+1. So, there
exists an ordinal § + 1 < « such that ¢ ¢ Us41 and we continue as before.
<

F.5 Poof of Lemma 19

> Lemma 40. T([F [1i¢ F/C]]) = T([u¢ F1)-

Proof. The interpretation of u¢ F' is the least fixed-point of 8 where 0 is T ([F]). So, we
have:

T([uC F) = 0r(T([uC F))
= T([FD(([1€ Flrer. T ([1€ F1))) by definition of 6z
= T([F [u¢ F/CD)
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F.6 Proof of Lemma 20
» Lemma 41. If 7 is a proof of b T and [7] &€ T(([T])), then

1. 7 has an infinite branch v = (F I';)icw such that [m;]] & T(([T's])) where 7; is the sub-proof
of ™ rooted in F T';;

2. and there exists a sequence of functions (f;)icw where f; maps all formulas D of T'; to a
marked formula f;(D) such that

(fi(D))* = D,
one can write I'; =T, C,
and there exists x € T([(f:(T})* ]]) such that [m].x & T([fi(C)]) where T, =
AL, AL and [(fi(T)) ] = (If:(ADD* ® ([fi(A)D*
Proof. We set I'g =T, and fo(D) = D for all D € I'y:

Since o = T, [’/TOH ¢ T([[Fo]])
Let C be the principal formula in I'y. The sequent F fo(I'g) is denotationally the

same as b (fo(T'y))T —o fo(C). By the proposition 17, [fo(D)] = [D] for all D € Ty.

So, [mo] & T(fo(To)). That is to say [mo] & T(I(fo(Th))* — fo(C)]). Therefore, by
definition, there exists z € T([(fo(Ty))1]) such that [mo].z & T([fo(C)])-

Suppose that we have provided I'; and f; for i € w. We then define I';1; and f;11
depending on the rule applied on F I'; in 7. Let us assume that the formula C' is the principal
in Fii

If C = Cy ¥ Cy, then I';44 is the unique premise of - I';. fi(C) = B, ¥ B2 where

Bl and B2 are two marked formulas, so, we set fi+1(C1) = B, fi+1(C2) = BZ, and

fi+1(F) = fl(F) for the other F' € Fi+1:

Since T'; is obtained by applying the % rule on I';y1, we have [m;41] = [m;], and
[Ti:1] = [T:]- By induction hypothesis, [m; 1] € T([Tiz1])-

By induction hypothesis, there exists € T([(f:(T))1]) such that [r;].x & T([f:(C )]])

So, [mi]e = [m].« 9? T([B& 3 BE])) = (TWI(Be)H] @ [(B2) D))+

there is a y € T(([((BL)*] @ [((BZ))*])) such that [r41].x Ny # 0. Since y €
T(([(BH) ] @ [[(B%)J']])), there is v’ € T([(B&)1]) and o' € T([(B)*]) such that
uw' xv" Cy. So, [mig1].xN(w xv') = 0. This statement is equivalent to ([m;41].2).u'N
v # 0. [mie1]-2 €, and this is equivalent to [m;11].(x x ) Nv’ # (. We have shown till

now that there exists v’ € 7'([[(B1 )*]) such that [r;41].2" N v’ # 0 where 2’/ = 2 x u'.

So, by definition, [m;+1].2" € T([B&])-
If C = Cy @ Cs, then we proceed as above.
If C = C1®Cs. Let us call F}_H and F12+1 for the two premises of - T';. f;(C) = Bé@ B%
where B{, and B are two marked formulas. Since [m;] & T([Is]), we have [x], ] ¢
T[T +1H) for either j = 1 or j = 2 where m},; (respectively 72, ;) is the left (respectively
the right) subproof of m;. Let us assume that it is true for j = 1 (the proof of the case
j = 2 is is identical to the case j = 1). So we set I'iyy = Iy, fi+1(C1) = BE, and
fi+1(D) = f;(D) for the other D € T}, ,

By induction hypothesis, there exists 2’ € T([(f;(Tt,; B T%,,))*]) such that [r;].2’ ¢
T([Bt ® BZ]). Hence [m] ¢ T([fi(Ts)]) by definition. So, we have [x},,] &
T([fix1(Tix15") B BL]) for either j = 1 or j = 2. Let us assume that is true
for j = 1 (the proof of the case j = 2 is identical to the case j = 1). So,
[ria] & T([(fix1(Tiz15’))= —o BL]). And therefore, by definition, there is a y €
[(fi1(Ti415) 1] such that [ty |-y & T([BLI).
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If C = C; & Cs, then we proceed as above.
IF C = pCF, then T';y; is the unique premise of - T';. Wlog let us say I'; =
[P ,Aili,,uc F. fi(C) = u¢Bc where Be is a marked formula. By induction
hypothesis, there exists z € T([(fi(I"))*]) such that [m;].x € T([u¢ Bc]) where
I = Al AL L So, [mipa].a € T([Be [1¢ B /¢]]), since [mi1] = [7;] and lemma 19.
Then we set fiy1(F [C/¢]) = Be [ Be/¢) and fir1(D) = fi(D) for all the other formula
D € T4 in order to have the second property of the lemma 20.
If C = v(F, then I';;; is the unique premise of - I';. Wlog, let us say I'; =
Al JAL wCF. fi(C) = vP¢.Bc where Bc is a marked formula. By induction
hypothesis, there exists = € T([(f;(T}))*]) such that [m;].z & T([Y¢.Bc]) where
I} = A},---,Al.. By Lemma 18, there is an ordinal § < 6 such that [m;41].x &
T([Bc [v°¢.Bc/¢]]), since [mit1] = [m]. So, we set fi1(F[C/C]) = fi(F) [v°¢.Be/(]
and fi+1(D) = fi(D) for all the other formula D € T';;; in order to have the second
property of the lemma.
If the rule applied to - T'; is a (cut) rule on the C. Let us say I'; is I'},T'?. By induction
hypothesis, [m;] € T([:]). So, we have either [m;1] & T([T} % C]) or [mit1] ¢
T([T2 28 C+]). Wlog let us say [m;41] € T([T} @ C]). Then we take I';;; = '}, C. And
for the fi.1, we define f;1(D) = fi(D) for all D € T}, and f;(C) = C.

By induction hypothesis, [m;] & T ([f:(T:)])- So, we have either [m;11] & T([f:(T}) % C])
or [mis1] € T([fi(T}) B CL]). So, we can use definition of morphisms in the category
Nuts to deduce the second property as we proceed as the case C = C; ® Cs.

If the rule applied to - T'; is a (w) rule, then I'; 1 is the unique premise of the (w) rule. And
fisr(D) = fi(D) for all D € I'iq. We have [mipa] & T([fi(Dira)]) = T([fis1(Tiva)]),
since [m;] ¢ T ([fi(T;)]) (here we are also using Theorem ?? of ulLL).

If the rule applied to - T'; is (c) rule on the formula ?C, then we proceed as above.

If the rule applied to F T'; is (d) rule on the formula ?C. Let us say I'; =T}, ?C". Then
Tiv1 =T5,C. fis1(D) = fi(D) for all D € T;. f;(?C) = ?Be where B¢ is a marked
formula. Then we take f;11(C) = B¢. To show the second property, we can again use
soundness theorem of of pLL [21].

If the rule applied to - T'; is (p) rule on the formula !C, then we proceed as above.

F.7 Proof of Theorem 21
» Theorem 42. If 7 is a valid proof of the sequent - T', then [r] € T([I']).

Proof. Let us assume [7] € T([]). We can then apply Lemma 20 to obtain an infinite
branch (F I';);ec., and a sequence (f;)ie. satisfying properties 1 and 2 of Lemma 20. By the
definition of valid proof (Definition 8), there exists a valid thread ¢t = (F;);e,, for the infinite
branch (F T';)ic,- Let v¢ F be the minimal formula formula of ¢. So, there are infinitely
many times in ¢ that we use a v rule to unfold v{ F. Let (ix)rew be the sequence of indices
where v¢ F gets unfolded. Then (v F )%k is sub-occurrence (Definition ??) of (v{ F )Cn-;c for
k > k' where a;, (respectively ;) is the address of v( F' in sequent i), (respectively ).
By the property 2 of Lemma 20, f;, (v¢ F) = v*(.f;, (F). Therefore, by the property 2 of
Lemma 20 and by the construction of the f; in the proof of Lemma 20, the sequence (o )kew
is strictly decreasing. As this contradicts the well-foundedness property of the ordinals we
obtain the required contradiction and conclude that [#] € T([T']). <
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G  On strong validity and finitization of circular proofs

» Definition 43. Let 7 be a circular pre-proof and 5 an infinite branch. A threadt = (F})k<icw
is said to be strongly valid if t is valid and if there is k € w such that Vi, j >k, if B; = B;,
then F; = F;. We say a circular pre-proof m is strongly valid, if every infinite branch of w
has a strongly valid thread.

» Proposition 44. Let v( A be a pLL formula. Then, for any context T there is a formula I
such that the following rules are derivable in plLs.

FAwC.F/C]
NI FI,T

AL/

)

The formula I in the proposition above is called the invariant formula and is defined as

vC.(Aa (3D)4).

» Proposition 45. Let w be a circular pre-proof of - T'. If 7 is strongly valid, then there is a
finite proof @ of " in uLL.

H On the validity of 7

In this appendix, we provide some additional details on the derivation 7, which is considered
in Section 6 (and defined in Figure 7) and we discuss in details the structure of its validating
threads.

We present below an abstracted version of the pre-proof 7, to outline its threading
structure and its "validation modes". In what follows, coinductive formulas (namely G, H, K)
are depicted in bold face. Note that K is a v-subformula of I and J.

On the left, we only show four sequents of the proof, with the two back-edges. On the
right, we show the threading structure of the pre-proof, showing the recreationg of fixed-point

formulas as well as the progress.
/ * F G H I J
> x F H I
*bFF,G,H,I,ﬂ 3 \K

WFFGHIJ FRGHKJ % F G H

N

~— R
LN

o

\_,.*}—F,G,H,I,J

The circular proof has two back-edges which induce, in its infinite unfolding, three types
of infinite branches (or three types of infinite paths in the circular representation, which is
equivalent):

1. those branches which ultimately only visit the red back-edge, labeled « (visiting the blue
back-edge only finitely many times);
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2.

3.

those branches which ultimately only visit the blue back-edge, labeled f (visiting the red
back-edge only finitely many times);

those branches which visit the red and blue back-edges, labeled a and [ respectively,
infinitely many times, that is such that in the "future", there will always be a change of
direction.

Considering that validaty in non-wellfounded proofs is expressed in terms of recurring

sequents, it is only a matter of its behaviour at the limit and one can neglect the transitory
phase at the start and considering only the above three cases to classify all infinite branches.

1.

the infinite branches containing only the red back-edge, «, validate via a thread on H
only: indeed, K is never principal and formula G is erased and recreated at each iteration
of the branch, making no progress.

. the infinite branches containing only the blue back-edge, 3, validate via a thread on

G only: indeed, K is principal on the branch but unfolds into I which is erased in the
following iteration, no coinductive progrees is made there, while formula H is erased and
recreated at each iteration of the branch, making no progress either.

. the infinite branches containing both infinitely many blue and red back-edges, a and

B, validate via a thread on K only: indeed, G progresses on the left path but is erased
next time the branches goes to the right while similarly, H progresses along the right
path but is erased next time the branches goes to the left. On the other hand, K
progresses infinitely: each time the branch switches from the right path to the left path,
a coinductive progress is made on K, which is then stored in I and J until the next shift
from a right path to a left path is made.

To sum up, one can then understand in the above example the complexity of the validation

mode of 7o,: in each different class of branches, there is just one validating thread.

Moreover, 7 is not strongly valid since no unfolding of 7., to another circular proof

can allow to synthesize the transition from a right path to a left path that is described above
in order to ensure that one can specifically identify the occurrences of sequence on which K
actually contributes to a coinductive progress.
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