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Abstract9

This paper investigates the question of denotational invariants of non-wellfounded and circular proofs10

of the linear logic with least and greatest fixed-points. Indeed, while non-wellfounded and circular11

proof theory made significant progress in the last twenty years, the corresponding denotational12

semantics is still underdeveloped.13

A denotational semantics for non-wellfounded proofs, based on a notion of totality, is provided,14

building on previous work by Ehrhard and Jafarrahmani. Several properties of the semantics are15

then studied: its soundness, the relation between totality and validity and the semantical content of16

the translation from finitary proofs to circular proofs. Finally, the paper focuses on circular proofs,17

trying to benefit from their regularity in order to define inductively the interpretation function. It is18

argued why the usual validity condition is too general for that purpose, while a fragment of circular19

proofs, strongly valid proofs, constitutes a well-behaved class for such an inductive interpretation.20
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1 Introduction25

In the framework of logics providing induction and potentially coinduction (such as the26

µ-calculus, logics with inductive definitions, logics for Kleene algebras, etc...), circular and27

non-wellfounded proofs have gained growing attention over the past twenty years. Regarding28

this circular and non-wellfounded proofs, different proof systems have been considered over29

different: for classical logic [12, 13, 11], for intuitionistic logic [15], for linear logic [6, 23, 32, 18]30

as well as for linear-time or branching-time temporal logics [40, 27, 40, 17, 20, 2].31

Beside non-wellfounded proof systems, there are also finitary proof systems that allow us32

to do inductive and coinductive reasoning. For instance, in the case of linear logic, Baelde and33

Miller considered an extension µMALL of multiplicative additive linear logic with induction34

and coinduction principles [3, 7] in the form of Park’s rules. It is worth mentioning that35

actually those finitary proofs systems predate the circular ones in general. It seems that36

it is generally accepted that if we want to have a cut-elimination theorem for the finitary37

proof systems with an induction principle, then the price to pay is to loose the sub-formula38

property (this is mentioned by Per Martin-Löf [28]). There are basically two ways to discard39

such a situation: either considering infinitary logic in the sense of [34, 37], or considering40

non-well founded proofs as mentioned above.41

The relationship between finitary and non well-founded proof systems is an important and42

often difficult question, which remains open for a number of systems. In particular, in the43

substructural fragments of the µ-calculus, it is not known whether the regular fragment of44
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23:2 On denotations of circular and non-wellfounded proofs

non-wellfounded proofs coincides with the finitary fragment. Berardi and Tatsuta showed [10]45

that in general circular and inductive proofs are not equivalent for the system of inductive46

definitions in classical logic for the first-order language [13]. It is also shown, by Simpson [35]47

on the one hand and Berardi and Tatsuta [9] on the other hand, that circular and inductive48

proofs are equivalent for classical logic when both systems (inductive and circular) contain49

Peano arithmetic. This question is still open for linear logic, and what we only know till50

now is that the provability of µLL∞ circular proofs is strictly included in the provability of51

arbitrary µLL∞ proofs based on the recent result by Das, De, and Saurin [16].52

However, one inclusion is clear, it proceeds by “unfolding” the (co)inductive inferences53

using the ability to build circular reasonings. For instance, in the case of µMALL, the finitary54

version of Park’s rule [41] (the (νrec) rule) will be transformed to the following circular proof:55

π1
⊢ ∆, A

π2
⊢ ?Γ, A⊥, F [A/ζ]

(νrec)⊢ ∆, ?Γ, νζ .F

;

⊢?Γ, A⊥, νζ .F
(FF )

⊢ ?Γ, (F [A/ζ])⊥, F [νζ .F/ζ]
π2

⊢ ?Γ, A⊥, F [A/ζ]
(cut)

⊢ ?Γ, ?Γ, A⊥, F [νζ .F/ζ]
(ν)

⊢ ?Γ, ?Γ, A⊥, νζ .F
(c)

⊢?Γ, A⊥, νζ .F
π1

⊢ ∆, A
(cut)

⊢ ∆, ?Γ, νζ .F

56

Such translations are known to preserve provability. The present paper aims at clarifying57

the situation on operational properties of such translations, using techniques from denotational58

semantics.59

This paper investigates the question of denotational invariants of non-wellfounded proofs60

of linear logic with least and greatest fixed points. Indeed, while the proof theory of61

circular proofs made progress in the last twenty years, their denotational semantics is62

still underdeveloped. Santocanale considered circular proofs in the framework of purely63

Additive linear logic, and he provided a categorical interpretation of circular proofs in µ-64

bicomplete categories [32, 23]. In this paper we will consider the full linear logic, whereas it65

is not clear how µ-bicomplete categories provide the monoidal and exponential structures66

required for interpreting µLL. However, we only provide concrete models, and not categorical67

axiomatization.68

A denotational semantics for non-wellfounded proofs is provided, building on previous69

work by the first and second authors [21] which consists in:70

a categorical semantics of µLL extending the standard notion of Seely category of classical71

linear logic;72

a simple instance of this setting based on the category Rel of sets and relations, which73

does not distinguish least from greatest fixed points;74

an enrichment of the previous model by considering sets equipped with an additional75

structure of totality: a non-uniform totality space (NUTS) is a pair X = (|X|, T (X))76

where |X| is a set and T (X) is a set of subsets such that it coincides with its bidual for a77

duality expressed in terms of non-empty intersections.78

This semantics is used to investigate the denotational content of the standard translation79

from finitary proofs to non-wellfounded ones: it is shown that the above mentioned translation80

from finitary proofs to circular ones is denotationally transparent (preserving semantics),81

suggesting that it is the correct translation. Moreover, the paper studies some properties of82

this semantics:83

the semantics is indeed sound in the sense that each proof of an infinite cut-reduction84

sequence of proofs converging to a cut-free valid proof has the same interpretation as its85

limit;86

it is also shown that valid proofs are interpreted as total elements of the semantics.87
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Although it is not true in general that the totality of the interpretation of a proof implies its88

validity, the notion of totality in NUTS provides a sort of maximal notion for validity as,89

intuitively, T (X) represents the total, that is, terminating computations of type X.90

2 Background91

Linear logic (LL) was introduced by Jean-Yves Girard in his seminal work [25]. LL is a92

refinement of both classical and intuitionistic logic taking its roots in the analysis of the93

denotational interpretation of System F in coherence spaces [24]. Contrary to classical logic94

LK, LL is a substructural logic: one does not have free access to the structural rules of95

weakening and contraction. More precisely, we can only weaken and contract formulas if96

they have been marked with the so-called exponential modalities.97

The remainder of this section recalls how one can extend LL with least and greatest fixed98

points operators.99

2.1 Syntax of formulas of linear logic with fixpoints of types100

We assume to be given an infinite set of propositional variables V (ranged over by Greek101

letters ζ, ξ . . . ). We introduce a language of propositional LL formulas with least and greatest102

fixed points, called µLL pre-formulas:103

A, B, · · · :=1 | ⊥ | A ⊗ B | A ` B | 0 | ⊤ | A ⊕ B | A & B | !A | ?A

| ζ | µζ A | νζ A104

The notion of closed types is defined as usual, the two last constructions being the only105

binders. Refer to closed pre-formulas as µLL formulas.106

We can define two basic operations on formulas.107

Substitution: A [B/ζ], taking care of avoiding the capture of free variables (using α-108

conversion).109

Negation or dualization: defined by induction on formulas as usual for LL formulas plus110

(ζ)⊥ = ζ, (µζ A)⊥ = νζ (A)⊥ and (νζ A)⊥ = µζ (A)⊥. Obviously A⊥⊥ = A for any111

formula A.112

Sub-formula: We consider two notions of sub-formulas, the usual one and a notion of113

sub-formula which is specific to the µ-calculus, the Fischer-Ladner subformulas. Those114

are defined in Appendix A.115

In the following sections, we shall consider two proof systems for deriving judgments116

concerning µLL formulas, a finitary proof system and a non-wellfounded one. Those judgments117

which will be derived will be sequents ⊢ Γ where Γ is an ordered list of µLL formulas.118

▶ Remark 1. Using sequents as lists allows us to distinguish two different occurrences of119

the same formula in a sequent, by referring to their respective position in the sequent. The120

ability to distinguish occurrences is crucial to give a computational content to proofs and, in121

the following, it will even be required to define what is a valid non-wellfounded proof, using122

the notion of threads.123

The inference rule to be introduced in the following subsections will be equipped with a124

(pretty standard [14]) notion of formula ancestor, relating for each inference, occurrences of125

formulas in the conclusion to occurrences of formulas in the premisses. The ancestry relation126

will be defined graphically in the proof system (as colored links) and will usually be kept127

implicit on examples unless useful, such as when exhibiting a validating thread. When we128

CVIT 2016



23:4 On denotations of circular and non-wellfounded proofs

The identity and structural fragments:
(Ax)

⊢ F, F ⊥
⊢ Γ, F ⊢ F ⊥, ∆

(Cut)
⊢ Γ, ∆

⊢ Γ, G, F, ∆
(X)

⊢ Γ, F , G, ∆

The multiplicative fragment:
⊢ F, G, Γ

(`)
⊢ F ` G, Γ

⊢ F , Γ ⊢ G, ∆
(⊗)

⊢ F ⊗ G, Γ, ∆
⊢ Γ

(⊥)
⊢ ⊥, Γ

(1)
⊢ 1

The additive fragment:
⊢ F , Γ ⊢ G, Γ

(&)
⊢ F & G, Γ

⊢ Ai, Γ
(⊕i)

⊢ A1 ⊕ A2, Γ
(⊤)

⊢ ⊤, Γ (no rule for 0)

The exponential fragment:
⊢ F , Γ

(?d)
⊢?F , Γ

⊢ F , ?Γ
(!p)

⊢!F , ?Γ
⊢ Γ

(?w)
⊢?F, Γ

⊢?F , ?F, Γ
(?c)

⊢?F , Γ

Figure 1 Inference rules of LL

⊢ Γ, F [µζ .F/ζ]
(µ)

⊢ Γ, µζ .F

⊢ ∆, A ⊢ ?Γ, A⊥, F [A/ζ]
(νrec)⊢ ∆, ?Γ, νζ .F

Figure 2 Fixed-point inference rules of µLL

depict a line linking a list in the conclusion to the same list in the premise, we mean that129

each formula of the list is in relation with the formula in the same position in the other list.130

2.2 Finitary µLL131

In the present section, we will briefly describe the syntax of proofs of µLL [3]. The proof132

system of µLL, extends the usual one-sided sequent calculus of classical propositional LL [25],133

which are recalled in Figure 1, with the (µ) and (νrec) rules, given in Figure 2.134

▶ Example 2. As an example, consider the type of natural numbers nat = µζ .(1 ⊕ ζ) and its135

dual nat⊥ = νζ .(⊥ & ζ). The following µLL proofs correspond respectively to the encoding136

of the natural numbers and of the successor function:137

π0 =

(1)
⊢ 1

(⊕1)
⊢ 1 ⊕ nat

(µ)
⊢ nat

πk+1 =
πk

(⊕2)
⊢ 1 ⊕ nat

(µ)
⊢ nat

πsucc =

(Ax)
⊢ nat⊥, nat

(⊕2)
⊢ nat⊥, 1 ⊕ nat

(µ)
⊢ nat⊥, nat

138

2.3 Non-well-founded LL with fixed points (µLL∞)139

The syntax of µLL∞ formulas is exactly the same as the one for µLL in 2.2. The inference140

rules of µLL∞ is the extension of rules of [18, 6] with exponential rules of LL. In other words,141

the inference rules of µLL∞ are the rules of LL [25] (see Figure 1) plus the two fixed-point142

inferences given in Figure 3.143

⊢ F [µζ.F/ζ], Γ
(µ)

⊢ µζ.F, Γ
⊢ F [νζ.F/ζ], Γ

(ν)
⊢ νζ.F, Γ

Figure 3 Fixed-point inference rules of µLL∞
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A µLL∞ pre-proof is a possibly infinite tree, generated by the inference rules of µLL∞.144

Among all µLL∞ pre-proofs, the regular/circular proofs are the ones that have finitely many145

sub-trees. Those circular proofs can be represented with finite proof-trees having back-edges146

or labels.147

▶ Example 3. The following proof corresponds to the function from nat to nat which returns148

the double of its input:149

πdouble =

(1)
⊢ 1

(⊕1)
⊢ 1 ⊕ nat

(µ)
⊢ nat

(⊥)
⊢ ⊥, nat

⊢ nat⊥, nat
(⊕2)

⊢ nat⊥, 1 ⊕ nat
(µ)

⊢ nat⊥, nat
(⊕2)

⊢ nat⊥, 1 ⊕ nat
(µ)

⊢ nat⊥, nat
(&)

⊢ ⊥ & nat⊥, nat
(ν)

⊢ nat⊥, nat

150

However, in general the pre-proofs can be unsound. For instance one can provide a pre-proof151

for any sequent ⊢ Γ (and in particular a pre-proof of the empty sequent ⊢) as follows:152

... (ν)
⊢ νζ .ζ

(ν)
⊢ νζ .ζ

... (µ)
⊢ Γ, µζ .ζ

(µ)
⊢ Γ, µζ .ζ

(cut)
⊢ Γ

153

In [18, 6], a criterion, called validity condition, is provided in order to distinguish proper154

proofs from pre-proofs. We only sum up this criterion here and provide some examples, and155

we refer to [30] for more details.156

▶ Remark 4. The variable ζ is a subformula of A = (νζ .ζ) ⊗ ζ. However, there are two157

different ζ in the formula A, one is the bound ζ and the other is the free one. To distinguish158

them, one can use the notion of occurrence [30]. As we also need this notion for Definition 8,159

we provide it here.160

▶ Definition 5. An infinite branch of a pre-proof π is a sequence (Γi, ji)i∈ω of pairs of161

sequents and indices, for ji ∈ {1, 2}, such that Γ0 is the root of π, Γi+1 is the jith premises162

of Γi in the proof tree for each i ∈ ω.163

▶ Definition 6. A thread on an infinite branch β = (Γi, ji)i∈ω is an infinite sequence of164

formula occurrences t = (Fi)k≤i∈ω such that for any i ≥ k, Fi ∈ Γi and Fi+1 is an immediate165

ancestor of Fi.166

A thread t is stationary if only finitely many of the Fi are principal in Γi. By principal167

formula, we mean the one that the inference rule is applied on.168

We denote by Inf(t) the set of formulas that occur infinitely often in t.169

With each infinite branch is associated a set of threads. Notice that there is not a unique170

thread in general (and there may be none).171

For instance, we have two threads in the following proof:
... (ν)

⊢ µζ .ζ, νξ .ξ
(ν)

⊢ µζ .ζ, νξ .ξ

. The threads172

are t1 = µζ .ζ, µζ .ζ, µζ .ζ, · · · and t2 = νξ .ξ, νξ .ξ, νξ .ξ, · · · . Since the only rule applied in173

the proof is the (ν) rule, the formulas µζ .ζ are never principal, and the thread corresponding174

to the µζ .ζ is called stationary.175

Now, we have all the required material to define the notion of valid threads and then176

valid proofs.177

CVIT 2016



23:6 On denotations of circular and non-wellfounded proofs

(a)

⊢ F ⊢ G (⊗)
⊢ F ⊗ G (ν)

⊢ G (µ)
⊢ F

(b)

⊢ F, G
(⊥)

⊢ F, ⊥, G
(⊕2)

⊢ F, G ⊕ ⊥, G
(`)

⊢ (F ` (G ⊕ ⊥)), G
(⊕2)

⊢ 1 ⊕ (F ` (G ⊕ ⊥)), G
(µ)

⊢ G, G
(ν)

⊢ F, G

Figure 4 Examples of valid and non valid pre-proofs.

▶ Definition 7 (Valid thread, valid pre-proof). A valid thread t is a non-stationary thread178

such that Inf(t) has a minimum (with respect to the usual sub-formula ordering) which is a179

ν-formula.180

Appendix A provides details on µLL∞ subformulas and the minimality invoked above.181

▶ Definition 8. A valid µLL∞ proof (or µLL∞ proof, for short) π is a pre-proof π such that182

any infinite branch contains a valid thread.183

We now examine some valid and non-valid pre-proofs. Let us consider Figure 4.(a)184

presenting a derivation of formula F = µζ .(νξ .(ζ ⊗ ξ)) where G = νξ .(F ⊗ ξ). The only185

thread that we have for the leftmost branch is t = F, G, (F ⊗ G), F, · · · , so, min(Inf(t)) = F .186

Hence this thread is not a valid thread, and there is no more thread on this branch.187

Hence this proof is not valid. Let us consider another example in Figure 4.(b), with188

F = νζ .µξ .(1 ⊕ (ζ ` (ξ ⊕ ⊥))) and G = µξ .(1 ⊕ (F ` (ξ ⊕ ⊥))). For the thread t2 =189

F, G, (1 ⊕ (F ` (G ⊕ ⊥))), (F ` (G ⊕ ⊥)), F, · · · we have min(Inf(t2)) = F , since F ⩽sub G.190

Hence t2 is a valid thread, and hence this proof is valid.191

The set of primitive (single step) reduction rules of µLL∞ are the ones for LL plus the fol-192

lowing one together with the corresponding commutation rules (Figure 3.2 of [18]). The proof193

π

⊢ Γ, F [µζ .F/ζ]
(µ)

⊢ Γ, µζ .F

π′

⊢ ∆, F ⊥ [νζ .F ⊥/ζ
]

(ν)
⊢ ∆, νζ .F ⊥

(cut)
⊢ Γ, ∆

reduces to
π

⊢ Γ, F [µζ .F/ζ]
π′

⊢ ∆, F ⊥ [νζ .F ⊥/ζ
]

(cut)
⊢ Γ, ∆

.194

Various cut-elimination theorems on non-wellfounded proofs are proved in [6, 18, 4] and195

especially of µLL∞ itself [33] but the rest of the paper does not rely on those normalization196

results, so that they can safely be ignored.197

We end this section by stating the functoriality of µLL∞ which we will use the functoriality198

of µLL∞ in Section 3.2:199

▶ Proposition 9. Let (ζ, ξ1, . . . , ξk) be a list of pairwise distinct propositional variables200

containing all the free variables of a formula F and let −→
C = (C1, . . . , Ck) be a sequence of201

closed formulas. Then the following rule is admissible in µLL∞:202

⊢ ?Γ, A⊥, B
(FF )

⊢ ?Γ, (F [A/ζ,
−→
C /

−→
ξ ])⊥, F [B/ζ,

−→
C /

−→
ξ ]

203

Proof. The proof is done by induction on the formula F , and we refer to [18] for the details204

(Definition 2.38 of [18]). The presence of exponential modalities does not modify the proof in205

any non trivial way. ◀206
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3 Semantics of non-well-founded proofs207

In this section we will first provide interpretation of formulas and inferences rules of µLL∞208

in the category Rel of sets and relations (this is done in Section 3.1). We therefore interpret209

µLL∞ pre-proofs in Rel. Then we will investigate the relationship between the interpretation210

of inductive proofs and their image as circular proofs in a more categorical setting, i.e211

categorical model of µLL in the sense of [21] (this is done in Section 3.2). Afterward, in212

Section 4.2, we will consider the category Nuts of non-uniform totality spaces, which can be213

seen as a refinement of Rel, as another concrete model of µLL∞. The interpretation of proofs214

in both models of Rel and Nuts are the same. However, by looking at their interpretation in215

Nuts, we will obtain more information. For instance, we will show that the interpretations216

of the valid proofs are total elements (Theorem 21).217

3.1 Interpreting non-well-founded proofs218

We first recall briefly the interpretation of formulas of linear logic with fixpoints of types219

[21]. The idea is to interpret a formula A with repetition-free sequence
−→
ζ = (ζ1, . . . , ζk)220

of type variables containing all the free variables of A as a k-ary CPO strong functor. We221

denote the interpretation of A by JAK−→
ζ

. Then the interpretation of formula is defined by222

induction on the formulas in the obvious way, for instance JA ⊗ BK−→
ζ

= ⊗ ◦ (JAK−→
ζ

, JBK−→
ζ

)223

considering ⊗ as a 2-ary CPO strong functor, and Jνζ .AK−→
ζ

= ν(JAK−→
ζ ,ζ

) 1. Then one also224

has JA⊥K−→
ζ

= (JAK−→
ζ

)⊥ up to a natural isomorphism which allows us to define other formula225

by De morgan duality. By ν(JAK−→
ζ ,ζ

), we mean the final coalgebra of the endofunctor JAK−→
ζ ,ζ

,226

and we know this exists as Rel is a CPO-enriched category and JAK−→
ζ ,ζ

is a CPO functor [22].227

We now provide our definition for interpretation of µLL∞ pre-proof in Rel. First, one228

can define the interpretation of finite µLL∞ proofs by induction on last inference rule. One229

can find the interpretation of LL rules for instance in [29], and it is also given in the appendix230

(Section B) for any categorical model of LL. We just provide explicitly two cases below as231

examples, as we will use those cases afterwards.232

t π

⊢ Γ ⊥
⊢ Γ, ⊥

|

= {(γ, ∗) | γ ∈ JπKRel}

u

v
π

⊢ Γ, Ai (⊕i)⊢ Γ, A1 ⊕ A2

}

~ = {(γ, (i, a)) | (γ, a) ∈ JπK}233

234 u

v
π1

⊢ Γ, A

π2

⊢ Γ, B
(&)

⊢ Γ, A & B

}

~ = {(γ, (1, a)) | (γ, a) ∈ Jπ1K} ∪ {(γ, (2, b)) | (γ, b) ∈ Jπ2K}235

Now, we only need to say how we interpret the (ν) and (µ) rules in Rel, and this is done, in236

an obvious way, as follows:237

u

v
π

⊢ Γ, F [µζ .F/ζ]
(µ)

⊢ Γ, µζ .F

}

~ = JπK

u

v
π

⊢ Γ, F [νζ .F/ζ]
(ν)

⊢ Γ, νζ .F

}

~ = JπK238

We also take the empty set as the interpretation of the (Ω) rule. Finally, given a µLL∞ proof239

π, we define JπKRel =
⋃

ρ∈fin(π)JρKRel where fin(π) is the set of all finite sub-pre-proof of π240

(we are allowed to do this, since we added the (Ω) rule).241

1 We assume that the iso between νF and F (νF ) is always the identity as this holds in our concrete
models. This assumption is highly debatable from the view point of category theory where the notion
of equality of objects is not really meaningful. It will be dropped in a longer version of this paper.

CVIT 2016



23:8 On denotations of circular and non-wellfounded proofs

Let us look at an example. Consider the following circular proof π≡3 which correspond242

to the function on natural numbers which sends n to n mod 3:243

πnat
0 (⊥)

⊢ nat, ⊥

πnat
1 (⊥)

⊢ nat, ⊥

πnat
2 (⊥)

⊢ nat, ⊥ ⊢ nat, nat⊥
(&)

⊢ nat, ⊥ & nat⊥
(ν)

⊢ nat, nat⊥
(&)

⊢ nat, ⊥ & nat⊥
(ν)

⊢ nat, nat⊥
(&)

⊢ nat, ⊥ & nat⊥
(ν)

⊢ nat, nat⊥

244

The interpretation of πnat
k in Rel is, up to an iso, the natural number k, and we denote it245

by k , i.e Jπnat
k KRel = k. To compute interpretation of π≡3 , we need to take supremum of the246

interpretation of all finite sub pre-proofs. For example, imagine that in the proof π≡3 above,247

we do a Ω rule instead of the back-edge, and called this proof σ. Then we have248

JσKRel = {(2, (2, (2, (1, ∗))), (1, (2, (1, ∗))), (0, (1, ∗)))}249

That is to say, up to an iso, we have JσKRel = {(2, 2), (1, 1), (0, 0)}. If we do one more step,250

we will see that (0, 3) ∈ Jπ≡3KRel. So, one can see that Jπ≡3KRel = {(n, m) | n = m mod 3}.251

3.2 On the relation between the interpretation of finite proofs and their252

circular correspondent253

In this section we will talk about the comparison between µLL proofs and µLL∞ circular proofs.254

As it is mentioned in [18], if a sequent ⊢ Γ is provable in µLL, then it is provable in µLL∞.255

This can be done by translating a µLL proof π of ⊢ Γ into a circular µLL∞ proof π′ of ⊢ Γ256

that we will denote it by Trans (π). This translation can be done by induction on π. We just257

deal with the case of the (νrec) rule, and the other ones is done in a trivial way in Appendix D.258

If the last inference rule is the (νrec) rule, then Trans

 π1
⊢ ∆, A

π2
⊢ ?Γ, A⊥, F [A/ζ]

(νrec)⊢ ∆, ?Γ, νζ .F

259

is the following circular proof using the functoriality of formulas given in Section 2.3:260

⊢?Γ, A⊥, νζ .F
(FF )

⊢ ?Γ, (F [A/ζ])⊥, F [νζ .F/ζ]
π2

⊢ ?Γ, A⊥, F [A/ζ]
(cut)

⊢ ?Γ, ?Γ, A⊥, F [νζ .F/ζ]
(ν)

⊢ ?Γ, ?Γ, A⊥, νζ .F
(c)

⊢?Γ, A⊥, νζ .F
π1

⊢ ∆, A
(cut)

⊢ ∆, ?Γ, νζ .F

261

And finally, Proposition 2.14 of [18] shows that Trans (π) is a valid µLL∞ proof.262

Our main goal in the section is to prove that the semantic is preserved via this operation263

Trans (). To do so, first of all, we need to say what the interpretation of a µLL∞ circular264

proof is in any categorical model of µLL. The interpretation of each inference rule of µLL∞265

is given in Section 3.1. To interpret the µLL∞ circular proofs, the general idea is to associate266

a system of equations on the morphisms of the given category to the proof, and then proving267

that it has a solution which we take it as the interpretation of the circular proof. This is done268

in the case of additive linear logic in [23, 32]. However, in this paper we only do this on the269
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circular proofs that are coming from the translation of an inductive proof, i.e, image of the270

operation Trans (), and we leave this question for all µLL∞ circular proofs to a future work.271

We suppose that we have a categorical model of µLL in the sense of [21]. That is to say a272

pair (L,
−→
L ) where L is a model of LL and −→

L is class of strong functors which is closed under273

composition and a µLL operations and it also satisfies some further conditions expressing the274

monoidality of as well as its compatibility with the comultiplication of !_.275

We will use the following lemma, which is well-known in the literature on fixed points of276

functors [31, 1], in the proof of Theorem 11.277

▶ Lemma 10. Let A be an object of a category A and let f1, f2 ∈ A(A, νF). If there exists278

l ∈ A(A, F(A)) such that F(fi) l = fi for i = 1, 2, then f1 = f2.279

See proof
in Ap-
pendix E.1.

▶ Theorem 11. Let π be a µLL proof. Then we have JπK = JTrans (π)K where the interpretation280

is given in a model (L,
−→
L ) of µLL.281

See proof in
Appendix E.2.

4 Properties of the semantics282

In this section, we will show essentially the soundness of our model, and then we will also283

show that if we interpret the µLL∞ proofs in the model Nuts which is introduce in [21],284

then the valid proofs will be interpreted as a total element.285

4.1 Soundness of the interpretation wrt cut-elimination286

4.1.1 Soundness for one-step cut-elimination287

We first prove that the semantic is preserved via the one-step cut reduction rules of µLL∞.288

▶ Theorem 12. Given two finite µLL∞ proofs π and π′ such that π′ is obtained from π via289

an one-step cut-elimination rule, then JπK = Jπ′K.290

See proof in
Appendix F.1.

4.1.2 Soundness for Cauchy-sequences of cut-eliminations291

One can define a natural metric d on the set of all µLL∞ finite proofs saying d(π, π′) = 0292

if two proofs π and π′ are identical, otherwise d(π, π′) = 1
2k , where k is the length of the293

shortest position at which π and π′ differ. Then we can see that indeed set of all infinite294

µLL∞ proofs is the metric completion of the finite proofs (Theorem 30 of Appendix C). This295

is quite standard in the literature [8, 38, 39], however we have just mentioned the details296

of this technical development in Appendix C for the sake of self-containdness, and as it is297

nevertheless necessary for a precise definition of the semantics of non-wellfounded proofs that298

we consider in the latter sections.299

▶ Lemma 13. Let (πi) be a Cauchy sequence. Then Jlimn→∞ πiKRel =
⋃

i

⋂
j>iJπjKRel.300

See proof in
Appendix F.2.

▶ Theorem 14. Let (πi)i∈ω be a Cauchy sequence such that ∀i, j ∈ ω we have JπiKRel =301

JπjKRel. Then Jlimn→∞ πiKRel = Jπ0K.302

Proof. Jlimn→∞ πiKRel =
⋃

i

⋂
j>iJπjKRel By Lemma 13

=
⋃⋂

Jπ0KRel = Jπ0KRel
◀303

And, we can now prove the soundness theorem for µLL∞ as a direct conclusion of304

Theorem 12 and Theorem 14:305

▶ Corollary 15. If π and π′ are proofs of ⊢ Γ and π reduces to π′ by the cut-elimination306

rules of µLL∞, then JπKRel = Jπ′KRel.307

CVIT 2016



23:10 On denotations of circular and non-wellfounded proofs

4.2 Valid proofs are interpreted as total elements308

What we have seen till now is the interpretation of µLL∞ proofs in Rel and a soundness309

theorem for µLL∞ with respect to Rel. However, as one might notice, we did not talk310

about valid proofs. Indeed, Lemma 13 is true in general for any Cauchy sequence of µLL∞311

pre-proofs (not necessary the valid ones). In this section, we provide a denotational account312

of the validity criterion using the model introduced in [21], i.e, Nuts. Nuts is the category313

which has sets equipped with a notion of totality on top of it as its objects, and relations314

preserving totality as its morphisms. More precisely, a NUTS X is is a pair X = (|X|, T (X))315

where |X| is a set and T (X) ⊆ P(|X|) satisfies T (X) = T (X)⊥⊥ for the orthogonality _⊥
316

defined as follows 2:317

(T (X))⊥ = {u′ ⊆ |X| | ∀u ∈ T (X) u ∩ u′ ̸= ∅} .318
319

The morphism f ∈ Nuts(X, Y ) is a morphism f ∈ Rel(|X|, |Y |) such that ∀u ∈ T (X) f ·u ∈320

T (Y ) where f · u is the image under relation f . Working with Nuts has also the benefit321

that distinguish interpretation of least and greatest fixpoint, whereas this is not the case in322

Rel (as X⊥ = X for any object X in Rel).323

We prove the main result of this section which says that the interpretation of any valid324

proof is a total element, i.e. Theorem 21. The proof method is similar to the proof of325

soundness of LKIDω in [11]. However the system of [11] is classical logic with inductive326

definitions, and their proof is for a Tarskian semantics. We need to adapt that proof in327

two aspects: considering µLL∞ instead of LKIDω, and trying to deal with a denotational328

semantics instead of a Tarskian semantics. The adaptation for µLL∞ is somehow done in [18],329

since there is soundness theorem for µMALL∞ with respect to the truncated truth semantics330

(a Tarskian semantics). So, basically, the main point of our proof is turning a Tarskian331

soundness theorem into a denotational soundness theorem.332

From now on, when we write the interpretation of formula as JF K, we mean its interpreta-333

tion in Nuts (definition of T (JF K) is provided in [21]). And when we write the interpretation334

of proof as JπK, we mean its interpretation in Rel, i.e, JπKRel. However, at the end of this335

section, we will see that indeed this JπKRel is a total element, so, it is indeed in Nuts (but336

this needs to be proven).337

As one can see in [21], given a closed formula νζ .F , we can define its interpretation338

in Nuts by a transfinite induction (using Knaster–Tarski theorem) considering sequences339

of totality candidate as follows: UA
0 = P(Jνζ .F KRel) where P(X) is the power set of X,340

UA
α+1 = T (JF K)(Jνζ .F KRel, UA

α ), UA
δ =

⋂
α<δ UA

α , and finally, there is an ordinal λ such that341

Uλ = Uλ+1, and we use λA for the least such ordinal.342

To have simpler notation, we use the notation Uα (and Uλ) freely without mentioning343

the formula. One can find what the corresponding formula is from the context.344

The following definition is borrowed from [18].345

▶ Definition 16. The marked formulas of µLL∞ are defined as follows where α is an ordinal:346

347

A, B, · · · := 1 | 0 | ⊥ | ⊤ | A ⊕ B | A ⊗ B | A & B | A ` B | ?A | !B | ζ | µζ .F | ναζ.F (1)348

We denote by A◦ the label-stripped formula A.349

2 The idea of this orthogonality is that T (X) intuitively is a denotational account for the normalization
of the programs. This is explained in Section 5.
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The interpretation of ναζ.F in Nuts is Jναζ.F K = (Jνζ .F KRel, Uα), and the other marked350

formulas are interpreted as usual.351

▶ Proposition 17. Let A be a µLL∞ formula. Then we have JAK = JAK where A is the352

marked formula, obtained from A by marking every ν binder of A by the ordinal λA.353

The proof of this proposition is obvious.354

▶ Lemma 18. If A is a µLL∞ formula and t ̸∈ T (Jναζ.F K) (t ⊆ Jναζ.F K), then there exists355

an ordinal γ < α such that t ̸∈ T (JF [νγζ.F/ζ]K).356

See proof in
Appendix F.4.

▶ Lemma 19. T (JF [µζ .F/ζ]K) = T (Jµζ .F K).357

See proof in
Appendix F.5

▶ Lemma 20. If π is a proof of ⊢ Γ and JπK ̸∈ T ((JΓK)), then358

1. π has an infinite branch γ = (⊢ Γi)i∈ω such that JπiK ̸∈ T ((JΓiK)) where πi is the sub-proof359

of π rooted in ⊢ Γi;360

2. and there exists a sequence of functions (fi)i∈ω where fi maps all formulas D of Γi to a361

marked formula fi(D) such that362

(fi(D))◦ = D,363

one can write Γi = Γ′
i, C,364

and there exists x ∈ T (J(fi(Γ′
i))⊥K) such that JπiK.x ̸∈ T (Jfi(C)K) where Γ′

i =365

Ai
1, · · · , Ai

ni
and J(fi(Γ′

i))⊥K = (Jfi(Ai
1)K)⊥ ⊗ · · · ⊗ (Jfi(Ai

ni
)K)⊥.366

Proof. See proof in Appendix F.6. The idea is essentially to construct the infinite branch γ367

inductively using properties of totality. ◀368

Now, we can state and prove our main result of this section.369

▶ Theorem 21. If π is a valid proof of the sequent ⊢ Γ, then JπK ∈ T (JΓK).370

Proof. Let us assume JπK ̸∈ T (JΓK). We can then apply Lemma 20 to obtain an infinite371

branch (⊢ Γi)i∈ω and a sequence (fi)i∈ω satisfying properties 1 and 2 of Lemma 20. By the372

definition of valid proof (Definition 8), there exists a valid thread t = (Fi)i∈ω for the infinite373

branch (⊢ Γi)i∈ω. Let νζ F be the minimal formula formula of t. So, there are infinitely374

many times in t that we use a ν rule to unfold νζ F . Let (ik)k∈ω be the sequence of indices375

where νζ F gets unfolded. Then νζ F in the sequent Γik
is sub-occurrence of νζ F in the376

sequent Γik′ for k ⩾ k′. By the property 2 of Lemma 20, fik
(νζ F ) = ναk ζ.fik

(F ). Therefore,377

by the property 2 of Lemma 20 and by the construction of the fi in the proof of Lemma 20,378

the sequence (αk)k∈ω is strictly decreasing. As this contradicts the well-foundedness property379

of the ordinals we obtain the required contradiction and conclude that JπK ∈ T (JΓK). ◀380

5 What totality tells us381

One might think of the following statement as the converse of Theorem 21. If π is a pre-382

proof of the sequent ⊢ Γ such that JπK ∈ T (JΓK), then π is a valid proof. This statement383

is not necessarily true, and there are many counterexamples indeed. For instance, take384

F = µζ .(⊥ & (ζ ` ζ)) and G = νξ .(1 ⊕ (ξ ` ξ)) and the pre-proofs π defined in Figure 5,385

where πΓ;G is defined (corecursively) on the right of the figure.386

This pre-proof is not valid, since there is no valid thread in the rightmost branch. The387

interpretation of π in Rel is JπKRel = {((1, ∗), (1, ∗))}. However, JπKRel ∈ T (JF ` GK).388
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(1)
⊢ 1 (⊕1)

⊢ 1 ⊕ (G ` G)
(ν)

⊢ G (⊥)
⊢ ⊥, G

π⊥,F ;G

⊢ ⊥, F, G

π⊥,F,F ;G

⊢ ⊥, F, F, G
...

(&)
⊢ ⊥ & (F ` F ), F, F, G

(µ)
⊢ F, F, F, G

(`)
⊢ F ` F, F, G

(&)
⊢ ⊥ & (F ` F ), F, G

(µ)
⊢ F, F, G

(`)
⊢ F ` F, G

(&)
⊢ ⊥ & (F ` F ), G

(µ)
⊢ F, G

πΓ,G;G
σ

⊢ Γ, G, G
(`)

⊢ Γ, G ` G
(⊕2)

⊢ Γ, 1 ⊕ (G ` G)
(ν)

⊢ Γ, G

Figure 5 Proofs π and πΓ;G

(a)

(1)
⊢ 1 (⊕1)

⊢ 1 ⊕ (G ` G)
(ν)

⊢ G (⊥)
⊢ ⊥, G

πF`F ;G

⊢ F ` F, G
(&)

⊢ ⊥ & (F ` F ), G
(µ)

⊢ F, G

(b)

⊢νζ .ζ
(ν)

⊢ νζ .ζ
(ν)

⊢ νζ .ζ

(ax)
⊢ νζ .ζ, µζ .ζ

(µ)
⊢ νζ .ζ, µζ .ζ

(cut)
⊢ νζ .ζ

Figure 6 Examples of non-valid proof with total interpretations.

Notice that there are two ways to see that JπKRel ∈ T (JF ` GK). One can compute the389

interpretation of the formula F ` G in Nuts. And one can also provide a valid proof π′ of390

⊢ F, G such that JπKRel = Jπ′KRel. Consider indeed the pre-proof π′ of Figure 6 (a). This391

proof π′ is a valid proof, since the thread t = Gα, (1 ⊕ (G ` G))αi, (G ` G)αir, Gαiri, · · ·392

is a valid thread (min(Inf(t)) = G). We also have Jπ′KRel = {((1, ∗), (1, ∗))}, and hence393

using Theorem 21, we know that JπK = Jπ′K ∈ T (JF ` GK). The proof given in Figure 6394

(b) is another example of non-valid proof whose interpretation is total. This examples395

differs however from π′ (the proof given in Figure 6 (a)). It is true that this pre-proof does396

not respect the validity criterion, but it is valid with respect to the more recent criterion397

of [18, 6]. However this proof is considered as a valid proof in a more recent work [4].398

That is why we hope that denotational semantic helps us to understand which validity399

conditions is more appropriate. However, this is just a hope till now. The only thing400

that we can say for the moment is that the notion of totality provides a sort of maximal401

notion for validity as valid proofs should be interpreted as total elements. To see this, let402

us assume that there is another notion of validity which will not be interpreted as total403

elements. In particular, take a proof π of ⊢ nat⊥, nat such that JπK /∈ T (JnatK ⊸ JnatK). As404

T (JnatK ⊸ JnatK) = {f ⊆ N×N | ∀n ∃m s.t (n, m) ∈ f}, then this says that there is a finite,405

hence valid, proof σ of a natural number such that the cut-elimination procedure of π and σ406

will not terminate. Hence we can learn that that notion of validity is not a good one, as it407

does not enjoy cut-elimination.408

6 On the semantics of circular proofs409

The semantics developed in the previous section allows us to interpret both general non-410

wellfounded and circular proofs, but it presents two drawbacks:411

We only know how to interpret those proofs in concrete models and we do not provide a412

general categorical semantics for those proofs, even in the circular fragment, contrarily to413
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⊢F, G, H, I, J
(ν)(⊕2)

⊢ F, G, H, I, J
(µ)(⊕1)(`)

⊢ F, G, H, I
(µ)(⊕2)(⊥)

⊢ F, G, H, I, J
(`)

⊢ F ` G, H, I, J
(ν)(⊕2)(⊥)

⊢ F ` G, G, H, I, J

⊢ F, G, H, I, J
(ν)(⊕1)

⊢ F, G, H, I, J
(ν)

⊢ F, G, H, K, J
(µ)(⊕1)(`)

⊢ F, G, H, J
(µ)(⊕2)(⊥)

⊢ F, G, H, I, J
(X)

⊢ F, H, G, I, J
(`)

⊢ F ` H, G, I, J
(ν)(⊕1)(⊥)

⊢ F ` H, G, H, I, J
(&)

⊢ (F ` G) & (F ` H), G, H, I, J
(µ)

⊢ F , G, H, I, J

with
F = µX.((X ` G) & (X ` H))
G = νX.(X ⊕ ⊥)
H = νX.(⊥ ⊕ X)
I = µZ.((Z ` J) ⊕ ⊥)
J = µX.((K ` X) ⊕ ⊥)
K = νY.µZ.((Z ` µX(Y ` X) ⊕ ⊥) ⊕ ⊥)

Figure 7 Proof π∞.

what Santocanale [32] achieved for the purely additive fragment of µLL.414

In the case of circular proofs, the approximation semantics does not benefit from the415

circularity of the proof objects in any way.416

In the present section, we will discuss what are the challenges and how to proceed to achieve417

those goals.418

419

One of the main difficulties to extend Santocanale’s approach to µLL∞ can be seen in the420

example of π∞ presented in Figure 7. This is an example of a valid circular proof but having421

a quite involved validity structure, with three types of infinite branches (see Appendix H and422

[30] for more details). Santocanale’s interpretation method strongly relies on the possibility423

to identify a thread by a formula, therefore π∞ falls out of the scope of that method.424

Two natural options are either (i) to disregard validity in interpreting circular proofs,425

as we did for non-well-founded proofs in previous sections, or (ii) to constrain the validity426

condition to make Santocanale’s method usable. We discuss those two options below.427

6.1 Interpreting circular pre-proofs428

In this section, we will see how we can interpret circular pre-proofs in any model of µLL which429

is CPO-enriched. We first define size(π) of a pre-proof π as it is defined in [18]. Let nax(π)430

and elc(π) be the numbers of the non-axiom rules in π and the numbers of the elementary431

cycles in π respectively. Then we define size(π) as the pair (elc(π), nax(π)). We define the432

interpretation of a circular pre-proofs π by the lexicographic induction on size(π) providing433

a base case if elc(π) = 0. In the base case, we simply interpret the proof as in µLL, since we434

have a finite proof (no cycle). If elc(π) > 0, then we consider two cases. Either π is strongly435

connected as graph or not 3. If π is not strongly connected, then there are two sequents ⊢ Γ436

and ⊢ ∆ such that there is no path from ⊢ Γ to ⊢ ∆. Let π1 be the proof tree which is the437

reachable part of π from ⊢ Γ, and let π2 be the proof tree obtained from π by adding an438

auxiliary rule r on ⊢ Γ and taking the reachable part from the conclusion of π. Since π1 does439

not have ⊢ Γ, we have nax(π1) < nax(π), and then by induction hypothesis we have Jπ1K. We440

now take the interpretation of the rule r with the conclusion ⊢ Γ as Jπ1K. Then by removing441

⊢ Γ from π2, we have nax(π2) < nax(π). Hence we know how to compute the interpretation442

of π2 by induction hypothesis, and finally we take JπK as Jπ2K assuming Jπ1K for ⊢ Γ.443

3 We look at a proof as a directed graph where the nodes are the sequents and there is an edge from ⊢ Γ
to ⊢ ∆ if there is an inference rule r such that ⊢ ∆ is one the premise of r and ⊢ Γ is its conclusion.
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Now, we assume that π is strongly connected. Then, there is an infinite path p that visits444

all the sequents of π. Let t be a trace of p, and let ⊢ ∆ be a sequent where the minimal445

formula of t has been unfolded.446

⊢ Γ⊥, νζ A

We suppose without loss of generality that ⊢ ∆ is ⊢ Γ⊥, νζ A447

for some context Γ, and it is also the conclusion of π. Graphically,448

π is the proof depicted on the right.449

In this case, we have a morphism f in L(!(JΓK ⊸ Jνζ AK), JΓK ⊸450

Jνζ AK). As the category L is a CPO-enriched category, we define451

JπK as the supremum of the chain {fn ◦ ⊥!(JΓK⊸Jνζ AK) | n ∈ N}452

where fn+1 ◦ ⊥ = f ◦ (fn ◦ ⊥) and ⊥!JΓK⊸Jνζ AK is the least element453

of L(1, !(JΓK ⊸ Jνζ AK)).454

6.2 About interpreting strongly valid proofs455

In this direction, that we plan to pursue in future work, we plan to consider a proper fragment456

of µLL∞, requiring that along every infinite branch, there exists a valid thread such that, each457

time it visits a sequent of the circular representation, the thread points to the same formula458

of the sequent. Such a fragment has indeed been considered in the literature of fixed-point459

logic, under the name of strong validity, in order to finitize circular proofs: first used to460

adapt Santocanale’s argument to the interpretation of µMALL in Ludics [5], it was then461

used for the linear-time µ-calculus [19], and in a more general logical system in Doumane’462

PhD [18]. The class of strongly valid proofs contains all the unfoldings of finitary proofs. In463

Appendix G, we recall the definitions and the main result on strongly valid proofs.464

Noticing that strongly valid proofs can be finitized, an alternative strategy is available to465

interpret strongly valid circular proofs: given a strongly valid proof π, one could interpret466

it using the interpretation of its finitization in µLL. Of course, one needs to prove the467

interpretation via finitization coincides with the interpretation of the circular proof as a468

non-wellfounded proof, somehow requiring that interpretation is preserved via the finitization.469

The preservation of the semantics by the finitization is somehow the converse of what we470

did in Section 3.2 (their composition is not identity) in any model of µLL. We plan to check471

this coincidence in the case of the concrete models such as Rel, as we already know how to472

interpret µLL∞ proofs in Rel. This is what we will consider as an immediate future work,473

and we just exemplify it in this paper. For instance, consider the following circular proof π:474

π =

πnat
0

⊢ ⊥, nat ⊢ nat⊥, nat
(&)

⊢ ⊥ & nat⊥, nat
(ν)

⊢ nat⊥, nat

π′ =
(ax)

⊢ ⊥ & I, 1 ⊕ I⊥

πnat
0

⊢ ⊥, nat

(ax)
⊢ nat⊥, nat

(⊕2)
⊢ (⊥ & I) ⊕ nat⊥, nat,

(ν)
⊢ I, nat

(&)
⊢ ⊥ & I, nat

(&)
⊢ ⊥ & I, (1 ⊕ I⊥) & nat

(µ)
⊢ ⊥ & I, I⊥

(ν′
rec)

⊢ nat⊥, I⊥

(ax)
⊢ nat⊥, nat

(⊕2)
⊢ (⊥ & I) ⊕ nat⊥, nat,

(ν)
⊢ I, nat

(cut)
⊢ nat⊥, nat

475

We can see that JπKRel = {(n, 0) | n ∈ N}. If we apply the finitization given in [18] to this476

proof, we will get the finite proof π′ above where I = νζ .((⊥ & ζ) ⊕ nat⊥). Then when477

computing the interpretation of π′, we see that Jπ′KRel = JπKRel. Of course, it is just an478

example but we conjecture that it holds on all strongly valid proofs. The main difficulty is479

then to provide a more “structural” finitization procedure such as an (co)inductive definition.480
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7 Conclusion481

In this paper, we studied the non-wellfounded proof system µLL∞ from a Curry-Howard482

perspective, by providing a denotational semantics of µLL∞. We first showed that the category483

Rel of sets and relations is a sound model of µLL∞. More precisely, we interpret formula and484

pre-proofs of µLL∞ in Rel, and prove that the semantic is preserved via a possibly infinite485

reduction sequence of cut-elimination. Then we investigated the relationship between the486

interpretation of inductive proofs and their image as circular proofs in a categorical model of487

µLL in the sense of [21]: it is shown that the translation from finitary proofs to circular ones488

is sound (i.e. it preserves the semantics), bringing evidence of the computational soundness of489

this translation. Finally, we provided another concrete model of µLL∞ based on the category490

Nuts of non-uniform totality spaces and relations preserving totality, which is not the case,491

in general, for pre-proofs. Although the interpretation of proofs in both models of Rel and492

Nuts are the same, one can obtain more information by looking at the interpretation in493

Nuts as we showed any valid proofs will be interpreted as a total element.494

Santocanale considered circular proofs in the framework of purely Additive linear logic, and495

he provided a categorical interpretation of circular proofs in µ-bicomplete categories [32, 23].496

On the one hand, we treat both the multiplicatives and the exponentials, but on the other497

hand, we have concrete models and no categorical axiomatization yet. Moreover, on the one498

hand we can interpret arbitrary non-wellfounded proofs, but on the down side, we cannot499

benefit from the finitely presentable structure of circular proof, this is for future work.500

We conclude by mentioning some directions for future work.501

We only provided concrete models of µLL∞ in this paper, and not a categorical axio-502

matization. For instance, in [23, 32], there is categorical model for the circular proof in503

the additive fragment of LL. So, one can wonder if that can be extended to full µLL∞.504

If we do not restrict ourselves to circular proofs and consider all valid µLL∞ proofs,505

there is little hope to provide a categorical model for them, because it is not even clear506

how to interpret an arbitrary non-wellfounded proof. Of course, one can assume some507

structure on the category in order to interpret those proofs. For instance, one can work508

with CPO-enriched categories, and interpret proofs using the same idea as we did in Rel.509

Nevertheless, it is worth trying to find a class of categories as model of µLL∞, rather than510

finding a free category for µLL∞ logic in the sense of what we have for CCC categories511

and simple typed λ-calculus.512

Another question could be seeking for a complete denotational model of µLL∞ in the sense513

of Girard and Streicher [26, 36]. This could be useful to tackle the Brotherston-Simpson’s514

conjecture for µLL (this conjecture says that inductive proofs and circular proofs have515

the same provability) as well as a proof-relevant/denotational version of the conjecture516

which would read as follows (the converse of this conjecture is Theorem 11):517

▶ Conjecture 22. Let ⊢ Γ be a µLL sequent and π be a circular µLL∞ proof of ⊢ Γ.518

There exists a µLL (finite) proof π′ of ⊢ Γ such that JπK = Jπ′K.519

Some non-valid µLL∞ have a total interpretation. A natural question is to understand520

what sort of information can be obtained from a total interpretation, if not syntactic521

validity. We saw in the paper that, for functions from nat to nat, the totality of nat ⊸ nat522

is all total relations on natural numbers; as a consequence it is not possible for a non-523

terminating program of type nat ⊸ nat to have a total interpretation in Nuts. A natural524

(but difficult) question is whether this can be lifted to all µLL∞ types. The same question525

is asked by Girard for second-order types, and it is still an open problem [24].526
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A On the two notions of subformulas658

In the following, we shall consider two notions of sub-formulas, the usual one and a notion of659

sub-formula which is specific to the µ-calculus, the Fischer-Ladner subformulas.660

▶ Definition 23. The sub-formula relation on µLL∞ is defined as follows:661

A ∗ B →sub A and A ∗ B →sub B where ∗ is a binary LL connective.662

@A →sub A where @ is either ! or ?.663

σζ F →sub F where σ is either ν or µ.664

G is a subformula of F when F →⋆
sub G.665

Notice that the usual sub-formula relation is an ordering, so, we write A ⩽sub B if A is666

sub-formula of B, i.e, we have B →⋆
sub A.667

▶ Definition 24. We define the relation →FL on formulas as follows:668

A ∗ B →FL A and A ∗ B →FL B where ∗ is a binary LL connective.669

@A →FL A where @ is either ! or ?.670

σζ F →FL F [σζ F/ζ] where σ is either ν or µ.671

A formula G is a Fischer-Ladner sub-formula of F when F →⋆
FL G.672

It is a well-known fact that the Fischer-Ladner closure of any formula (ie. the set of its673

Fischer-Ladner sub-formulas) is finite, see for instance Corollary 2.1 of [18].674

▶ Proposition 25 (Proposition 2.7 of [18]). If a thread t is coming from a branch of an µLL∞675

pre-proof, then Inf(t) admits a minimum with respect to the usual sub-formula ordering ⩽sub676

(see Definition 23), denoted min(Inf(t)).677

Proof. Proposition 2.7 of [18]. The idea of the proof is based on the observation that Inf(t)678

forms a cycle, and roughly speaking, the minimum of Inf(t) is the nearest to the root in that679

cycle. ◀680

B Interpretation of LL rules681

r (ax)
⊢ A, A⊥

z
= IdA

u

ww
v

.... π1

⊢ Γ, A

.... π2

⊢ A⊥, ∆
(cut)

⊢ Γ, ∆

}

��
~ = (JΓK)⊥ JAK J∆K

Jπ1K Jπ2K
682

r
(1)

⊢ 1
z

= Id1

u

ww
v

.... π1

⊢ Γ, A

.... π2

⊢ ∆, B
(⊗)

⊢ Γ, ∆, A ⊗ B

}

��
~ = (JΓK)⊥ ⊗ (J∆K)⊥ JAK ⊗ JBK

Jπ1K⊗Jπ2K
683
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v

.... π

⊢ Γ (⊥)
⊢ Γ, ⊥

}

�
~ = cur(JπK)
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(`)
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}
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r (⊤)
⊢ Γ, ⊤
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u

w
v

.... π

⊢ Γ (w)
⊢ Γ, ?A

}

�
~ = cur(f) where f is

(JΓK)⊥ ⊗ J!A⊥K (JΓK)⊥ ⊗ 1 (JΓK)⊥

⊥

Id ⊗ w
A⊥ ≃

JπK687

u
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.... π

⊢ Γ, ?A, ?A
(c)

⊢ Γ, ?A

}

�
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Id ⊗ contr
A⊥ JπK
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.... π

⊢ Γ, A
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}

�
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.... π
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C Metric completion of finite proofs691

The purpose of this section is to develop a precise characterization of non-wellfounded proofs692

as the completion of a space of finite proof with a notion of approximant, much in the same693

way a Böhm trees for the λ-calculus. As such, the material in this section should not surprise694

the reader in its technical development but it is nevertheless necessary for a precise definition695

of the semantics of non-wellfounded proofs that we consider in the latter sections.696

We consider the proof system of µLL∞ extended with the following rule: (Ω)
⊢ Γ for697

any sequent Γ. The reason why we consider this assumption will be clear later, for instance698

in Definition 28. Here, we can say that we are using this auxiliary rule in order to cut the699

infinite proofs at different levels and consider all its finite approximation.700

▶ Definition 26. Given a µLL∞ pre-proof π, we associate a set Pos(π) of positions corres-701

ponding to each sequent of π as follows:702

⟨0⟩ ∈ Pos(π)703

Let r be an occurrence of an inference rule in π and that ⟨x⟩, which belongs to Pos(π), is704

the location of this occurrence in π705

If r ∈ {(⊗), (&), (cut)}, then both ⟨x0⟩ and ⟨x1⟩ are in Pos(π);706

Otherwise ⟨x0⟩ ∈ Pos(π).707

The elements of Pos(π) are finite sequences of 0 and 1.708

▶ Definition 27. Given a pre-proof π and p ∈ Pos(π), we denote by Proof(π, p) the last709

sequent of the sub-pre-proof of π rooted at position p.710

As an example, consider the following proof π:711

(ax)
⊢ A⊥, A

(d)
⊢ ?A⊥, A

(w)
⊢ ?A⊥, ?B⊥, A

(ax)
⊢ B⊥, B

(d)
⊢ ?B⊥, B

(w)
⊢ ?A⊥, ?B⊥, B

(&)
⊢ ?A⊥, ?B⊥, A & B

(p)
⊢ ?A⊥, ?B⊥, !(A & B)

712

Then one can represent it by the Pos(π) as follows which is also annotated by the sequents.713

One can also label the edges by the inference rules.714
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⊢ ?A⊥, ?B⊥, !(A & B) ⟨0⟩

⊢ ?A⊥, ?B⊥, A & B ⟨00⟩

⊢ ?A⊥, ?B⊥, A ⟨000⟩

⊢ ?A⊥, A ⟨0000⟩

⊢ A⊥, A ⟨00000⟩

⊢ ?A⊥, ?B⊥, B ⟨001⟩

⊢ ?B⊥, B ⟨0010⟩

⊢ B⊥, B ⟨00100⟩

715

▶ Definition 28. Let π be a pre-proof and P be a prefix-closed subset of Pos(π). We denote716

by π(P ) the sub-pre-proof of π whose set of positions is P , i.e, Pos(π(P )) = P .717

Notice that if we do not assume having the (Ω) rule, then π(P ) might not exist.718

▶ Definition 29. If π is a pre-proof we denote by Posi(π) the subset of Pos(π) that contains719

only all position of length i, i.e, Posi(π) = π(Pos(π) ∩ {0, 1}i).720

Let X be the set of all µLL∞ finite proofs. One can define a distance d : X × X → [0, 1]:721

d(π, π′) = 0 if two proofs π and π′ are identical, otherwise d(π, π′) = 1
2k , where k is the722

length of the shortest position at which π and π′ differ.723

Denote by C[X ] the collection of all Cauchy sequences in X . Define a relation ∼ on C[X ]724

by725

(πn) ∼ (π′
n) ⇔ limn→∞ d(πn, π′

n) = 0726

It is easy to see that this is an equivalence relation on C[X ]. This definition does not727

depend on the choice of representatives in the two equivalence classes. Let X ∗ be the set of728

all equivalence classes for ∼. One can define the metric d∗ on X ∗ as follows where [(πn)] is729

an equivalence class:730

d∗([(πn)], [(π′
n)]) = limn→∞ d(πn, π′

n)731

The metric space (X ∗, d∗) is called metric completion of X , and there is standard result732

showing that this is a complete space.733

▶ Proposition 30. Let X∞ be set of all (potentially infinite) µLL∞ proofs. Then the metric734

space (X ∗, d∗) is isomorphic to X∞.735

Proof. Since the completion of a metric space is unique up to isometry, it is enough to show736

that (X∞, d′) is the completion of X for a metric d′. That is to show X is dense in X∞ for737

taking d′ same as d.738

Take π ∈ X∞. Consider the sequence (πn) where πn = π(
⋃

i<n Posi(π)). We have now739

d(π, πn) = 1
2n , so, π is the limit of the sequence (πn) of finite proofs. ◀740

As the direct conclusion of 30, the metric space (X∞, d) is complete, that is to say every741

Cauchy sequence of proofs in X∞ has a limit inside of X∞.742

▶ Remark 31. In the cut-elimination process of µLL∞, for any natural number n, the number743

of steps of the sequence which reduces a (cut) rule at depth less that n is finite [18]. So, the744

cut-elimination reduction has countable length.745
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We saw that the metric space (X∞, d) is a complete space, but this was a result of the746

proposition 30. Here we show the completeness of this metric space directly.747

▶ Proposition 32. The metric space (X∞, d) is complete.748

Proof. Take a Cauchy sequence (πn). First, we define the set P as
⋃

i

⋂
j>i Pos(πi). And749

we also provide a function f that sends a p ∈ P to a sequent as follows: Since p ∈ P ,750

∃i∀j > i(p ∈ Pos(πj) ∧ (Proof(πi, p) = Proof(πj , p)). So, we define f(p) as Proof(πi, p) (this751

does not depend on the choice of i). Now since the sequence (πn) is a Cauchy sequence, we752

have ∀k, ∃N∀i, j > N(d(πi, πj) < 1
2k ), and therefore d(Π(P, f), πi) < 1

2k where Π(P, f) is753

the pre-proof tree that has P as set of its positions and it is labeled by element of f(P ) (one754

can deduce it by the contradiction). Hence the proof Π(P, f) is the limit of the (πn). ◀755

We will use this direct proof later in proof of Theorem 12.756

D Definition of Trans ()757

We have the following for r ∈ {(1), (ax), (⊥), (`), (⊤), (⊕1), (⊕2), (w), (c), (d), (p), (µ)}:758

Trans
( π

⊢ ∆ r
⊢ Γ

)
=

Trans (π)
⊢ ∆ r
⊢ Γ

759

We have the following for r ∈ {(cut), (⊗), (&)}:760

Trans
( π1

⊢ ∆1

π2
⊢ ∆2 r

⊢ Γ

)
=

Trans (π1)
⊢ ∆1

Trans (π2)
⊢ ∆2 r

⊢ Γ
761

And finally Trans

 π
⊢ ?Γ, A⊥, F [A/ζ]

(ν′
rec)

⊢ ?Γ, A⊥, νζ .F

 is the following circular proof using the762

functoriality of formulas given in Section 2.3:763

⊢?Γ, A⊥, νζ .F
(FF )

⊢ ?Γ, (F [A/ζ])⊥, F [νζ .F/ζ]
(ν)

⊢ ?Γ, (F [A/ζ])⊥, νζ .F
π

⊢ A⊥, F [A/ζ]
(cut)

⊢ ?Γ, ?Γ, A⊥, νζ .F
(c)

⊢ ?Γ, A⊥, νζ .F

764

E Proofs of Section 3765

E.1 Proof of Lemma 10766

▶ Lemma 33. Let A be an onject of a category A and let f1, f2 ∈ A(A, νF). If there exists767

l ∈ A(A, F(A)) such that F(fi) l = fi for i = 1, 2, then f1 = f2.768

Proof. Since F(fi) l = fi for i = 1, 2, we have fi ∈ CoalgA(F)((A, l), (νF , Id)) for i = 1, 2.769

(νF , Id) is the final object in CoalgA(F)((A, l), (νF , Id)), so there is a unique morphism770

from (A, l) to (νF , Id). Hence f1 = f2. ◀771

▶ Remark 34. In the proof of Lemma 10, we refer to the identity for the coalgebra morphism772

of νF but never use any of its property and the proof would go through using any iso instead773

of Id: it is just a consequence of the universal property of a final coalgebra.774
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E.2 Proof of Theorem 11775

The interpretation of a µLL formulas F that contains n free variable is an n-ary strong776

functor JF K [21]. We use the notations JF K and ĴF K for the underlying functor and strength777

of the strong functor JF K respectively.778

▶ Theorem 35. Let π be a µLL proof. Then we have JπK = JTrans (π)K where the interpretation779

is given in a model (L,
−→
L ) of µLL.780

Proof. The proof is by induction on π. Let us assume that the last inference rule is a (ν)781

rule so that π is the following proof:782

π′

⊢ ?Γ, A⊥, F [A/ζ]
(ν′

rec)
⊢ ?Γ, A⊥, νζ F

783

Let f = JTrans (π)K. By definition of Trans (π) given above, f should satisfy the following784

diagram:785

!JΓ⊥K ⊗ A Jνζ F K

JF K(Jνζ F K)

!JΓ⊥K ⊗ !JΓ⊥K ⊗ A

!JΓ⊥K ⊗ JF K(JAK) JF K(!JΓ⊥K ⊗ JAK)

f

C!JΓ⊥K⊗Id

≃

Id ⊗Jπ′K

ĴF K

JF K(f)

786

By the construction given in [21] to interpret formulas and proofs of µLL, the interpretation787

of π is the unique morphism JπK ∈ L(!JΓ⊥K ⊗ A, Jνζ F K) satisfying the following diagram:788

!JΓ⊥K ⊗ A Jνζ F K

JF K(Jνζ F K)

!JΓ⊥K ⊗ !JΓ⊥K ⊗ A

!JΓ⊥K ⊗ JF K(JAK) JF K(!JΓ⊥K ⊗ JAK)

JπK

C!JΓ⊥K⊗Id

≃

Id ⊗Jπ′K

ĴF K

JF K(JπK)

789

Hence, by Lemma 10, we have JπK = JTrans (π)K. ◀790

F Proofs of Section 4791

F.1 Proof of Theorem 12792

▶ Theorem 36. Given two finite µLL∞ proofs π and π′ such that π′ is obtained from π via793

an one-step cut-elimination rule, then JπK = Jπ′K.794
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Proof. We only need to check the reduction of (µ)−(ν) given in Section 2.3. And this is trivial,795

as both (µ) and (ν) rules have no effect on the interpretation as we saw in Section 3.1. ◀796

F.2 Proof of Lemma 13797

▶ Lemma 37. Let (πi) be a Cauchy sequence. Then Jlimn→∞ πiKRel =
⋃

i

⋂
j>iJπjKRel.798

Proof. By Proposition 32, limn→∞ πi = Π(P, f) (we are using a notation introduced in799

the proof of Proposition 32). By definition, JΠ(P, f)KRel =
⋃

π∈fin(Π(P,f))JπKRel. Take a800

π′ ∈ fin(Π(P, f)). For each p ∈ fin(Π(P, f)), we have ∃ip∀j > ip(p ∈ Pos(πj)∧(Proof(πj , p) =801

Proof(π′, p)), by definition. Let i be the maximum among all ip’s (The set Pos(π′) is finite).802

Then for all j > i we have π′ ∈ πj . Hence we have the following:803

∀π′ ∈ fin(Π(P, f)) ∀p ∈ π′ ∃i ∀j > i (p ∈ πj ∧ (Proof(πj , p) = Proof(π′, p)))804

And that is to say for each π′ ∈ fin(Π(P, f)), there exists an i such that for all j > i,805

π′ is a finite sub-pre-proof of all πj . Hence Jπ′KRel is a subset of JπjKRel for all j > i, so,806

Jπ′KRel ⊆
⋂

j>iJπjKRel. ◀807

F.3 Proof of Theorem 14808

▶ Theorem 38. Let (πi)i∈ω be a Cauchy sequence such that ∀i, j ∈ ω we have JπiKRel =809

JπjKRel. Then Jlimn→∞ πiKRel = Jπ0K.810

Proof.

J lim
n→∞

πiKRel =
⋃

i

⋂
j>i

JπjKRel By Lemma 13811

=
⋃⋂

Jπ0KRel = Jπ0KRel812
813

◀814

F.4 Proof of Lemma 18815

▶ Lemma 39. If A is a µLL∞ formula and t ̸∈ T (Jναζ.F K) (t ⊆ Jναζ.F K), then there exists816

an ordinal γ < α such that t ̸∈ T (JF [νγζ.F/ζ]K).817

Proof. If α is a successor ordinal δ + 1 then Uα = T (JF K)(Jνζ F KRel, Uδ) by definition, and818

obviously t ̸∈ T (JF K)((Jνζ F KRel, Uδ)). And so t ̸∈ T (JF [νγζ.F/ζ]K) for γ = δ.819

If α is a limit ordinal, then: Uα =
⋂

γ<α Uγ , and t ̸∈
⋂

γ<α Uγ =
⋂

δ+1<α Uδ+1. So, there820

exists an ordinal δ + 1 < α such that t ̸∈ Uδ+1 and we continue as before.821

◀822

F.5 Poof of Lemma 19823

▶ Lemma 40. T (JF [µζ F/ζ]K) = T (Jµζ F K).824

Proof. The interpretation of µζ F is the least fixed-point of θF where θF is T (JF K). So, we825

have:826

T (Jµζ F K) = θF (T (Jµζ F K))827

= T (JF K)((Jµζ F KRel, T (Jµζ F K))) by definition of θF828

= T (JF [µζ F/ζ]K)829
830

◀831
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F.6 Proof of Lemma 20832

▶ Lemma 41. If π is a proof of ⊢ Γ and JπK ̸∈ T ((JΓK)), then833

1. π has an infinite branch γ = (⊢ Γi)i∈ω such that JπiK ̸∈ T ((JΓiK)) where πi is the sub-proof834

of π rooted in ⊢ Γi;835

2. and there exists a sequence of functions (fi)i∈ω where fi maps all formulas D of Γi to a836

marked formula fi(D) such that837

(fi(D))◦ = D,838

one can write Γi = Γ′
i, C,839

and there exists x ∈ T (J(fi(Γ′
i))⊥K) such that JπiK.x ̸∈ T (Jfi(C)K) where Γ′

i =840

Ai
1, · · · , Ai

ni
and J(fi(Γ′

i))⊥K = (Jfi(Ai
1)K)⊥ ⊗ · · · ⊗ (Jfi(Ai

ni
)K)⊥.841

Proof. We set Γ0 = Γ, and f0(D) = D for all D ∈ Γ0:842

Since π0 = π, Jπ0K /∈ T (JΓ0K).843

Let C be the principal formula in Γ0. The sequent ⊢ f0(Γ0) is denotationally the844

same as ⊢ (f0(Γ′
0))⊥ ⊸ f0(C). By the proposition 17, Jf0(D)K = JDK for all D ∈ Γ0.845

So, Jπ0K ̸∈ T (f0(Γ0)). That is to say Jπ0K ̸∈ T (J(f0(Γ′
0))⊥ ⊸ f0(C)K). Therefore, by846

definition, there exists x ∈ T (J(f0(Γ′
0))⊥K) such that Jπ0K.x ̸∈ T (Jf0(C)K).847

Suppose that we have provided Γi and fi for i ∈ ω. We then define Γi+1 and fi+1848

depending on the rule applied on ⊢ Γi in π. Let us assume that the formula C is the principal849

in Γi:850

If C = C1 ` C2, then Γi+1 is the unique premise of ⊢ Γi. fi(C) = B1
C ` B2

C where851

B1
C and B2

C are two marked formulas, so, we set fi+1(C1) = B1
C , fi+1(C2) = B2

C , and852

fi+1(F ) = fi(F ) for the other F ∈ Γi+1:853

Since Γi is obtained by applying the ` rule on Γi+1, we have Jπi+1K = JπiK, and854

JΓi+1K = JΓiK. By induction hypothesis, Jπi+1K ̸∈ T (JΓi+1K).855

By induction hypothesis, there exists x ∈ T (J(fi(Γ′
i))⊥K) such that JπiK.x ̸∈ T (Jfi(C)K).856

So, Jπi+1K.x = JπiK.x ̸∈ T (JB1
C ` B2

CK) = ((T ((J((B1
C))⊥K ⊗ J((B2

C))⊥K))))⊥. So,857

there is a y ∈ T ((J((B1
C))⊥K ⊗ J((B2

C))⊥K)) such that Jπi+1K.x ∩ y ̸= ∅. Since y ∈858

T ((J(B1
C)⊥K ⊗ J(B2

C)⊥K)), there is u′ ∈ T (J(B1
C)⊥K) and v′ ∈ T (J(B1

C)⊥K) such that859

u′ × v′ ⊆ y. So, Jπi+1K.x ∩ (u′ × v′) = ∅. This statement is equivalent to (Jπi+1K.x).u′ ∩860

v′ ̸= ∅. Jπi+1K.x ∈, and this is equivalent to Jπi+1K.(x×u′)∩v′ ̸= ∅. We have shown till861

now that there exists v′ ∈ T (J(B1
C)⊥K) such that Jπi+1K.x′ ∩ v′ ̸= ∅ where x′ = x × u′.862

So, by definition, Jπi+1K.x′ ̸∈ T (JB1
CK).863

If C = C1 ⊕ C2, then we proceed as above.864

If C = C1 ⊗ C2. Let us call Γ1
i+1 and Γ2

i+1 for the two premises of ⊢ Γi. fi(C) = B1
C ⊗ B2

C865

where B1
C and B2

C are two marked formulas. Since JπiK ̸∈ T (JΓiK), we have Jπj
i+1K ̸∈866

T (JΓj
i+1K) for either j = 1 or j = 2 where π1

i+1 (respectively π2
i+1) is the left (respectively867

the right) subproof of πi. Let us assume that it is true for j = 1 (the proof of the case868

j = 2 is is identical to the case j = 1). So we set Γi+1 = Γ1
i+1, fi+1(C1) = B1

C , and869

fi+1(D) = fi(D) for the other D ∈ Γ1
i+1.870

By induction hypothesis, there exists x′ ∈ T (J(fi(Γ1
i+1 ` Γ2

i+1))⊥K) such that JπiK.x′ ̸∈871

T (JB1
C ⊗ B2

CK). Hence JπiK ̸∈ T (Jfi(Γi)K) by definition. So, we have Jπj
i+1K ̸∈872

T (Jfi+1(Γi+1j′) ` Bj
CK) for either j = 1 or j = 2. Let us assume that is true873

for j = 1 (the proof of the case j = 2 is identical to the case j = 1). So,874

Jπ1
i+1K ̸∈ T (J(fi+1(Γi+1j′))⊥ ⊸ B1

CK). And therefore, by definition, there is a y ∈875

J(fi+1(Γi+1j′))⊥K such that Jπ1
i+1K.y ̸∈ T (JB1

CK).876
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If C = C1 & C2, then we proceed as above.877

IF C = µζ F , then Γi+1 is the unique premise of ⊢ Γi. Wlog let us say Γi =878

Ai
1, · · · , Ai

ni
, µζ F . fi(C) = µζ BC where BC is a marked formula. By induction879

hypothesis, there exists x ∈ T (J(fi(Γ′
i))⊥K) such that JπiK.x ̸∈ T (Jµζ BCK) where880

Γ′
i = Ai

1, · · · , Ai
ni

. So, Jπi+1K.x ̸∈ T (JBC [µζ BC/ζ]K), since Jπi+1K = JπiK and lemma 19.881

Then we set fi+1(F [C/ζ]) = BC [µζ BC/ζ] and fi+1(D) = fi(D) for all the other formula882

D ∈ Γi+1 in order to have the second property of the lemma 20.883

If C = νζ F , then Γi+1 is the unique premise of ⊢ Γi. Wlog, let us say Γi =884

Ai
1, · · · , Ai

ni
, νζ F . fi(C) = νθζ.BC where BC is a marked formula. By induction885

hypothesis, there exists x ∈ T (J(fi(Γ′
i))⊥K) such that JπiK.x ̸∈ T (Jνθζ.BCK) where886

Γ′
i = Ai

1, · · · , Ai
ni

. By Lemma 18, there is an ordinal δ < θ such that Jπi+1K.x ̸∈887

T (JBC

[
νδζ.BC/ζ

]
K), since Jπi+1K = JπiK. So, we set fi+1(F [C/ζ]) = fi(F )

[
νδζ.BC/ζ

]
888

and fi+1(D) = fi(D) for all the other formula D ∈ Γi+1 in order to have the second889

property of the lemma.890

If the rule applied to ⊢ Γi is a (cut) rule on the C. Let us say Γi is Γ1
i , Γ2

i . By induction891

hypothesis, JπiK ̸∈ T (JΓiK). So, we have either Jπi+1K ̸∈ T (JΓ1
i ` CK) or Jπi+1K ̸∈892

T (JΓ2
i ` C⊥K). Wlog let us say Jπi+1K ̸∈ T (JΓ1

i ` CK). Then we take Γi+1 = Γ1
i , C. And893

for the fi+1, we define fi+1(D) = fi(D) for all D ∈ Γ1
i , and fi(C) = C.894

By induction hypothesis, JπiK ̸∈ T (Jfi(Γi)K). So, we have either Jπi+1K ̸∈ T (Jfi(Γ1
i ) ` CK)895

or Jπi+1K ̸∈ T (Jfi(Γ1
i ) ` C⊥K). So, we can use definition of morphisms in the category896

Nuts to deduce the second property as we proceed as the case C = C1 ⊗ C2.897

If the rule applied to ⊢ Γi is a (w) rule, then Γi+1 is the unique premise of the (w) rule. And898

fi+1(D) = fi(D) for all D ∈ Γi+1. We have Jπi+1K /∈ T (Jfi(Γi+1)K) = T (Jfi+1(Γi+1)K),899

since JπiK /∈ T (Jfi(Γi)K) (here we are also using Theorem ?? of µLL).900

If the rule applied to ⊢ Γi is (c) rule on the formula ?C, then we proceed as above.901

If the rule applied to ⊢ Γi is (d) rule on the formula ?C. Let us say Γi = Γ′
i, ?C. Then902

Γi+1 = Γ′
i, C. fi+1(D) = fi(D) for all D ∈ Γ′

i. fi(?C) = ?BC where BC is a marked903

formula. Then we take fi+1(C) = BC . To show the second property, we can again use904

soundness theorem of of µLL [21].905

If the rule applied to ⊢ Γi is (p) rule on the formula !C, then we proceed as above.906

◀907

F.7 Proof of Theorem 21908

▶ Theorem 42. If π is a valid proof of the sequent ⊢ Γ, then JπK ∈ T (JΓK).909

Proof. Let us assume JπK ̸∈ T (JΓK). We can then apply Lemma 20 to obtain an infinite910

branch (⊢ Γi)i∈ω and a sequence (fi)i∈ω satisfying properties 1 and 2 of Lemma 20. By the911

definition of valid proof (Definition 8), there exists a valid thread t = (Fi)i∈ω for the infinite912

branch (⊢ Γi)i∈ω. Let νζ F be the minimal formula formula of t. So, there are infinitely913

many times in t that we use a ν rule to unfold νζ F . Let (ik)k∈ω be the sequence of indices914

where νζ F gets unfolded. Then (νζ F )αik
is sub-occurrence (Definition ??) of (νζ F )αi′

k

for915

k ⩾ k′ where αik
(respectively αi′

k
) is the address of νζ F in sequent ik (respectively i′

k).916

By the property 2 of Lemma 20, fik
(νζ F ) = ναk ζ.fik

(F ). Therefore, by the property 2 of917

Lemma 20 and by the construction of the fi in the proof of Lemma 20, the sequence (αk)k∈ω918

is strictly decreasing. As this contradicts the well-foundedness property of the ordinals we919

obtain the required contradiction and conclude that JπK ∈ T (JΓK). ◀920
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G On strong validity and finitization of circular proofs921

▶ Definition 43. Let π be a circular pre-proof and β an infinite branch. A thread t = (Fi)k≤i∈ω922

is said to be strongly valid if t is valid and if there is k ∈ ω such that ∀i, j > k, if βi = βj,923

then Fi = Fj. We say a circular pre-proof π is strongly valid, if every infinite branch of π924

has a strongly valid thread.925

▶ Proposition 44. Let νζ A be a µLL formula. Then, for any context Γ there is a formula I926

such that the following rules are derivable in µLL∞.927

⊢ ∆ [νζ .F/ζ]
⊢ ∆ [I/ζ] ⊢ I, Γ928

The formula I in the proposition above is called the invariant formula and is defined as929

νζ .(A ⊕ (`I)⊥).930

▶ Proposition 45. Let π be a circular pre-proof of ⊢ Γ. If π is strongly valid, then there is a931

finite proof π̃ of ⊢ Γ in µLL.932

H On the validity of π∞933

In this appendix, we provide some additional details on the derivation π∞ which is considered934

in Section 6 (and defined in Figure 7) and we discuss in details the structure of its validating935

threads.936

We present below an abstracted version of the pre-proof π∞ to outline its threading937

structure and its "validation modes". In what follows, coinductive formulas (namely G, H, K)938

are depicted in bold face. Note that K is a ν-subformula of I and J.939

On the left, we only show four sequents of the proof, with the two back-edges. On the940

right, we show the threading structure of the pre-proof, showing the recreationg of fixed-point941

formulas as well as the progress.942

⋆a⊢F, G, H, I, J

. . .

⋆b ⊢ F , G, H, I, J

...

⊢ F, G, H, K, J

. .
.

⋆ ⊢ F, G, H, I, J

β

α

⋆

⋆a

⋆b

α

β

F G H I J

F G H I J

K J

F G H I J943

The circular proof has two back-edges which induce, in its infinite unfolding, three types944

of infinite branches (or three types of infinite paths in the circular representation, which is945

equivalent):946

1. those branches which ultimately only visit the red back-edge, labeled α (visiting the blue947

back-edge only finitely many times);948

CVIT 2016



23:28 On denotations of circular and non-wellfounded proofs

2. those branches which ultimately only visit the blue back-edge, labeled β (visiting the red949

back-edge only finitely many times);950

3. those branches which visit the red and blue back-edges, labeled α and β respectively,951

infinitely many times, that is such that in the "future", there will always be a change of952

direction.953

Considering that validaty in non-wellfounded proofs is expressed in terms of recurring954

sequents, it is only a matter of its behaviour at the limit and one can neglect the transitory955

phase at the start and considering only the above three cases to classify all infinite branches.956

1. the infinite branches containing only the red back-edge, α, validate via a thread on H957

only: indeed, K is never principal and formula G is erased and recreated at each iteration958

of the branch, making no progress.959

2. the infinite branches containing only the blue back-edge, β, validate via a thread on960

G only: indeed, K is principal on the branch but unfolds into I which is erased in the961

following iteration, no coinductive progrees is made there, while formula H is erased and962

recreated at each iteration of the branch, making no progress either.963

3. the infinite branches containing both infinitely many blue and red back-edges, α and964

β, validate via a thread on K only: indeed, G progresses on the left path but is erased965

next time the branches goes to the right while similarly, H progresses along the right966

path but is erased next time the branches goes to the left. On the other hand, K967

progresses infinitely: each time the branch switches from the right path to the left path,968

a coinductive progress is made on K, which is then stored in I and J until the next shift969

from a right path to a left path is made.970

To sum up, one can then understand in the above example the complexity of the validation971

mode of π∞: in each different class of branches, there is just one validating thread.972

Moreover, π∞ is not strongly valid since no unfolding of π∞ to another circular proof973

can allow to synthesize the transition from a right path to a left path that is described above974

in order to ensure that one can specifically identify the occurrences of sequence on which K975

actually contributes to a coinductive progress.976
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