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Reals can be represented as ternary relations in PAs using a variant ol Dedeking cuts:
Real| R| = Jitsdsr) A Ini|R| A Bounded|R| A Open|R)

together with: ‘J% %Jna R< J %J“&

S 7
e Infln,m,p,n ., m',p| = (?’L){p +m' )(p) (RIXP—I—m){p').

o [ni[X] = Vn,m,p, ﬂ'f-,l m/, P {X(ﬂa ., p) — Iﬂf[ﬂ‘r: m', p’, n,m, p] — X(ﬂ,: mfjpf)}‘
e Bounded X| = dn,m,pV¥n',m',p" {X(n',m',p") — Infln’,m’,p’, n,m, p|}

o Open] = —3In, m,p¥n’,m’,p {X(@',m',p) — Infln’,m', 9, n,m,p]}.

VR . Resd (R) =



Expressiveness of second order logic

Finite sets

atmDEt_n(Ef) % E;‘ﬁ1: asn E:IT,LJ?’?;.(U(?;‘) = HRT(J{I'\T]_\‘I = ... = .j((;}’fﬂ) — _Rr(?j:l))

- £
diff n(zy,...,2) =r1F T2 AT F 23N ATLF X, AT2F XT3N --ATogF Ty AN NTp_1 F T

exactly n(U7) £ Juq. ... 3, diff n(xq,...,20) AVY(U(y) © VX.(X(21) = ...

|

X(xn) = X(y)))



Closure properties of binary relations
Refl(R) £ Yx.R(x, )
Symm(R) = Va.Vy(R(z,y) = R(y, )
Trans(R) £ Vo Vy.Vz.(R(z,y) = Ry, z) = R(x,2))

SubRel(R. S) = Vz.Vy.R(z,y) = S(z,y)
Closure(R, S, F) = F(S5) AVZ.(SubRel(R, Z) A F(Z) = SubRel(S, Z))

TransClos(R, S) = Closure(R. S, Trans)
ReflClos(R, S) = Closure(R, S, Refl)



Refl(R) £ Va.R(x, x)
Symm(R) £ Yz ¥y(R(z,y) = R(y. 1)
Trans(R) £ Vz. ¥y ¥z (R(z,y) = R(y.2) = R(z,2))

SubRel(R,S) £ Vx.Vy.R(z,y) = S(x,y)
Closure(R, S, F') Gl F(S)AVZ.(SubRel(R, Z) A F(Z) = SubRel(S. Z))

TransClos(R, S) £ Closure( R, S, Trans)
ReflClos(R2, S5) = Closure(R, S, Refl)

StrongConf(R) = Vz, y, z3w.(R(z,y) = R(z,z) = (R(y,w) A R(z,w)))

Conf(R) = VX.VY.(TransClos(R, X) = ReflClos(X.,Y) = StrongConf(Y))



Fixed points

Proposition 1.1

Let F'(X,z) be a second-order formula with a free unary relation variable X and a free first-order variable
.

Let Mon(F) be the formula: X.Y, unary F(X) => F(Y)

Mon(F) = VX VY Vo (X (2) = Y (2)) = Vo (F = F{Y(y)/X(y)})

Let us write ' C (G for:
FCG&2YeF(z)= G(x)

Mon(F) & 3Z.(Z C F{Z/X}AF{Z/X} C Z)

X(t) replaced with Y(t)



Let Mon(F) be the formula:

Proof: The idea is that the witness we are looking for (the fixed-

AN

X

Mon(E) 2 YX VY (Vi (X () = Y () = Ve (F - that F(S) C S.
e e BE G RE 'C G2 Yed () > Gla) Let @(z) = VX-(WSEF = X(ﬁ) = X(Im_))-
Mon(F) - 32.(Z C F{Z/X} A F{Z/X} C Z) (pre-fixed point of F)
(2 VZ(X)
FIX)CX=X(z) "~ [F(X)CX]”
Mon( F') 72 (@) X(z) o e
VY (Va.(®(z) = Y(z)) = Vo (F(®) = F{Y(y)/X(y)}) v2(X) ®(r) = X(x) .'_11
dC X = F(®)C F(X) k PCX
ATLE () C IF(X) " [F(X) C X]°
F@Cx
F(®(z),z) = X(z) P (@) =,
X(x) 0 )
\ (F(X) € X) = X(2) |,
[ P ()

" : - =y
J F(2x)) = @)
F(®)C ® ‘
> j \__J




Proposition 1.1

]
Let Mon{F be the formnla:

Mon{£) 2 WX WY (Wl X () = ¥ i) = a8 = Y (Wl 1

Lot um weriee B2 0 fors
Fo@evdeFlel =0

Moni )| 207 C FIZ/INL A FIZ/X) = 7)

Let FUA, @) bea second-nrder formeila with a free nnare relation variatde X and a free Srst-order variahie

Prool:s The vdea id that the witness we are looking for (Che Doed-poins of 271 s the “olerseciion ol all ses 5 5o
C o e .

B(z))°
F(F(®)) C F(3) = F(®(z),a)

Mon(F') d
F(F(®)) C F(P)

Ve (F(®))

F(Q(x), )

Cx

®(z) = F(®(x),2) )

® C F(D)

i

(& C F(®))N(F(®) CP)

372.(Z C F{Z/X} NF{Z/X} C Z)

mp

AV



M= (D, f*"M, R*M)
M,v|=F
M, v |[=X(t1, ...tn)  v(X) C D"n
M, v |=forall X. F X n-ary
Iff for any E subset of D*n
If V' Is defined as v'(X)=E and V'(Y) = v(Y),
M, V'|=F
M, v |=exists X. F X n-ary
Iff exists E subset of D*n
If v''Is defined as v'(X)=E and V'(Y) = v(Y),
M, V'|=F



AW’FI = ‘v’;‘(.(‘v’m.(‘v’y.(y < T = X(y)) — X($)) e V:L"X(:L))
AiZcipi<e 120

O = {A[}[ﬁ’ﬁj'} J {A,? > 0}

[Every finite subset of © has a standard model but © has no standard model.



Consider the language of PA; extended with a constant ¢ and

B;2c#S5(0) i>0
{B;,i > 0} is finitely satisfiable but not satisfiable in standard models.

forall x. forall X. [(X(0) A forall y. X(y) => X(S(y)) => X(x)]



