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Some Definitions

A b-matching on a multi-graph G = (V, E) (with no self-loop) is
defined as follow:
o for each vertex v € V, a capacity b, € Z is given
o M C F is a b-matching if M has at most b, edges incident
to v, for all v € V' (through the presentation, d(v) will
denote the set of edges incident to v).

Figure: A b-matching for b,, = b,, =2 and b,, =b,, =1
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Some Definitions

In the maximum weight b-matching problem:

o a weight function w : F — R4 on the edges is given

e we have to find the b-matching M having the largest sum
the weights w(M) = > .cps w(e)
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Some Definitions

In the submodular maximum b-matching problem:

e a non-negative submodular function f : 2¥ — R_ is given,
i.e. a set function satisfying;:

VX CY C E,Ve € E\Y, f(X U{e}) — f(X)
> f(Y U{e}) = f(Y),

additionally we sometimes suppose that f is monotone,
meaning that VX CY C E, f(X) < f(Y)

e we want to find a b-matching M maximizing f(M)

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings
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Some Definitions

Other possible constraints:

@ k-uniform hypergraph with b-matching constraint

o add a matroid constraint so that a b-matching M also has
to be independent in that matroid
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Some Definitions

M = (E,T) is a matroid if these conditions hold:

Q0 ez,

@ if XCYcZ, then X €7,

Q@ if X,Y €Z,|Y]| > |X|, there exists an element e € Y\ X so
that X U{e} € Z,

the sets in Z are the independent sets and the rank raq of the

matroid M is defined as maxxe7 | X|.

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings



Introduction g Yy
Some Definitions
Previous Results and Our Contribution

Some Definitions

In the semi-streaming model:
o edges of E arrive over time

e we have access only to a limited memory, ideally
proportional to the output size

@ as a result, some edges may have to be discarded during
the execution of the algorithm
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Previous Results and Our Contribution

Maximization problem State of the Art ‘ Our result
Linear b-matching 34+¢ 2+¢
Submod. b-matching 8.899 7.464

Submod. b-matching on

k-hypergraph + matroid 4k +0(1) (8/3)k +0(1)

Table: Comparison of our results with the State of the Art
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Previous Results and Our Contribution

Semi-steaming maximum weight matching approximation:

6 [Feigenbaum, Kannan, McGregor, Suri, and Zhang, 2005]
5.83 [McGregor, 2005]

5.58 [Zelke, 2010]

4.91 + ¢ [Epstein, Levin, Mestre, and Segev, 2010]

4 + € [Crouch and Stubbs, 2014]

2 + ¢ [Paz and Schwartzman, 2018]

(]

Semi-steaming maximum weight b-matching approximation:
@ 4+ ¢ [Crouch and Stubbs, 2014]
@ 3+ ¢ [Levin and Wajc, 2021]

@ 2+ ¢ [our paper]
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Previous Results and Our Contribution

‘ matching ‘ b-matching
linear 2+¢ 3+e¢
monotone | 3+ 2v/2 ~ 5.828 | 3 + 2v/2 ~ 5.828
general 4423~ T7.464 | 4+ 26 ~ 8.899

Table: State of the Art for semi-streaming maximum submodular
matching and b-matching

Now we are able to achieve for the b-matching constraint the
same bounds as for the simple matching constraint for all these
types of submodular functions.
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Previous Results and Our Contribution

For the case of the submodular maximum b-matching on a
k-uniform hypergraph with a matroid constraint:

e current algorithms provide a 4k + O(1) approximation
[Chekuri, Gupta, and Quanrud, 2015; Feldman, Karbasi,
and Kazemi, 2018]

e we get approximation ratios bounded by (8/3)k + O(1)

Chien-Chung Huang, Fran Sellier* Semi-Streaming Algorithms for b-Matchings
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General Presentation of the Algorithm

We use a similar framework to [Paz and Schwartzman, 2018;
Levin and Wajc, 2021]:

@ a local ratio technique for the streaming phase to build a
set S

o followed by a greedy construction phase going back in time
on the elements of the set S

reaming Algorithms for b-Matchings
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General Presentation of the Algorithm

We use a similar framework to [Paz and Schwartzman, 2018;
Levin and Wajc, 2021]:
@ a local ratio technique for the streaming phase to build a
set S using a new data structure to store the edges,
allowing us to perform a more accurate discrimination

o followed by a greedy construction phase going back in time

on the elements of the set S using the aforementioned data
structure to make better choices

reaming Algorithms for b-Matchings
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General Presentation of the Algorithm

We use a similar framework to [Paz and Schwartzman, 2018;
Levin and Wajc, 2021]:
@ a local ratio technique for the streaming phase to build a
set S using a new data structure to store the edges,
allowing us to perform a more accurate discrimination

o followed by a greedy construction phase going back in time
on the elements of the set S using the aforementioned data
structure to make better choices

For this presentation, we will focus on the Maximum Weight
b-Matching problem. For ease of description, we explain how to
achieve a 2-approximation; the issue of space complexity will be
tackled later.

Chien-Chung Huang, Fran Sellier* Semi-Streaming Algorithms for b-Matchings
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Description of the Streaming Phase

e for each vertex v, we have b, queues Qy 1, -, Qup,

@ these queues contain the edges in S incident to v

Chien-Chung Huang, F is Sellier Semi-Streaming ithms for b-Matchings
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Description of the Streaming Phase

e for each vertex v, we have b, queues Qy 1, -, Qup,
@ these queues contain the edges in S incident to v

o we define the reduced weight w,(e) of an edge e in a queue
Qy,i as the sum of the gains of the elements that arrived
earlier in the queue

reaming Algorithms for b-Matchings
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Description of the Streaming Phase

e for each vertex v, we have b, queues Qy 1, -, Qup,
@ these queues contain the edges in S incident to v

o we define the reduced weight w,(e) of an edge e in a queue
Qy,i as the sum of the gains of the elements that arrived
earlier in the queue

e when an edge e = {u,v} arrives, we define w(e) (reps.
*(e)) as minimum the sum of the gains among the queues

of u (resp. v)

w

reaming Algorithms for b-Matchings
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Description of the Streaming Phase

for each vertex v, we have b, queues Qy 1, -, Qup,
these queues contain the edges in .S incident to v

we define the reduced weight w,(e) of an edge e in a queue
Qy,i as the sum of the gains of the elements that arrived
earlier in the queue

when an edge e = {u, v} arrives, we define w (e) (reps.
w;(e)) as minimum the sum of the gains among the queues

of u (resp. v)

an edge e is added to S only if w(e) > wi(e) + wi(e), in
that case we define the gain g(e) = w(e) — wi(e) — w}(e)
and e is pushed into the corresponding queues, otherwise
we set g(e) =0

we also set wy(e) = g(e) + w}(e)

reaming Algorithms for b-Matchings
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Description of the Streaming Phase

For V = {v1, v, v3,v4}, by, = by, = 2 and by, = by, = 1.

Qvl,Q =0 Wy
QU272 - @ Wyq
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Description of the Streaming Phase

For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

$Qui =0  Qua2=0 wy( ) =0, wy, (Quy 2) =0
$Quyt =0 Quy2 =0 wyy(Quy1) =0, Wy, (Quy2) =0
Qus,1 =0 Wyy (Qus,1) =0
Quyn =0 (Qus1) =0

e1 = {v1,v2}, wler) =1
wy, (e1) = 0 and wy,(e1) =00 g(e1) =1

Chien-Chung Huang,
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Description of the Streaming Phase

For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

*Qu1 ={e1} Qu2=0 wy(Qu
*Quy1 =1{e1} Qup2 =0 Wy, (Quyn
Qus,1 =0 Wyg (Qus 1
Qui1 =0 Wy (Qug 1

e1 = {v1,v2}, wler) =1
wy, (e1) = 0 and wy,(e1) =00 g(e1) =1




General Presentation of the Algorithm

* Quy 1
Qu 1
* Qug,1
Quy1 =10

ez = {v1,v3}, w(e 2)
wy, (e2) =0 and w

- {61} Q’U1,2
={e1} Qu2=10

Chien-Chung Huang,

Desc ')tlon of the Streaming Phase
1struction Pha

Way (Quy 1) = 1, Wy, (Quy2) =0
Way (Qua,1) = 1, Wyy (Quy2) =0
Wos (Quy,1) =0
Woy (Quy1) =0
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

*Quia =1{e1} Qui2=1{e2} wy(Qu1) =1, wy (Qu2) =2
Quy1 = {e1} Qua2 =0 Wy (Quy1) = 1, Wy (Quy2) =0
* Qus,1 = {ea} Wos (Qus,1) = 2
Qui1 =0 Wy, (Qus,1) =0

ez = {v1,v3}, w(e2)
wy, (e2) = 0 and wy, (e
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

Quig={e1} Qu2={e2} wy(Qu1) =1, wy (Quy2) =2
* Quy1 = {e1} Qua2 =0 Wy (Quy1) = 1, Wy (Quy2) =0
* Qus,1 = {ea} Wos (Qus,1) = 2

Qui1 =0 Wy (Qus,1)

e3 = {vo,v3}, w(ez) =
wy, (e3) = 0 and wy, (e3

Chien-Chung Huang,
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

Qui 1 = {e1} Qv 2 = {e2} (Qui1) = 1, Wy, (Quy 2) =2
*Quy1 = {e1} Quo2 = {3} wy,(Quy1) =1, wm(Qw, ) =2
*Quy 1 = {e3, €2} w3 (Qus,1)

Qui1 =10 va(Qus 1) =

S

S

e3 = {vo,v3}, w(ez) =
wy, (e3) = 0 and wy, (e3
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

Qui 1 = {e1} Qu, 2 = {e2} (Quy 1) =1, wy, (Qu, 2) =2

Qu,1 = {e1} Qua2 = {es} Wy (Quy1) =1, wvz(sz, )=2
*Quy 1 = {e3, €2} Wy (Qus,1) =
* Qv4,1 = Wy, (Qvg, )

€4 = {U3,U4} w( 4) =3
wy(e4) = 4 and wy, (e4) = 0 s0 g(eq) =0
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

*Quy 1 = {e1} Qu, 2 = {e2} (Quy 1) =1, wy, (Qu, 2) =2
Qu,1 = {e1} Qua2 = {e3} Wy (Quy1) =1, wvz (Qupj2) =2
Qus1 = {63, 62} w’ug(Q’Ug,l

* Qv4,1 = Wy, (Qvg,

€5 = {Ul,U4} w( 5) =3
w (65)—1andw;4 65):0809(65):3—1:2

\_/\_/\_/
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

* Qo1 = {es,e1} Qu 2 ={ea} (Qui1) =3, Wy, (Quy 2) =2
Quy1 = {e1} Quo2 = {3} Wy, (Quy1) =1, wvg(sz, ) =2
Qus1 = {63, 62} w’ug(Q’Ug,l

*Quy1 = {es) Wy, (Qus,1

€5 = {Ul,U4} w( 5) =3
w (65)—1andw;4 65):0809(65):3—1:2

\_/\_/\_/
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

Qui,1 ={es,e1} Qui2={ea} Wy, (Qui1) =3, Wy (Quy2) =2
*Quy1 = {e1} Quoz = {es} Wy (Quy1) =1, wv2(QU2, ) =2

Qus1 = {63,82} w’ug(Q’Ug,l) =
*Quy1 = {es) Wy (Qus,1)

€6 = {U2,U4} w( 6) =
w;, (es) = 1 and wy, (ee

Chien-Chung Huang,
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For V = {v1, va,v3,v4}, by, = by, = 2 and by, = by, = 1.

Qvl,l = {65761} Qv1,2 = {62} (Qvl, ) 3, Wy (th ) =2
*Qvg,l = {66761} sz,Q = {63} Q(QU27 ) 3, wv2(sz, ) =2
QU3,1 = {63762} wv3(Qv3,1) =
(Qus.1)

* Quy1 = {€e6, €5} Wy, (Qug 1

e¢ = {va2,v4}, wleg) =5
wy,(eg) = 1 and wy, (eg) =250 g(eg) =5 —-2—1=
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General Presentation of the Algorithm

Qui = {es,e1} Qui2 = {ea}
Quy = {e6, €1} Quy2 = {es}
Qus1 = {e3, €2}
Qus1 = {e6, €5}

Sellier*

Chien-Chung Huang, Frang

Description of the Streaming Phase
Description of th 1struction Phase

Semi-Streaming Algorithms for b-Matchings
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Description of the Streaming Phase

Algorithm 1 Streaming phase for weighted matching
1: S+ m

2V EV iQy+ (Qui=0,--,Qus, =10) > b, queues for a vertex v
3: for e = ¢;, 1 <t < |E| an edge from the stream do

4 for u € e do
5
6

wy,(€) + nﬂn{wu(Qu.q-tO}JO) 1= qLh,})
qu(e) += g such that w, (Qy g-top()) = w}(e)
T if w(e) >3, wi(e) then

8: gle) + wie) =3 ., wil(e)

0 S+ Su{e}

10: for u € e do

11: wy(€) « wi(e) + g(e)

12: ru(€) + Qu q.(e)top() > ry(e) is the element below e in the queue
13: Ququ(e) Pushie) > add e on the top of the smallest queue

We can show that g(S) > 1/2 - w(MOPt).

Chien-Chung Huar r is Sellier* Semi-Streaming orithms for b-Matchir
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Description of the Construction Phase

o start with M =0

@ in the reverse arrival order in S, add an edge e to M if no
queue it appears in contains any element already in M

Chien-Chung Huang, F is Sellier Semi-Streaming ithms for b-Matchings
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Description of the Construction Phase

o start with M = ()
@ in the reverse arrival order in S, add an edge e to M if no
queue it appears in contains any element already in M

e in fact, we want a b-matching of weight at least g(.5), and
when an edge e is taken, all the gains for elements below it
in the queues are counted, as w(e) = g(e) + > ,c. wi(e)

reaming Algorithms for b-Matchings
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Description of the Construction Phase

Going back to the previous example:

Qv 1= {65,61} Qui 2 = {62}
Quo1 = {e6, €1} Quy2 = {e3}
Qus,1 = {e3, €2}
Qus1 = {e6, 65}




General Presentation of the Algorithm

Description of the Construction Phase

Going back to the previous example:

Qu1={es,e1} Qu 2 = {e2}
Quon = {co,e1} Quy2 = {es}
Qus,1 = {e3, €2}
Qus1 = {co,e5)

M = {es}
w(M) = w(es) = g(es) + g(es) + g(er)

Chien-Chung Huang, Frang Sellier* Semi-Streaming Algorithms for b-Matchings
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Description of the Construction Phase

Going back to the previous example:

Qui1={es,e1} Qu2={ea}
Quyp = {c6,e1} Quy2 = {3}
st,l = { a€2}
Quy1 = {es,e5}

M = {eg,e3}
w(M) = w(eg) +w(es) = gles) + gles) + gler) + gles) + g(e2)

Chien-Chung Huang, Frang Sellier* Semi-Streaming Algorithms for b-Matchings
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Description of the Construction Phase

Algorithm 2 Greedy construction phase
1: M '(—Vj
2:VeeS:z. 1
3: for e € S in reverse order do
4

if z. = 0 then continue > skip edge e it it is marked
5 M+ MU {e}
6: for v € e do
T cie
8 while ¢ # L do
9: ze 0 > mark elements below e in each queue
10: ¢+ ry(c)

11: return M

Chien-Chung H elli Semi-Streaming 2
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Outline of the Analysis

Theorem

Algorithms 1 and 2 provide a 2-approzimation for the maximum
weight b-matching problem.

The main steps are:
e it holds that 2¢(S) > w(M°Pt)

o the construction phase builds a feasible b-matching M such
that w(M) > g(S)

reaming Algorithms for b-Matchings
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Outline of the Analysis

@ elements on top of queues @), ; are the biggest regarding
the reduced weight w,, and the sum of their reduced
weight is g(d(v))

Chien-Chung Huang, F is Sellier Semi-Streaming ithms for b-Matchings
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Outline of the Analysis

@ elements on top of queues @), ; are the biggest regarding
the reduced weight w,, and the sum of their reduced
weight is g(d(v))

@ as a result, for any b-matching M’, it holds that
wy(M'M6(v)) < wu({Qu-top(),1 < i < by}) = g(6(v))
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Outline of the Analysis

@ elements on top of queues @), ; are the biggest regarding
the reduced weight w,, and the sum of their reduced
weight is g(d(v))

@ as a result, for any b-matching M’, it holds that
wy(M'M6(v)) < w({Qu-top(),1 < i < by}) = g(6(v))

@ we can use it to show that w(M’) < 2¢(S) for any
b-matching M.

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings
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Outline of the Analysis

@ elements on top of queues @), ; are the biggest regarding
the reduced weight w,, and the sum of their reduced
weight is g(d(v))

@ as a result, for any b-matching M’, it holds that
wy(M'M6(v)) < w({Qu-top(),1 < i < by}) = g(6(v))

@ we can use it to show that w(M’) < 2¢(S) for any
b-matching M.

@ moreover, the set M built during the construction phase is
a b-matching of weight at least g(.5).

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings
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Outline of the Analysis

Below are listed the steps of the analysis, where M°P* denotes
the optimal b-matching:

o
o

© 6

Yo € V. g(8(v)) = g(8(v) N S) = 321 w(Qu,i-top())
{Quq-top() : 1 < g < b,} contains the b, heaviest elements
of SN d(v) in terms of reduced weights w,

Yo €V, we(Qy) == X0 w(Qyi-top() > wy (M N §(v))
29(5) = w(MP)

Algorithm 2 outputs a feasible b-matching M with weight
w(M) = g(5)

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings
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Analysis

Proposition

Q@ Forallv eV we have g(6(v)) = g(6(v) NS) = wy(Qy),
where wy(Qu) = 33ty w(Qui-top().

@ The set {Qyq.top() : 1 < q < by} contains the b, heaviest
elements of SN d(v) in terms of reduced weights w,,.

Algorithm 1 Streaming phase for weighted matching

LS«

2VWEV:Qy+ (Qui=0,--,Qup, =0) > by, queues for a vertex v
3: for e =€, 1 < ¢ < |E| an edge from the stream do

for u € e do

5 wii(e) = min{wy (Qugtop()) : 1< g < bu}

6: qu(e) < g such that wy (Qu,q-top()) = w}(e)

7 if w(e) > 3, wi(e) then

IS

8 9(6) « 0(&) =3 e, w(e)

9: S+ Su{e}

10: for u € e do

n wa(e) « wi(e) + g(e)

12: Tu(€) ¢ Quigu(e)top() & 1y () is the element below e in the queue
13: Qu.qu(e)-Push(e) > add e on the top of the smallest quene

Chien-Chung Huang, Fr is Sellie Semi-Streaming



s of the Algorithm
g the Algorithm Memory-Efficient
Analysis, Memory Optimization, and Generalization Generalization

Analysis

Yo € V, wy(Qy) > wyu(MP N §(v)).

e by the previous proposition, w,(Q,) is exactly the sum of
the reduced weights of the b, heaviest elements in S N J§(v)
o Ve =¢; € MP\S, wy,(e;) = min{w,( ff;q‘l)) 11<¢<
by} < min{wv(Q‘ﬁJ) 1< g <by}
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Analysis, Memory Optimization, and Generalization

Analysis

29(S) > w(M)

For any e = {u, v}, wy(e) + wy(e) > w(e), so

w(MP) < Z wy(€e) + wy(e)

e={u,v}eMort

— 3w (M N 5(u))

ueV
ueV ueV

Chien-Chung Huang, Fra lier* Semi-Streaming Algorithms for b-Matchings
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Analysis

Algorithm 2 builds a b-matching M with w(M) > g(S).
Using w(e) = g(e) + Xyee wi(e) = 9(€) + Xuee e pi-n  9(€)-

w Qu<6>
Algorithm 1 Streaming phase for weighted matching
1: S+ Vj
2VVEV:Qu+ (Qui=0,,Qus, =0) > by, queues for a vertex v
3 fore=e¢, 1<t < |E|an cclgc from the stream do
4: for u € e do
5 wj(e) < min{wy (Qu,q.top()) : 1 < g < by}
6: qu(e) +— q such that wy (Qu.q.top()) = w}(e)
7 if w(e) > 3,c. wh(e) then
8 g(e) & wle) =2 o wile)
9: S+ SuU{e}
10: for u € e do
1 wn(e)  wi(e) +gle)
12: rule) < Qu g, (e)-top() > 1y (€) is the element below e in the queue
13: Qu,g.(c)-Push(e) © add e on the top of the smallest queue

treaming £

Chien-Chung H



Analysis, Memory Optimization, and Generalization

is of the Algorithm
gorithm Memory-Efficient
Generalization

Analysis

USiIlg UJ(C) = g(e) + Zuee

Algorithm 2 Greedy construction phase

wy(e) =

9(e) + Xuee Xprcgu-n 9(€)-

u,qu (e)

L Med
2:Vee Sz, 1
3: for e € S in reverse order do

4: if z, = 0 then continue
5 M+ M U{e}

6: for u € e do

T cee

8: while e # 1 do

9: 2o+ 0
10: ¢+ ry(c)

11: return M

& skip edge e if it is marked

> mark elements below e in each queue

Each gain g(e) for is paid for by at least one element of M.

Chien-Chung H
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Analysis

Theorem

Algorithms 1 and 2 provide a 2-approximation for the mazimum
weight b-matching problem.

| \

Remark

It is straightforward to extend our algorithm to a k-uniform
hypergraph, for which we can get an approximation ratio of k.

N

Chien-Chung Huang, F is Sellier Semi-Streaming ithms for b-Matchings
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Making the Algorithm Memory-Efficient

The key ideas, from [Ghaffari and Wajc, 2019], are:

@ to choose a constant & = 1 + ¢ > 0 and replace the test
w(e) > > ,ccwi(e) by w(e) > ad,c, wi(e), so that in the
queues the reduces weights w, grow exponentially, without
hurting too much the approximation ratio

@ to delete the elements that are far below in the queues,
because these elements have very small gains

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings
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Making the Algorithm Memory-Efficient

Here, M4, denotes the maximum cardinality b-matching and
W the maximum ratio between two non-zero weights.

Theorem

Using the first memory optimization, we can then recover a
2 + ¢ approzimation using O (log, . (W/¢) - |Mmaz|) variables.

Theorem

Using both memory optimizations, we can then recover a 2 + €
approzimation using O (logy . (1/€) - [Mmaz| + > pey bo)
variables.

A
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Generalization to Submodular Functions

For submodular functions:

@ use the memory-efficient version of the algorithm for the
streaming phase, and replace w(e) by the marginal gain

fe]S) = f(SU{e}) = f(5)

this analysis borrows ideas from [Levin and Wajc, 2021].
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Generalization to Submodular Functions

For submodular functions:

@ use the memory-efficient version of the algorithm for the
streaming phase, and replace w(e) by the marginal gain
fle]8) = f(SU{e}) — f(9)

e ¢(S) will be a significant portion of f(S|0), if £ is big
enough

this analysis borrows ideas from [Levin and Wajc, 2021].

Chien-Chung Huang, Fran Sellier* Semi-Streaming Algorithms for b-Matchings
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Generalization to Submodular Functions

For submodular functions:

@ use the memory-efficient version of the algorithm for the
streaming phase, and replace w(e) by the marginal gain
fle] 8) == f(SU{e}) = f(S)

e ¢(S) will be a significant portion of f(S|0), if £ is big
enough

e ¢(S) will also be a significant part of f(M°"|S), if ¢ is
small enough

this analysis borrows ideas from [Levin and Wajc, 2021].

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings
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Generalization to Submodular Functions

For submodular functions:

@ use the memory-efficient version of the algorithm for the
streaming phase, and replace w(e) by the marginal gain
fle] 8) == f(SU{e}) = f(S)

e ¢(S) will be a significant portion of f(S|0), if £ is big
enough

e ¢(S) will also be a significant part of f(M°"|S), if ¢ is
small enough

@ The construction phase will provide a b-matching M such
that f(M) > g(S) + f(0)

this analysis borrows ideas from [Levin and Wajc, 2021].
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Generalization to Submodular Functions

For submodular functions:

@ use the memory-efficient version of the algorithm for the
streaming phase, and replace w(e) by the marginal gain
fle] 8) == f(SU{e}) = f(S)

e ¢(S) will be a significant portion of f(S|0), if £ is big
enough

e ¢(S) will also be a significant part of f(M°"|S), if ¢ is
small enough

@ The construction phase will provide a b-matching M such
that f(M) > g(S) + f(0)

e randomization for non-monotone submodular functions

this analysis borrows ideas from [Levin and Wajc, 2021].

Chien-Chung Huang, Frang Sellier* Semi-Streaming Algorithms for b-Matchings



Conclusion

Main results:

Maximization problem ‘ State of the Art ‘ Our result
Linear b-matching 3+¢ 24¢
Submod. b-matching 8.899 7.464

Submod. b-matching on

k-hypergraph 4+ matroid 4k +0(1) (8/3)k +O(1)

Table: Comparison of our results with the State of the Art

Main ideas:
@ a local ratio technique for the streaming phase to build a
set S using one queue per vertexr capacity to store the edges
o followed by a greedy construction phase going back in time
on the elements of the set S using the aforementioned
queues to make better choices

Chien-Chung Huang, Francois Sellier* Semi-Streaming Algorithms for b-Matchings
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