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Partial sums and differentiation in a CCC

Differentiation

The distributive law 0 € L(!SX,S!X) induces a functor T on L.
The functor T
If f € £y(X,Y) = L(IX,Y)

TF= 15X —2 . s1x —3f ., gy

Intuitively
Tf: SX - SY
(x,u) = (F(x), F'(x).u)

» Functoriality of T is the chain rule
» Leibniz + Schwarz + Linearity of the derivatives: naturality
assumptions.
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Partial sums and differentiation in a CCC

1o € L(X,SX) tpox = {x,0)

0 € L(S?X,SX)  Bo((x,u), (v, wh) = {x.u+v)

c € L(S?X,S?X) co{({x,u), (v, wh) = ((x,v), {u, w))
| € £(SX,S?X) Lo {x, u) = ((x,0), (0, u})

All natural in L, (S, 0,0,0,l,c) is a c-bimonad.
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Partial sums and differentiation in a CCC

LoGﬁ(X,SX) lp 0 X

0 € L(S°X,SX) 0o ({x,u),{v,w)) =

c € L(S?X,$?X)  co{({x,u), (v, w))

| € £(SX,5%X) Lo (x, ul) = {({x,

All natural in L, (S, 0,0,0,l,c) is a c-bimonad.

Axioms of differentiation
» .o and sum 6 are natural in £, (Leibniz)
» cis natural in £, (Schwarz)
» | is natural in £, (The differential is linear)

o is not natural in £y: f(x + u) # f(x) + f'(x)-u
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© The whole Taylor expansion
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The whole Taylor expansion

An order 2 coherent Taylor expansion

Coherent differentiation is a first order Taylor expansion.

Tf: SX = SY
(o u) = (FO), F1(x) - u)
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The whole Taylor expansion

An order 2 coherent Taylor expansion

Coherent differentiation is a first order Taylor expansion.

Tf: SX = SY
(o u) = (FO), F1(x) - u)

But we can do the same for second order

Tf: SX — SY
(x,u,v) = (F(x), F(x)-u, 3F(x) - (u,u) + F(x) - v))

We recover order 2 Taylor expansion
1
TF (x,0) = ([F00L £100 - 57700 (w20
but the red term is necessary for compositionality.
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Going to infinity

Introduce infinitary summability structures:

SX = {{xi) 0|ZX, is defined}

Taylor expansion is still a functor
- 1 dimlf N\
Tf <<Xi>>;:o = << Z WCH,TX(XO) : Xm>>
meM(n) =0

» M(n) is the set of multisets m € Mg, (N*) s.t. 3oy« i m(i) =n

> m! = [];cn= m(i)!
B X = (Xi, oy XTy ooy Xiy ooy Xiy ooy Xy e e oy Xn)
—_———

m(1) times m(i) times m(n) times
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Going to infinity

We recover the usual Taylor expansion. Let X = (x, u,0,...)). Then

m(1) times

Thus

1d||’"f(x)‘)?m: {nl!jﬂg(x) ifm=1[1,...,1]
m! dimix

0 otherwise

So

TF (x,0,0,...) = << ! dnf(x)»(_)o

nldnx
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The whole Taylor expansion

Same axioms

T is a functor (Chain rule)

T is a monad with unit ¢o and sum 6 (Leibniz)

4

4

» cis natural (Schwarz)

» | is natural (The differential is linear)
| 4

o is natural (Morphisms are analytic)

(T,0,0,0,l,c) is a c-bimonad
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Taylor expansion in the elementary case
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Taylor expansion in the elementary case

Elementary summability structure

Very similar theory.

D=1&1&--- SX=D—-oX

In Pcoh.
D] =N PD =0, 1"
and

SX| = N x [X| PSX = {(x)2% € RY ™| 3" x € PX}

Bimonoid structure
Co-unit po € Pcoh(D, 1
Co-multitiplication 6 € Pcoh(D,D® D
Unit A € Pcoh(1,D
Multiplication Te Pcoh(D®D,D

~— ~— ~— —
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Taylor expansion in the elementary case

Taylor structure
Coalgebra d € Pcoh(D, D)

8[7,[[‘17...,1'/(] =

~ lifn=ih+---+i
0 otherwise

Induce 0 € Pcoh(!SX,S!X). If m=[ay,..., a]

_ ’;’—!! if p=[(i1,a1),--.,(ik,ak)] and Sfqij=n
p:(m.m) 0 otherwise

If s € Pcoh(!X, Y), Ts € Pcoh(ISX,SY). If p=[(ir,a1),- .-, (ik, )]

m! : k
rsmp it Dj—pip=n

0 otherwise

T(S)p,(n,b) = {
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Conclusion and perspectives

@ Conclusion and perspectives
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Conclusion and perspectives

Takeaway on coherent differentiation

» Axiomatization of differentiation with partial sums
» Axioms of differentiation: functoriality and naturality
» Nice theory of partial derivatives

» Coherent differential PCF
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Conclusion and perspectives

Takeaway on Taylor expansion

» Same theory as differentiation
» Same theory of partial derivative
» The coherent differential PCF should be adapted to this setting

Deterministic (or probabilistic) calculus with a Krivine machine that
counts the number of time an input is used during run time.
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