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AbstractWe apply the symbolic analysis principle to pushdown systems. We represent (possi-bly in�nite) sets of con�gurations of such systems by means of �nite-state automata.In order to reason in a uniform way about analysis problems involving both exis-tential and universal path quanti�cation (like model-checking for branching-timelogics), we consider the more general class of alternating pushdown systems anduse alternating �nite-state automata as a representation structure for their setsof con�gurations. We give a simple and natural procedure to compute sets ofpredecessors for this representation structure. We apply this procedure and theautomata-theoretic approach to model-checking to de�ne new model-checking algo-rithms for pushdown systems and both linear and branching-time properties. Fromthese results we derive upper bounds for several model-checking problems, and wealso provide matching lower bounds, using reductions based on some techniquesintroduced by Walukiewicz.1 IntroductionSystems are commonly modeled by various types of transition systems, including �niteautomata, pushdown automata, Petri nets, timed or hybrid automata, etc. In this frame-work, most of the system analysis problems (model-checking, synthesis) reduce to (variouskinds of) \reachability problems" on these models. It is therefore fundamental for systemanalysis to develop algorithms that compute the set of all predecessors of a given set ofstates S, i.e., the set of states from which it is possible to reach S.Let pre(S) denote the set of immediate predecessors of the set S, and let pre�(S)denote the set of all its predecessors. Clearly, pre�(S) is the limit of the in�nite increasingsequence fXigi�0 given by X0 = S and Xi+1 = Xi [ pre(Xi) for every i � 0.In the case of �nite-state systems, the sets Xi are all �nite, and the sequence fXigi�0is guaranteed to reach a �xpoint, which immediately provides an (usually ine�cient, butterminating) algorithm to compute pre�(S). Unfortunately, these properties no longerhold for any interesting class of in�nite-state systems. Our �rst task is then to �nd aclass of �nite structures that can represent the in�nite sets of states we are interested in.Since boolean combinations of interesting in�nite sets of states are usually interesting,�Verimag, Centre Equation, 2 avenue de Vignate, 38610 Gieres, France.yInstitut f�ur Informatik, Technische Universit�at M�unchen, Arcisstr. 21, 81539 M�unchen, GermanyzAhmed.Bouajjani@imag.fr, esparza@informatik.tu-muenchen.de, Oded.Maler@imag.fr1



the class should be closed under boolean operations. Since we wish to check if a givenstate (for instance the initial state) belongs to an in�nite set, the membership problem ofthe class should be decidable. Once the class has been found, it remains to show that itis (e�ectively) closed under the pre� function.Several instances of systems and corresponding representation structures have beenconsidered in the litterature. For example, in the case of timed automata, special kindsof polyhedra (regions) are used to represent in�nite sets of states (vectors of reals corre-sponding to clock valuations) [AD94]. Polyhedra are also used for linear hybrid systems.However, in this case, there is no algorithm for computing a �nite representation of theexact set of predecessors (the reachability problem is undecidable), but upper approx-imations of this set can be calculated [ACH+95]. In [BG96], representation structurescalled QDD's are introduced for �fo-channel systems. These structures are �nite-stateautomata representing sets of queue contents. As in the case of linear hybrid systems, theprocedure for calculating the set of predecessors for these structures is not guaranteed toterminate. Finally, notice that the idea of using representations of sets of states is alsoused in the �nite-state case to overcome the state-explosion problem [McM93]. The usualrepresentation structures in this case are BDD's (binary decision diagrams) [Bry92].In this paper we consider pushdown systems, and also the more general class of al-ternating pushdown systems, i.e., pushdown systems with both existential and universalnondeterminism (see [Var95] for a survey on alternating automata). This general settingallows to reason in a uniform way about analysis problems where existential and universalpath quanti�cation must be considered, like model-checking for branching-time temporallogics (see Section 5) and also about synthesis problems, like �nding winning strategiesfor 2-player games (see [AMP95]).A state (we use rather the word \con�guration") of a pushdown system is a pair hp; wiwhere p is control location and w is a sequence of stack symbols (w is the stack contents).We propose as a representation structure for sets of con�gurations the alternating multi-automaton (AMA), an alternating �nite-state automaton with one initial state for eachcontrol location. The automaton recognizes the con�guration hp; wi if it accepts the wordw from the initial state corresponding to p. It is important to remember that an AMA isjust a tool to represent a set of con�gurations, and not to confuse its behaviour with thebehaviour of the pushdown system.It is easy to show that AMA's are closed under boolean operations, and its membershipproblem is trivially decidable. Our main result is a simple and natural algorithm to com-pute the pre� function. As an application, we use it to construct elegant model-checkingalgorithms for pushdown systems and both linear and branching-time temporal logics.More precisely, we show how to construct AMA's accepting the set of all con�gurationssatisfying !-regular properties of linear-time temporal logics (including all properties ex-pressible in LTL [Pnu77] or the linear-time �-calculus [Var88]), or properties expressed asformulas of the alternation-free modal �-calculus.Our approach also allows us to obtain a number of complexity results: we show thatthe model-checking problems mentioned above are in DEXPTIME, and that the model-checking problem for pushdown systems and a subset of CTL [CES83] can be solved inPSPACE. Using a technique due to Walukiewicz [Wal96], we complement these resultswith matching lower bounds, i.e., we show that all these problems are complete for theircorresponding complexity classes.The paper is structured as follows. In Section 2, we give an algorithm which computes2



the pre� function for pushdown systems. In this case, the used representation structure is asimple (OR-)multi-automaton (i.e., alternation is not needed). We apply this algorithm inSection 3 to the model-checking problem for linear-time logics. In Section 4, we generalizethe algorithm given in Section 2 to alternating pushdown systems. In that case, we usethe alternating multi-automaton representation structure. In Section 5, we apply thenew algorithm to the model-checking problem for branching-time logics. The appendixcontains all the proofs.2 Reachability in pushdown systemsA pushdown system (PDS for short) is a triplet P = (P;�;�) where P is a �nite setof control locations, � is a �nite stack alphabet, and � � (P � �) � (P � ��) is a set oftransition rules. If ((q; ); (q0; w)) 2 � then we write (q; ) ,! (q0; w) (we reserve ! todenote the transition relations of �nite automata).Notice that PDS's have no input alphabet. We do not use them as language acceptorsbut are rather interested in the behaviours they generate.A con�guration of P is a pair hp; wi where p 2 P is a control location and w 2 �� is astack content.If (q; ) ,! (q0; w), then for every w0 2 �� the con�guration hq; w0i is an immediatepredecessor of hq0; ww0i, and hq0; ww0i an immediate successor of hq; w0i. The reachabilityrelation ) is the reexive and transitive closure of the immediate successor relation. Arun of P is a maximal sequence of con�gurations such that for each two consecutivecon�gurations cici+1, ci+1 is an immediate successor of ci. The set of all runs of P isdenoted by RunsP .The predecessor function preP : 2P��� ! 2P��� is de�ned as follows: c belongs topreP(C) if some immediate successor of c belongs to C. The reexive and transitiveclosure of preP is denoted by pre�P . Clearly, pre�P(C) = fc 2 P � �� j 9c0 2 C: c ) c0g.We denote by pre+P the function preP � pre�P . We will omit the subscript P and writesimply pre, pre�, and pre+ when it is clear from the context which system is underconsideration.2.1 Multi-automataLet P = (P;�;�) be a pushdown system where P = fp1; : : : pmg. A P-multi-automaton(P-MA for short, or just MA when P is clear from the context) is a tupleA = (�; Q; �; I; F )where Q is a �nite set of states, � � Q���Q is a set of transitions, I = fs1; : : : smg � Qis a set of initial states and F � Q is a set of �nal states.We de�ne the transition relation �!� Q� �� �Q as the smallest relation satisfying:� if (q; ; q0) 2 � then q �! q0,� q "�! q for every q 2 Q, and� if q w�! q00 and q00 �! q0 then q w�! q0.A accepts or recognizes a con�guration hpi; wi if si w�! q for some q 2 F . The set ofcon�gurations recognized by A is denoted by C onf(A). A set of con�gurations is regularif it is recognized by some MA.An w-run of A, where w = 1 : : : n 2 ��, is a sequence si 1�! q1 : : : n�! qn.3



2.2 Calculating pre�Fix a pushdown system P = (P;�;�) where P = fp1; : : : ; pmg. We show in this sectionthat given a regular set of con�gurations C of P recognized by a MA A, we can constructanother MA Apre� recognizing pre�(C).By de�nition, pre�(C) = Si�0Xi with X0 = C and Xi+1 = Xi[pre(Xi) for every i � 0.Therefore, one may try to calculate pre�(C) by iteratively constructing the increasingsequence X0; X1; : : :. If Xi+1 = Xi holds for some i � 0, then it is clear that Xi = pre�(C).However, the existence of such a �xed point is not guaranteed in general, and we maynever reach the limit of the Xi sequence. Consider for instance the PDS with one statep, one stack symbol , and one transition rule (p; ) ,! (p; "), and take C = fhp; "ig.Clearly, we have Xi = fhp; "i; hp; i; : : : ; hp; iig and so Xi+1 6= Xi for every i � 0.To overcome this problem, we calculate pre�(C) di�erently, as the limit of anotherincreasing sequence of sets of con�gurations Y0; Y1; : : : for which we can prove the followingproperties:P1. 9i � 0: Yi+1 = Yi,P2. 8i � 0: Xi � Yi,P3. 8i � 0: Yi � Sj�0Xj.Property (P1) ensures termination of the procedure that computes the sequence of Yi's.Property (P2) ensures that, by calculating the limit of the Yi's, we capture (at least) thewhole set pre�(C), and property (P3) ensures that only elements of pre�(C) are captured.The Yi's are formally de�ned as the sets of con�gurations recognized by a sequenceA0;A1 : : : of MA's satisfying for every i � 0 the following property: Ai+1 has the samestates as Ai, and the same or more transitions. Since an MA with n states and m inputsymbols can have at most n2 �m transitions, the Yi's must converge to a �xpoint.1We start with a MA A recognizing the regular set of con�gurations C. We assumewithout loss of generality that A has no transition leading to an initial state (every MAcan be converted to one having this property). We take A0 = A. We denote by !i thetransition relation of Ai. For every i � 0, Ai+1 is obtained from Ai by conserving thesame states and transitions, and adding for every transition rule (pj; ) ,! (pk; w) andevery state q such that sk w�!i q a new transition sj �!i+1 q. Then, for every i � 0 wede�ne Yi = C onf(Ai).Notice that the new transitions added to Ai in order to construct Ai+1 start at initialstates.To understand the idea behind this construction, observe that hpk; w0i is an immediatepredecessor of hpj; ww0i by the rule (pj; ) ,! (pk; w). So, if the word ww0 is acceptedstarting from sk by Ai (sk w�!i q w0�!i q0 2 F ), then the new transition in Ai+1 allows toaccept w0 starting from sj (sj �!i+1 q w0�!i q0 2 F ). Let us illustrate the constructionby means of an example.Let P be the PDS such that P = fp1; p2g, � = f1; : : : ; 6g, and � contains the rules(p2; 4) ,! (p2; 12) (p1; 5) ,! (p2; 43) (p1; 6) ,! (p1; ")1The idea is inspired by the construction given in [BO93], pages 91-93, of a �nite-state automatonrecognizing the closure of a regular language under the rewriting relation induced by a monadic string-rewriting system. 4



Consider the set of con�gurations C = fhp2; 123ig. It can be represented by a MA Asuch that Q = fs1; s2; q1; q2; q3g, I = fs1; s2g, F = fq3g, and � contains the transitionss2 1�! q1, q1 2�! q2, and q2 3�! q3.The picture below shows the automaton Apre� obtained at the end of the construction.s1
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In the �rst step (from A0 to A1) we have s2 12�!0 q2, and so we add the transitions2 4�!1 q2. Notice that the new automaton now accepts all immediate predecessors ofhp2; 123i, namely the con�guration hp2; 43i. No other transitions are added.In the second step, we add the transition s1 5�!2 q3, corresponding to the secondtransition rule of P.In the third step, we add the transition s1 6�!3 s1. At this point the construction stopssince no further transition must be added. So, we have Apre� = A3, andpre�(C) = (fp1g � �65) [ (fp2g � f123; 43g)Observe that in this example we have X1 = Y1 and X2 = Y2, but X3 � Y3. Indeed,in the third step of the construction, after adding s1 6�!3 s1, A3 accepts all the con�g-urations of the form hp1; k65i for every k � 1, whereas only hp1; 65i belongs to X3.However, despite the fact that these con�gurations are not immediate predecessors of X2con�gurations, they are all in pre�(C) because hp1; k65i 2 Xk+2 for every k � 1.The proofs of the properties (P1), (P2), and (P3) are given in the appendix. We deducefrom these properties the following theorem.Theorem 2.1 Given a PDS P and a regular set of con�gurations recognized by a P-MAA, we can construct a P-MA Apre� recognizing pre�(C onf(A)).We �nish with a remark on complexity. De�ne the size of a PDS as the length of a listcontaining its states, its stack symbols and its production rules. De�ne the size of an MAas the length of a list containing its states, its alphabet, its production rules, its initialstate and its �nal states. It follows easily from the facts below that the complexity of thealgorithm for the construction of Apre� is polynomial on the sizes of P and A:� Apre� has the same states as A,� a P-MA with k states has O(nP � k2) transitions, where nP is the size of P, and� during the construction of the sequence A0;Ai, polynomial time su�ces to decideif a new transition can be added to the current automaton.5



3 Model-Checking Linear-Time Temporal LogicsLet Prop be a �nite set of atomic propositions, and let � = 2Prop. It is well known thatthe semantics of properties expressed in linear time temporal logics like LTL or the linear-time �-calculus are !-regular sets over the alphabet �. Moreover, there exist algorithmswhich construct B�uchi automata to recognize them [VW86, Var95]. This is all we needto know about these logics in this paper in order to give model checking algorithms forPDS's.Let P = (P;�;�) be a PDS, and let �:P ! � be a labelling function, which intuitivelyassociates to a control location p the set of propositions that are true of it. Given a formula' of such an !-regular logic we wish to solve the following problem:compute the set of all con�gurations c of P such that every run starting fromc satis�es ' (via the labelling function �).Then, the model checking problem consists in checking whether a given initial con�gura-tion belongs to this set of con�gurations.We start by constructing a B�uchi automaton B corresponding to the negation of '.The product of the PDS P and this B�uchi automaton yields a B�uchi PDS BP with a setof repeating control locations G.Then, the original problem reduces to the following accepting run problem:compute the set C of con�gurations c of BP such that BP has an acceptingrun starting from c (i.e., a run which visits in�nitely often con�gurations withcontrol locations in G).Notice that the emptiness problem of B�uchi PDS's (whether the initial con�guration hasan accepting run) reduces to the accepting states generation problem via the membershipproblem of MA (�nite state automata).The following proposition shows that the accepting run problem of B�uchi PDS's canbe reduced to a reachability problem:Proposition 3.1 Let c be a con�guration of a B�uchi PDS BP . BP has an accepting runstarting from c if and only if there exist con�gurations hp; i, hg; ui, and hp; vi, not allthree equal, such that g 2 G and:(1) c) hp; wi for some w 2 ��, and(2) hp; i ) hg; ui ) hp; vi.The proof of Proposition 3.1 is given in the appendix.We can reformulate conditions (1) and (2) of Proposition 3.1 as follows:(10) c 2 pre�(fpg � ��g, and(20) hp; i 2 pre+((G� ��) \ pre�(fpg � ��)).Since G��� and fpg��� are regular sets, we can use Theorem 2.1 to construct MA'srecognizing the sets pre�(fpg � ��) and pre+((G� ��) \ pre�(fpg � ��)) (for pre+ weneed to de�ne for an MA A another MA recognizing pre(C onf(A)), which is a simpleexercise). Therefore, by Proposition 3.1, we can construct an MA which recognizes the set6



of all con�gurations having an accepting run: First, we determine all the con�gurationshp; i (there are �nitely many of them) for which (20) holds, and then we construct anMA recognizing the union of the sets pre�(fpg � ��) for all such pairs.The MA's for the sets G��� and fpg��� have polynomial size in the size of the B�uchiPDS. Then, since the computation of pre�P(C onf(A)) for an MA A takes polynomial timein the size of P and the number of states of A, we deduce the following result:Theorem 3.1 The accepting run problem of B�uchi PDS's can be solved in polynomialtime.Since the membership problem of MA's (�nite state automata) can be solved in lineartime, a consequence of Theorem 3.1 is that the emptiness problem of B�uchi PDS's canalso be solved in polynomial time.We are now able to state our result about the model checking problem for PDS's andlinear-time logics.Theorem 3.2 The model checking problem for LTL or the linear-time �-calculus andPDS's is DEXPTIME-complete. The model checking problem for a �xed formula is poly-nomial in the size of the PDS.Proof: Let us �rst prove membership in DEXPTIME. Let P be a PDS of size nP and 'a formula of length n'. It is well known that it is possible to construct a B�uchi automatonB for the negation of ' having exponential size in n', and this construction can be donein exponential time [VW86, Var88]. Hence, the product of P and B has polynomial sizein nP and exponential size on n'. Applying Theorem 3.1 we obtain an exponential timebound. If the formula ' is �xed, then we have a polynomial algorithm in nP .To prove hardness, we use a reduction from the problem of deciding whether a givenlinearly bounded alternating Turing machine accepts a given input or not. The details ofthe reduction are given in the appendix. 2The model-checking problem for LTL or the linear-time �-calculus and �nite-statesystems is known to be PSPACE-complete, but polynomial in the size of the system. Sincethe properties of systems one wishes to check can be usually encoded into short formulas,model-checkers based on linear-time logics, like SPIN [Hol94], have proved to be useful inpractice. Theorem 3.2 shows that the complexity of model-checking for PDS's is worsethan the complexity for �nite-state systems, but not much worse: it remains polynomialin the size of the system.4 Reachability in Alternating Pushdown SystemsWe consider now the problem of computing the set of predecessors of a regular set ofcon�gurations of an alternating pushdown system. We show that this set is also regular,and we give a procedure constructing a representation of it by means of alternating �nite-state multi-automata. For that, we generalize the technique described in the Section 2.The construction we give is used in the model checking algorithms for branching-timelogics given in the next section. 7



An alternating pushdown system (APDS for short) is a triplet P = (P;�;�), whereP and � are as for PDSs, and � is a function that assigns to each element of P � � apositive (i.e, negation-free) boolean formula over elements of (P � ��). We assume thatboolean formulae are always in disjunctive normal form, which allows us to equivalentlyde�ne � as a subset of the set (P � �)� 2(P���) of transition rules: for example, insteadof writing �(p; ) = ((p1; w1) _ (p2; w2)) ^ (p3; w3)we write f ((p; ); f(p1; w1); (p3; w3)g) ; ((p; ); f(p2; w2); (p3; w3)g) g � �or just (p; ) ,! f(p1; w1); (p3; w3)g ; (p; ) ,! f(p2; w2); (p3; w3)gIf (p; ) ,! f(p1; w1); : : : ; (pn; wn)g, then for every w 2 �� the con�guration hp; wiis an immediate predecessor of the set fhp1; w1wi; : : : ; hpn; wnwig, and this set is an im-mediate successor of hp; wi. Intuitively, at the con�guration hp; wi the APDS selectsnondeterministically a transition rule of the form (p; ) ,! f(p1; w1); : : : ; (pn; wn)g, andforks into n copies in the con�gurations hp1; w1wi, : : : ; hpn; wnwi.A run of P for an initial con�guration c is a tree of con�gurations with root c, suchthat the children of a node c0 are the con�gurations that belong to one of its immediatesuccessors (nodes of the form hp; "i have no successors).We de�ne the reachability relation )� (P � ��) � 2P��� between con�gurations andsets of con�gurations. Informally, c) C if and only if C is a �nite frontier (�nite maximalset of incomparable nodes) of a run of P starting from c. Formally, ) is the smallestsubset of (P � ��)� 2P��� such that:1. c) fcg for every c 2 P � ��,2. if c is an immediate predecessor of C, then c) C,3. if c) fc1; : : : ; cng and ci ) Ci for each 1 � i � n, then c) (C1 [ : : : [ Cn).The function preP : 2P��� ! 2P��� is now de�ned as follows: c belongs to preP(C) ifsome immediate successor of c is contained in C (observe that the immediate successor ofc is now a set!). We denote by pre�P the transitive closure of �C: (C[preP(C)), i.e., givena set of con�gurations C, pre�P(C) = Si�0Xi, where X0 = C and Xi+1 = Xi [ preP(Xi),for every i � 0. As in the case of PDS's, pre�P(C) = fc 2 P � �� j 9C 0 � C: c) C 0g.4.1 Alternating multi-automataFix an APDS P = (P;�;�). An alternating P-multi-automaton (P-AMA for short, orjust AMA when P is clear from the context) is a tuple A = (�; Q; �; I; F ) which di�ersfrom an MA only in the nature of �. � is now a function that assigns to every pair ofQ�� a positive boolean formula with Q as set of variables. As in the case of APDSs, wecan equivalently represent � as a set of transitions, which are elements of (Q� �)� 2Q.The transition relation !� Q� �� � 2Q is the smallest relation satisfying� if (q; ; Q0) 2 � then q �! Q0, 8



� q "�! fqg for every q 2 Q,� if q w�! fq1; : : : ; qng and qi �! Qi for each 1 � i � n, then q w�! (Q1 [ : : : [Qn).A con�guration hpi; wi is recognized by A if si w�! Q0 for some Q0 � F . Given a �nitesequence w 2 �� and a state q 2 Q, a run of A over w starting from q is a �nite treewhose nodes are labelled by states in Q and whose edges are labelled by symbols in �,such that the root is labelled by q, and the labelling of the other nodes is consistent with�. Notice that in such a tree each sequence of edges going from the root to the leavesis labelled by w, and hence, all the edges starting at the same level of the tree have thesame label, and all the leaves of the tree are at the same height.It is immediate to show that AMA's are closed under boolean operations. We mentionalso that the membership problem for AMA's can be solved in polynomial time.4.2 Calculating pre�Let P = (P;�;�) be an alternating pushdown system. We show in this section that givena regular set of con�gurations C of P, recognized by an alternating-multi-automaton A,we can construct another AMA Apre� such that C onf(Apre�) = pre�(C).The construction is very similar to that of the non-alternating case. We assume withoutloss of generality that no transition of A leads to a set of states containing an initial state.We de�ne a sequence of AMA's A0;A1; : : : such that A0 = A. For every i � 0, Ai+1 isobtained from Ai by conserving the same states and transitions, and adding for everytransition rule hpj; i ,! fhpk1; w1i; : : : ; hpkm; wmigand every set sk1 w1�!i P1 ; : : : ; skm wm�!i Pma new transition sj �!i+1 (P1 [ : : : [ Pm)Then, de�ne Yi = C onf(Ai) for every i � 0.The intuitive justi�cation of the construction is that we add the con�guration hpj; wito the set of predecessors of C whenever all the con�gurations hpk1 ; w1wi; : : : ; hpkm; wmwiare already in this set. So, if for every ` 2 f1; : : : ; mg, the word wiw is accepted by Aistarting from sk`, which means that sk` w`�!i P` and 8p 2 P`: p w�!i Qi � F , then, dueto the new transition, the word w is accepted by Ai+1 starting from sj. Notice that thenew transition imposes that only words w that are accepted starting from all the statesin the P`'s can be considered (w is in the intersection of the languages of all these states).The use of alternating automata allows to represent this intersection without modi�cationof the number of states of the original automaton A. This is crucial for the terminationargument of the construction.The following theorem, which shows the correcteness of the construction of Apre�, isproved in the appendix:Theorem 4.1 Given an APDS P and a regular set of con�gurations recognized by aP-AMA A, we can construct a P-AMA Apre� recognizing pre�(C onf(A)).It follows easily from the facts below that the algorithm is polynomial on the size of Pand (singly) exponential in the size of A: 9



� Apre� has the same states as A,� a P-AMA with k states has O(nP �k � 2k) transitions, where nP is the size of P, and� during the construction of the sequence A0;A1; : : :, polynomial time su�ces to de-cide if a new transition can be added to the current automaton.5 Model-Checking Branching-Time Temporal Logics5.1 The alternation-free (propositional) �-calculusLet Prop be a set of atomic propositions and X a �nite set of variables. The set offormulas of the (propositional) �-calculus is de�ned by the following grammar:' ::= � 2 Prop j X 2 X j :' j ' _ ' j 9' j �X: 'where in formulas of the form �X: ', the variableX must occur in ' under an even numberof negations. In addition, we consider the usual abbreviations: the boolean connectives ^and ), 8' = :9:', and �X: '(X) = :�X::'(:X). We write �X: '(X) for either�X: '(X) or �X: '(X).The notion of free occurrence of a variable in a formula is de�ned as usual by considering� and � as quanti�ers. We suppose without loss of generality that in every formula eachvariable is bound at most once. We write '(X) to precise that X occurs free in '. Aformula ' is closed if no variable occurs free in it, otherwise it is open.We interpret formulas on the set of con�gurations of a PDS P = (P;�;�). We needa labelling function � : P ! 2Prop, which intuitively assigns to each control location theset of propositions that hold at it, and a valuation V which assigns to each variable a setof con�gurations. The set of con�gurations of P that satisfy a formula ' is denoted by[[']]P(V) and de�ned by the following rules:[[�]]P(V) = ��1(�)� ��[[X]]P(V) = V(X)[[:�]]P(V) = (P � ��) n [[�]]P(V)[[�1 _ �2]]P(V) = [[�1]]P(V) [ [[�2]]P(V)[[9']]P(V) = pre([[']]P(V)[[�X:�]]P(V) = [fC � P � �� j C � [[�]]P(V[C=X])gwhere V[C=X] is the valuation which coincides with V for all variables but X, where ittakes the value C.The set of formulas in positive normal form is de�ned by the following syntax:' ::= � j :� j X j ' _ ' j ' ^ ' j 9' j 8' j �X: ' j �X: 'It is easy to show that every formula is equivalent to a formula in positive normal form(push negations inside).A �-subformula of a formula �X: �(X) is proper if it does not contain any occurrenceof X. The alternation-free �-calculus is the set of formulas ' in positive normal form suchthat for every �-subformula � of ' the following holds:10



� if � is a �-formula, then all its �-subformulas are proper, and� if � is a �-formula, then all its �-subformulas are proper.Given a formula ', we de�ne its closure cl(') as the smallest set of formulas containing' and such that� if �1 _ �2 2 cl(') or �1 ^ �2 2 cl(') then �1 2 cl(') and �2 2 cl('),� if 9� 2 cl(') or 8� 2 cl(') then � 2 cl('),� if �X: �(X) 2 cl(') then �(�X: �(X)) 2 cl(').It is easy to see that the closure of a formula is always a �nite set, and that itscardinality is bounded by the length of the formula.5.1.1 The Model-CheckerConsider a PDS P = (P;�;�) and a labelling function � : P ! 2Prop. Let ' be a formulaof the alternation-free �-calculus, and let V be a valuation of the free variables in '.We show how to construct an AMA A' recognizing [[']]P(V). From now on we dropthe indices and write just [[']].We start by considering the case where all the �-subformulas of ' are �-formulas. Weconstruct an APDS AP which is, roughly speaking, the product of P and the alternatingautomaton corresponding to ' [Eme96]; we then reduce the problem of computing [[']]to computing the value of pre�AP for a certain regular set of con�gurations. Intuitively, acon�guration h[p; �]; wi belongs to this set if � is a basic formula of the form �, :�, or X,for X free in �, and the con�guration hp; wi of P satis�es �. Observe that whether hp; wisatis�es � or not can be decided by direct inspection of the labelling function � and thevaluation V. The AND-branching in the transition rules of AP is due to conjunctionsand universal path quanti�cations (in 8 operators) occurring in the formula '.Formally, we de�ne the APDS AP = (P 'P ;�;�'P) where� P 'P = P � cl('),� �'P is the smallest set of transition rules satisfying the following conditions for everycontrol location [p; �] and every stack symbol :� if � = �1 _ �2, then ([p; �]; ) ,! ([p; �1]; ) and ([p; �]; ) ,! ([p; �2]; ),� if � = �1 ^ �2, then ([p; �]; ) ,! f ([p; �1]; ); ([p; �2]; ) g,� if � = �X:  (X), then ([p; �]; ) ,! ([p;  (�)]; ),� if � = 9 and (p; ) ,! (q; w) is a transition rule of P, then ([p; �]; ) ,!([q;  ]; w),� if � = 8 then ([p; �]; ) ,! f([q;  ]; w) j (p; ) ,! (q; w)g.Let Ct (where the index t stands for true) be the subset of con�gurations of AP con-taining all con�gurations of the form� h[p; �]; wi, where � 2 �(p), 11



� h[p;:�]; wi, where � =2 �(p),� h[p;X]; wi, where X is free in ' and hp; wi 2 V(X).Clearly, if V(X) is a regular set of con�gurations for every variable X free in ', then Ctis also a regular set of con�gurations.The following result can be easily proved using standard techniques based on the notionof signature [Bra92]:Proposition 5.1 Let AP be the APDS obtained from P and ' using the constructionabove. A con�guration hp; wi of P belongs to [[']] iff the con�guration h[p; ']; wi of APbelongs to pre�AP(Ct).Applying Theorem 2.1 we obtain a procedure to compute an AMA A' which acceptsexactly the con�gurations of P that satisfy '.The case in which all the �-subformulas of ' are �-subformulas is now easy to solve: thenegation of ' is equivalent to a formula '0 in positive normal form whose �-subformulasare all �-subformulas. Applying Theorem 2.1 we construct an AMA which accepts thecon�gurations of P that satisfy '0. We then just use the fact that AMA's are closed undercomplementation.Let us now consider the general case of in which ' is an arbitrary formula of thealternation-free �-calculus. We can assume without loss of generality that ' is a �-formula (otherwise a \dummy" �xpoint can be added). The following property (whichdoes not hold for the full �-calculus) follows easily from the de�nitions, and allows usto construct the AMA A'. We use the following notation: given a family � = f�igni=1of subformulae of ', pairwise incomparable with respect to the subformula relation, anda family U = fUigni=1 of fresh variables, '[U=�] denotes the result of simultaneouslysubstituting Ui for �i in '.Proposition 5.2 Let ' be a �-formula (�-formula) of the alternation-free �-calculus, andlet � = f�igni=1 be the family of maximal �-subformulas (�-subformulas) of � with respectto the subformula relation. Then [[']] = [['[U=�]]](V 0)where U = fUigni=1 is a suitable family of fresh variables, and V 0 is the valuation whichextends V by assigning to each Ui the set [[�i]].Observe that if ' is a �-formula (�-formula), then all the �-subformulas of '[U=�] arealso �-formulas (�-formulas). Together with Proposition 5.1, this leads immediately to arecursive algorithm for computing A': for every � 2 �, compute recursively AMA's A�recognizing [[�]], and then use them and Proposition 5.2 to compute A'. So we have thefollowing theorem:Theorem 5.1 Let P be a PDS, let ' a formula of the alternation-free �-calculus, andlet V be a valuation of the free variables of '. We can construct an AMA A' such thatC onf(A') = [[']]P(V). 12



5.1.2 ComplexityWalukiewicz has shown in [Wal96] that there exists a formula of the alternation-free �-calculus such that the model checking problem for PDS's and this formula is DEXPTIME-complete. This implies that all model-checking algorithms must have exponential com-plexity in the size of the system. We show that the algorithm we have obtained (which isvery di�erent from Walukiewicz's) has this complexity.Let nP be the size of P and let n' be the length of '. We de�ne a tree of �-subformulasof ': the root of the tree is '; the children of a �-subformula (�-subformula) � are themaximal �-subformulas (�-subformulas) of �. Clearly, the number of nodes of the treedoes not exceed n'.Let � be a leaf of the tree. The AMA A� recognizing [[�]] is obtained by applying thepre� construction to the AMA recognizing the set Ct. Since the latter has O(nP � n')states, A� has also O(nP � n') states.Now, let � be an internal node of the tree with children �1; : : : ; �k. If the AMArecognizing [[�i]] has ni states, then the AMA recognizing [[�]] has O(�ni=1ni + nP � n').Since the number of nodes of the tree does not exceed n', the AMA A' recognizing[[']] has O(nP � n2') states.Since each AMA can be constructed in exponential time in the number of states, thealgorithm is singly exponential in nP and n'.5.2 The logic EFThe alternation-free �-calculus is a rather powerful logic. Proper sublogics, like CTL, areconsidered to be su�ciently expressive for many applications. This raises the questionwhether the model-checking problem for PDS's and some interesting fragment of thealternation-free �-calculus may lie in some complexity class below DEXPTIME. In thissection we show that this is the case: we prove that the model-checking problem for thelogic EF (propositional logic plus the temporal operator EF ) is in PSPACE.2 However,the problem turns out to be PSPACE-complete, even PSPACE-complete in the size ofthe system. Therefore, the complexity gap between the alternation-free �-calculus andits sublogics is rather small.Given a set Prop of atomic propositions, the set of formulas of EF is de�ned by thefollowing grammar: ' ::= � 2 Prop j :' j ' _ ' j 9' j EF'The semantics of formulas of the form �, :', '1 _ '2, and 9' is de�ned as for thealternation-free �-calculus. A con�guration c satis�es a formula EF' if there exists acon�guration c0 reachable from c that satis�es '.We consider the proof of membership in PSPACE �rst, since this is the part thatmakes use of our reachability analysis. The hardness part is a standard reduction fromthe acceptance problem for linearly bounded Turing machines.Fix a PDS P(P;�;�) and a con�guration c of P. Denote by R(c) the set of wordspw 2 P�� such that hp; wi is reachable from c. We have the following result (see the proofin the appendix):2We assume PSPACE 6= DEXPTIME 13



Theorem 5.2 The set R(c) is regular. Moreover, R(c) is recognized by a �nite multiautomaton having polynomially many states in the sum of the sizes of c and P.Given a formula ' of the alternation-free �-calculus, denote by R(c; ') the set of wordspw 2 P�� such that hp; wi is reachable from c and satis�es '. By Theorem 5.2 andTheorem 5.1, we have:Corollary 5.1 Let ' be a formula of the alternation-free �-calculus. The set R(c; ') isregular, and is recognized by an alternating �nite automaton having polynomially manystates in the sum of the sizes of c, P and '.We can now obtain our �rst result:Theorem 5.3 The model checking problem for the logic EF and pushdown automata isin PSPACE.Proof: Let P be a PDS and let ' be a formula of EF. We show by induction on thestructure of ' that the problem of deciding if a given con�guration c of P satis�es � canbe solved in nondeterministic polynomial space in the size of c, P and '.The cases ' = �; '1 _ '2;:'1 are trivial. So let ' = EF'1, and assume that we candecide if a con�guration c satis�es '1 using nondeterministic polynomial space in the sizeof c, P and '1.By the de�nition of the semantics of EF, P satis�es ' iff there exists a con�gurationc1 reachable from c that satis�es '1.If an AMA with n states recognizes a nonempty set, then it recognizes some word oflength at most n. Therefore, by Corollary 5.1, we can assume that c1 has polynomial sizein P and '1. The following nondeterministic algorithm decides in polynomial space if Psatis�es ':� Guess a con�guration c1 of polynomial size in P and ';� check in polynomial time in the size of c1 and P that c1 is reachable from c;� check in polynomial space in the size of c1, P and '1 that c1 satis�es '1.The membership of the model checking in PSPACE follows now from NPSPACE =PSPACE. 2We give in the appendix the proof of the following hardness result.Theorem 5.4 The model checking problem for the logic EF and pushdown automata isPSPACE-hard.Finally, a simple look at the proof of Theorem 5.4 shows that the following strongerresult also holds:Corollary 5.2 There is a formula ' of EF such that the problem of deciding if a PDSsatis�es ' is PSPACE-complete. 14



6 ConclusionWe have applied the \symbolic" analysis principle to a class of in�nite state systems,namely pushdown systems. We have represented (possibly in�nite) sets of con�gurationsusing �nite-state automata, and have proposed a simple procedure to compute sets of pre-decessors. Using this procedure and the automata-theoretic approach to model-checking,we have obtained model-checking algorithms for both linear and branching-time proper-ties. From these results we have derived upper bounds for several model-checking prob-lems. We have also provided matching lower bounds by means of some reductions basedon Walukiewicz's ideas [Wal96].The model-checking problem for pushdown systems and the modal mu-calculus (orits alternation-free fragment) has been studied in several papers [BS92, BS95, Wal96].The main advantage of our approach (apart from an homogeneous treatment of bothbranching-time and linear-time logics) is the simplicity of our algorithms: only well knownconcepts from automata theory are needed to understand them. They are also smoothgeneralizations of global model-checking algorithms for branching-time logics and �nite-state systems.We do not know whether our approach can be extended to the full modal mu-calculus.The exact complexity of the model-checking problem for pushdown systems and CTL isalso open: it lies somewhere between PSPACE and DEXPTIME. These questions, andthe extension of the symbolic analysis principle to other classes of systems with in�nitestate spaces, are left for future investigations.References[ACH+95] R. Alur, C. Courcoubetis, N. Halbwachs, T. Henzinger, P. Ho, X. Nicollin, A. Olivero,J. Sifakis, and S. Yovine. The Algorithmic Analysis of Hybrid Systems. TCS, 138,1995.[AD94] R. Alur and D. Dill. A Theory of Timed Automata. TCS, 126, 1994.[AMP95] E. Asarin, O. Maler, and A. Pnueli. Symbolic Controller Synthesis for Discrete andTimed Systems. In Hybrid Systems II. LNCS 999, 1995.[BG96] B. Boigelot and P. Godefroid. Symbolic Veri�cation of Communication Protocolswith In�nite State Spaces using QDDs. In CAV'96. to appear, 1996.[BO93] R.V. Book and F. Otto. String-Rewriting Systems. Springer-Verlag, 1993.[Bra92] J.C. Brad�eld. Verifying Temporal Properties of Systems. Birkhauser, 1992.[Bry92] R. Bryant. Symbolic Boolean Manipulation with Ordered Binary-Decision Diagrams.ACM Computing Surveys, 24, 1992.[BS92] O. Burkart and B. Ste�en. Model Checking for Context-Free Processes. In CON-CUR'92, 1992. LNCS 630.[BS95] O. Burkart and B. Ste�en. Composition, Decomposition and Model-Checking ofPushdown Processes. Nordic Journal of Computing, 2, 1995.15
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Appendix6.1 Calculating pre� for Pushdown SystemsWe prove hereafter the correcteness of the construction given in Section 2.2.The following invariants hold for all i � 0:(1) The states, initial states, and �nal states of Ai and A0 coincide.(2) !i � !i+1.(3) Yi � Yi+1 (follows immediately from (1) and (2)).(4) Every transition of Ai+1 that does not belong to Ai starts at an initial state.(5) No transition of Ai leads from a non-initial state to an initial state.We start by proving that the sequence of the Yi's eventually reaches its limit.Lemma 6.1 9i � 0: Yi+1 = Yi.Proof: Follows immediately from the fact that Ai+1 is constructed from Ai by addingnew transitions, but no new states. Since the number of possible transitions for a �xedset of states and input alphabet is �nite, there is an i � 0 such that Ai = Ai+n for everyn � 0. 2Now, let us show the inclusion of the Xi's in the Yi's.Lemma 6.2 8i � 0: Xi � Yi.Proof: By induction on i. The case i = 0 is trivial. Assume hpj; wi 2 Xi+1. Then,there exists a transition rule (pj; ) ,! (pk; w0) such that hpk; w0wi 2 Xi. By inductionhypothesis, sk w0�!i q0 w�!i q for some state q and some �nal state q. By the de�nition ofAi+1, we have sj �!i+1 q0 w�!i+1 q. So hpj; wi 2 Yi+1. 2It remains to prove that 8i � 0, Yi � pre�(C). For that, we need the following keylemma:Lemma 6.3 If sj w�!i q, then hpj; wi ) hpk; vi for some pk and v such that sk v�!0 q.Proof:We prove a stronger result: if q is an initial state sl, then not only the lemma holds,but also hpj; wi ) hpl; "i, i.e, we may take pk = pl and v = ".The proof is by induction on i.Basis. i = 0. Take k = j and v = w. If q is an initial state, then, since the automatonA0 = A has no transitions leading to an initial state, we must have w = " and q = sj.This implies hpj; wi ) hp; "i.Step. i � 1. Fix an w-run � leading from sj to q. The proof is by induction on thenumber of times that � uses the transitions added to Ai�1 to yield Ai. If this numberis 0, then we have sj w�!i�1 q, and the result follows from the induction hypothesis. Soassume that w = w1w2 and � satis�essj w1�!i sk0 �!i q0 w2�!i q (1)17



where the transition sk0 �! q0 does not belong to Ai�1. Notice that we can safely writesk0 �!i q0 because all new transitions start at an initial state.The application of the induction hypothesis to sj w1�!i sk0 yieldshpj; w1i ) hpk0; "i (2)From sk0 �!i q0 and the de�nition of Ai we havehpk0; i ) hpk1; v1i for some pk1 and v1 such that sk1 v1�!i�1 q0 (3)We now apply the induction hypothesis (induction on i) to sk1 v1�!i�1 q0, and obtain:hpk1; v1i ) hpk2; v2i for some pk2 and v2 such that sk2 v2�!0 q0 (4)By 1 and 4 there is a run of Ai satisfying sk2 v2�!0 q0 w2�!i q. Since this run containsless applications of new transitions than sj w�!i q, we apply the induction hypothesis andobtain: hpk2; v2w2i ) hpk; vi for some pk and v such that sk v�!0 q (5)Putting 2 to 5 together, we gethpj; w1w2i ) hpk; vi for some pk and v such that sk v�!0 qThis is the result we wished to prove.Assume now that q is an initial state sl. If � uses no new transitions, then we havesj w�!i�1 q, and the result follows from the induction hypothesis. So assume that w =w1w2 and that � satis�es sj w1�!i sk0 �!i q0 w2�!i slSince Ai contains no transitions from non-initial to initial states, q0 must also be aninitial state sk1. We then have (a) hpj; w1i ) hpk0; "i by induction hypothesis, (b)hpk0; i ) hpk1; "i because sk1 is an initial state, and (3) hsm; vi ) hsl; "i by induc-tion hypothesis. So hpj; w1w2i ) hpl; "i. 2Lemma 6.4 8i � 0, Yi � pre�(C).Proof: The proof is by induction on i. The case i = 0 is trivial since Y0 = C. Lethpj; wi 2 Yi, i � 1. By the de�nition of Ai, we have sj w�!i q for some q 2 F . By Lemma6.3, hpj; wi ) hpk; vi for some pk and v such that sk v�!0 q. Since Y0 = C, hpk; vi 2 C.So hpj; wi 2 pre�(C). 26.2 Proof of Proposition 3.1()): Let � = c0c1c2 : : : be an accepting run of BP starting from c0 = c. For everyi � 0, let �(i) be the su�x of � starting at ci, and let m(i) be the minimal length of thecon�gurations of �(i), where the length of a con�guration is de�ned as the length of itsstack content. 18



Construct a subsequence ci0ci1 : : : of � as follows: ci0 is the �rst con�guration of � oflength m(0); for every j > 1, cij is the �rst con�guration of �(ij+1) of length m(ij + 1).Since the number of control locations is �nite, there exists a subsequence cj1cj2 : : : ofci1c12 : : : whose elements have all the same control location p, and the same symbol  ontop of the stack.Since � is an accepting run, there is a number k � 0 and a con�guration cg with controllocation g 2 G such that c0 ) cj1 ) cg ) cjkLet cj1 = hp; wi. Then, c ) hp; wi, and so (1) holds. Due to the de�nition of thesubsequences ci1c12 : : : and cj1cj2 : : :, all the con�gurations of � between cj1 and cjk havestack contents of the form w0w. In particular, cg is of the form hg; uwi and cjk is of theform hp; vwi. This implies hp; i ) hg; ui ) hp; viand so (2) holds, which concludes the proof.((): By (1) and (2), we have c) hp; wi andhp; viwi ) hg; uviwi ) hp; vi+1wifor every i � 0, which allows to construct an accepting run.6.3 Proof of Theorem 3.2We give here the hardness proof. For that, we use a reduction from the problem of decidingwhether a given linearly bounded alternating Turing machine accepts a given input or not.We suppose that the reader is familiar with the temporal logic LTL [Pnu77].An alternating Turing machine is a tuple (Q;�; �; q0; F; �), where � is a function thatlabels states as existential, universal, accepting or rejecting. Without loss of generality,we only consider machines where j�(q; a)j = 2 for every universal state q and symbol a.We choose an arbitrary order on the two elements of �(q; a), so that later we can speakof the �rst and the second successor con�gurations of a universal con�guration.Let M = (Q;�; �; q0; F; �) be an alternating Turing Machine satisfying the followingproperty: for every word in the language of M of length n, M has an accepting compu-tation which uses at most k � n space, where k is a constant independent of the input.Let w be an input of M of length n. We assume that the tape of M has length k � n,and initially M 's head is scanning the �rst cell of the tape. We construct in polynomialtime a PDS A and a formula � of such that M accepts w iff A satis�es �.De�ne a con�guration of M on the input w as a word of ��(Q� �)�� of length k � n.In a con�guration �(q; a)�, � is the word representing the contents of the tape to the leftof the head (including blanks for the cells that have not been visited yet), q is the currentstate, a is the symbol scanned by the head, and � represents the contents of the tape tothe left of the head. A con�guration �q� is accepting if q is an accepting state.The automatonA guesses nondeterministically a �nite or in�nite tree of con�gurations,in which every node has at most two successors (if the tree is in�nite, then the automatonjust never stops guessing). Since the PDS generates words, and not trees, it is necessaryto encode a tree of con�gurations as a string. We use the following coding: the tree istraversed in in�x order; when we enter a node c coming from its parent node (or when we19



initially enter the root), we write #fc#; when we enter a node c coming from one of itschildren, we write #bcr#, where f and b are special markers and cr is the reverse of c.The root of the trees guessed by A is always the initial con�guration ofM for input w,the internal nodes are non-accepting con�gurations, and the leaves are accepting con�gu-rations. In order to guess a tree, A keeps in its stack the path from the root to the actualcon�guration by pushing the new guessed con�gurations and popping when backtrackingalong the subtree guessed so far. A accepts by empty stack.It is easy to see that M accepts w iff A satis�es the following property: A accepts astring #d0#d1# : : :#dn such that for every 0 � i � n� 11. if di = fc and c is an existential con�guration, then di+1 = fc0 and c0 is a successorcon�guration of c;2. if di = fc and c is a universal con�guration, then di+1 = fc0 and c0 is the �rstsuccessor con�guration of c;3. if di = bcr and di+1 = fc0, then c is a universal con�guration, and c0 is the secondsuccessor con�guration of c.The formula � is just an encoding of this property in LTL. For each symbol a 2� [ (Q� �) [ ff; b;#g we introduce a proposition pa. We use the abbreviation i for : : :�| {z }i . We set � = 2((p# ^n+2p#)) (�1 ^ �2 ^ �3))where p# ^n+2p# expresses that the current position is a #-position di�erent from thelast, and �1, �2, �3 encode parts (1), (2) and (3) of the property above.We only construct �1, since �2 and �3 are similar.� \di = fc" is encoded as pf ;� \c is an existential con�guration" is encoded asn_j=1( _q2Qe;a2�jpq;a)where Qe is the set of existential states;� \di+1 = fc0" is encoded as n+2pf ;� \c0 is a successor con�guration of c" is encoded as a conjunction of formulae, one foreach possible successor con�guration of c. These formulae are in turn a conjunctionof formulae of the form(jpa0 ^j+1pa1 ^j+2pa2))n+2+jpafor every 2 � j � n � 1 and every string a0a1a2 of actions of A. The symbol ais determined by the transition relation � of the Turing machine. We just give anexample for the case a0a1a2 = 0(q; 1)1 and (q0; 0; L) 2 �(q; 1). The correspondingformula is (jp0 ^j+1p(q;1) ^j+2p1))n+2+jp020



6.4 Calculating pre� for Alternating Pushdown SystemsWe prove the correctness of the algorithm given in Section 4.2 for the computation of thepre� function for APDSs.Let us start by introducing some notations. Given an AMA A = (�; Q; �; I; F ), wedenote by Run(q; w) the set of runs starting from q over the word w. Given a run� 2 Run(q; w), we denote by Leaves(�) the set of leaves of �. It is easy to see thatq w�! Q0 iff there is a run � of A over w starting from q such that Leaves(�) = Q0.Given a run � 2 Run(q; w), we write � : q0 u�! Q0 if there exists a subrun �0 of � overu which starts from q0 and such that Leaves(�0) = Q0. Notice that u must be a factor ofw, i.e., w = u1uu2 for some words u1 and u2.Let us prove now the correcteness of the construction of the automaton Apre�.The invariants (1) to (4) of the non-alternating case are still valid. Invariant (5) hasto be slightly reformulated:(5) No transition of Ai leads from a non-initial state to a set containing an initial s tate.Lemma 6.1 and 6.2 can be easily generalized to the alternating case. We omit theirproofs.It remains to prove that 8i � 0, Yi � pre�(C). For that, we need the following keylemma, which generalizes Lemma 6.3:Lemma 6.5 If sj w�!i U , then there exist two sets of con�gurations C1; C2 � C such thathpj; wi ) C1 [ C2, and� C1 = fhpk; "i : sk 2 Ug, and� for every hpk; vi 2 C2 there exists Vc � U such that sk v�!0 Vc; moreover, Sc2C2 Vc =U n I.Proof: The proof is by induction on i. Let us start by the case i = 0. If w = " thenU = fsjg (thus U n I = ;), and in this case we can take C1 = fhpj; "ig and C2 = ; (recallthat hpj; "i ) fhpj; "ig). If w 6= " then, since we have supposed that A0 = A has notransitions leading to I, sj w�!i U implies that U n I = U , which means that we musttake C1 = ;, and then it su�ces to take C2 = fhpj; wig.Now, for i � 1, we have to prove that8r 2 R, 8j 2 f1; : : : ; mg, 8w 2 ��, 8U � Q, if sj w�!ri U , then 9C1; C2 � Csuch that hpj; wi ) C1 [ C2, C1 = fhpk; "i : k 2 f1; : : : ; mg and sk 2 Ug,and8c = hpk; vi 2 C2 with k 2 f1; : : : ; mg, 9Vc � U: sk v�!0 Vc such thatSc2C2 Vc = U n I.Let r = (hp`; i; fhpi1; w1i; : : : ; hpin; wnig) 2 R. By de�nition, the transition table of Y riis obtained by adding to �i�1 new -transitions (each of them is starting from s` andgoing to all the states appearing in a same conjunction in the DNF of the expressionVnk=1 ��i�1(sik ; wk)). Then, the proof of the statement above is carried out by induction onthe number of times runs starting from initial states (corresponding to transitions of theform sj w�!ri U) use one of these new -transitions.21



Let us suppose that sj w�!ri U and �x a run � of Ari over w starting from sj and suchthat Leaves(�) = U . If � does not use new -transitions, this means that sj w�!i�1 U .Hence, the fact holds by induction hypothesis.Now, suppose that the new -transitions are used at least once in the run �. Then, letw = uv, and let �u be a subrun of � over u with W = Leaves(�u), such that the new-transitions are used at some state in W (notice that this state is necessarily s`).Since �u involves less new -transitions than the whole run �, by induction hypothesis,we have hpj; uvi ) C 01 [ C 02 such that C 01 = fhp`; vig [ fhpk; vi : k 2 f1; : : : ; mg; k 6=` and sk 2 Wg and 8c = hpk; vkvi 2 C 02 with k 2 f1; : : : ; mg, 9Vc � W: sk vk�!0 Vc suchthat Sc2C02 Vc = W n I. Then, we have to show that 9C1; C2 � C such that C 01 [ C 02 �pre�(C1 [ C2), C1 = fhpk; "i : k 2 f1; : : : ; mg and sk 2 Ug, and 8c = hpk; vi 2 C2 withk 2 f1; : : : ; mg, 9Vc � U: sk v�!0 Vc such that Sc2C2 Vc = U n I. For that, we decomposethe proof into three parts according to the kind of con�gurations in C 01 [ C 02. First, weconsider the particular con�guration hp`; vi 2 C 01, then the C 01 con�gurations that aredi�erent from hp`; vi, and �nally the C 02 con�gurations.Case 1 Consider the con�guration hp`; vi 2 C 01. Let V � Q be the set of states suchthat � : s` �!ri V . For every q 2 V , let �q be the subrun of � over v starting from q,and let Uq � U such that Uq = Leaves(�q). By construction of Ari , we have necessarily8k 2 f1; : : : ; ng, 9Vk � V , sik wk�!i�1 Vk, and V = Snk=1 Vk. Let U(1;k) = Sq2Vk Uqand U1 = Snk=1 U(1;k). Thus, � : s` v�! U1, and 8k 2 f1; : : : ; ng, there exists a run �kover wkv starting from sik and such that Leaves(�k) = U(1;k) (�k : sik wkv�!ri U(1;k)), with�k : sik wk�!ri Vk and 8q 2 Vk, the subrun of �k over v starting from q is exactly �q(�k : q v�!ri Uq). The following picture illustrate this case assuming for simplicity thatn = 2.It is easy to see that the number of applications of the new -transitions in each run �k isequal to the one in all its subruns �q's, and that this latter is strictly smaller than the one inthe whole run �. Then, by induction hypothesis, we have 8k 2 f1; : : : ; ng, 9C(1;k)1 ; C(1;k)2 �C, hpik ; wkvi ) C(1;k)1 [ C(1;k)2 , C(1;k)1 = fhpk0; "i : k0 2 f1; : : : ; mg and sk0 2 U(1;k)g,and 8c = hpk0; vi 2 C(1;k)2 with k0 2 f1; : : : ; mg, 9Vc � U(1;k): sk0 v�!0 Vc such thatSc2C(1;k)2 Vc = U(1;k) n I.By applying the transition rule r, we have hp`; vi ) fhpi1; w1vi; : : : ; hpin ; wnvig, andthus hp`; vi ) Snk=1(C(1;k)1 [ C(1;k)2 ). Then, let C11 = Snk=1C(1;k)1 and C(1;k)2 = Snk=1C(1;k)2 .Clearly, C11 = fhpk; "i : k 2 f1; : : : ; mg and sk 2 U1g, and 8c = hpk; vi 2 C12 , 9Vc �U1: sk v�!0 Vc such that Sc2C12 Vc = U1 n I.
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Case 2 Let hpk; vi be a con�guration of C 01 such that k 2 f1; : : : ; mg, k 6= `, andsk 2 W . Consider the subrun �k of � such that �k : sk v�!ri U(2;k) (for some U(2;k) � U).It is clear that �k contains strictly less new -transitions than �. Then, by inductionhypothesis, we have immediately 9C(2;k)1 ; C(2;k)2 � C, hpk; vi ) C(2;k)1 [ C(2;k)2 , C(2;k)1 =fhpk0; "i : k0 2 f1; : : : ; mg and sk0 2 U(2;k)g, and 8c = hpk0; vi 2 C(2;k)2 with k0 2f1; : : : ; mg, 9Vc � U(2;k): sk0 v�!0 Vc such that Sc2C(2;k)2 Vc = U(2;k) n I. uv
sj sk

U(2;k)U
W s`

Case 3 Let hpk; vkvi be a con�guration in C 02. Consider the set of states V � W n Isuch that sk vk�!0 V . Recall that we have supposed that the original automaton A0 hasno transitions leading to I. Then, it is easy to see that, by construction, for every i � 1,the automaton Ai has no transitions from Q n I to I (because all the new transitionsstart from a state in I). Consequently, for every q 2 V , there exists Uq � U such thatq v�!0 Uq. Then, we obtain sk vkv�!0 U(3;k) = Sq2V Uq.
23
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By induction hypothesis (since the property holds for i = 0), we have 9C(3;k)1 ; C(3;k)2 � C,hpk; vkvi ) C(3;k)1 [ C(3;k)2 , C(3;k)1 = fhpk0; "i : k0 2 f1; : : : ; mg and sk0 2 U(3;k)g,and 8c = hpk0; vi 2 C(3;k)2 with k0 2 f1; : : : ; mg, 9Vc � U(3;k): sk0 v�!0 Vc such thatSc2C(3;k)2 Vc = U(3;k) n I.Let U2 = SfU(2;k) : hpk; vi 2 C 01; k 2 f1; : : : ; mg; k 6= `; and sk 2 Wg andU3 = SfU(3;k) : hpk; vkvi 2 C 02g. It is easy to see that U = S3i=1 Ui. We de�nealso, i = 1; 2, C2i = SfC(2;k)i : hpk; vi 2 C 01; k 2 f1; : : : ; mg; k 6= `; and sk 2 Wgand C3i = SfC(3;k)i : hpk; vkvi 2 C 02g. Then, for i = 1; 2, let Ci = S3j=1Cji . Wehave shown by considering the three cases above that C 01 [C 02 � pre�(C1 [C2), and thatC1 = fhpk; "i : k 2 f1; : : : ; mg and sk 2 Ug, and 8c = hpk; vi 2 C2 with k 2 f1; : : : ; mg,9Vc � U: sk v�!0 Vc such that Sc2C2 Vc = U n I. 2We can now prove:Lemma 6.6 8i � 0, Yi � pre�(C).Proof: The proof follows the same scheme as the one of Lemma 6.5. It is carried out byinduction on i. The case i = 0 is trivial since Y0 = C. For i � 1, we have to show that8j 2 f1; : : : ; mg, 8w 2 ��, 8r 2 R, 8W � F , if sj w�!ri W then hpj; wi 2pre�(C).Let r = (hp`; i; fhpi1; w1i; : : : ; hpin; wnig) 2 R. As for Lemma 6.5, we prove the factabove by induction on the number of times runs starting from initial states use one of thenew -transitions introduced (due to the rule r) in the construction of Ari from Ai�1.Let us suppose that sj w�!ri W and �x a run � of Ari over w starting from sj andsuch that Leaves(�) = W . If � does not use new -transitions, we have sj w�!i�1 W ,or equivalently hpj; wi 2 Yi�1. Then, since by induction hypothesis Yi�1 � pre�(C), weobtain hpj; wi 2 pre�(C).Consider now the case when the new -transitions are used at least once in �. Letw = uv, and let �u be a subrun of � over u with U = Leaves(�u), such that the new-transitions are used for the �rst time at some state in U (this state is s`). By Lemma6.5, hpj; uvi ) C 01 [ C 02 such that C 01 = fhp`; vig [ fhpk; vi : k 2 f1; : : : ; mg; k 6=24



` and sk 2 Ug and 8c = hpk; vkvi 2 C 02 with k 2 f1; : : : ; mg, 9Vc � U: sk vk�!0 Vc suchthat Sc2C2 Vc = U n I. So, let us show that C 01 [ C 02 � pre�(C). We decompose the proofinto three cases:Case 1 Consider the con�guration hp`; vi 2 C 01. Let V � Q be the set of states suchthat � : s` �!ri V . For every q 2 V , let �q be the subrun of � over v starting from q, andletWq � W such that Wq = Leaves(�q). By construction of Ari , we have 8k 2 f1; : : : ; ng,9Vk � V , sik wk�!i�1 Vk, and V = Snk=1 Vk. Let Wk = Sq2Vk Wq and W 0 = Snk=1Wk. Thus,we have � : s` v�!ri W 0, and 8k 2 f1; : : : ; ng, there exists a run �k over wkv starting fromsik such that Leaves(�k) = Vk (�k : sik wkv�!ri Wk), with �k : sik wk�!ri Vk and 8q 2 V ,the subrun of �k over v starting from q is exactly �q (�k : q v�!ri Wq). The number ofapplications of the new -transitions in �k is equal to the one in all the �q's, which is itselfstrictly smaller than the one in the whole run �. Then, by induction hypothesis, we have8k 2 f1; : : : ; ng, hpik ; wkvi 2 pre�(C). Finally, since by applying the transition rule r wehave hp`; vi ) fhpi1; w1vi; : : : ; hpik ; wkvig, we obtain hp`; vi 2 pre�(C).Case 2 Let hpk; vi be a con�guration of C 01 such that k 2 f1; : : : ; mg, k 6= `, andsk 2 U . Consider the subrun �k of � such that �k : sk v�!ri W 0 (for some W 0 � W ).Clearly, �k contains strictly less applications of new -transition rules than �. Then, byinduction hypothesis, we have immediately hpk; vi 2 pre�(C).Case 3 Let hpk; vkvi be a con�guration in C 02. Consider the set of states V � U nI suchthat sk vk�!0 V . As we have said in the proof of Lemma 6.5 (Case 3), all the automataAi have no transitions from Q n I to I. Thus, for every q 2 V , there exists Wq � Wsuch that q v�!0 Wq. Then, sk vkv�!0 Sq2V Wq, and by induction hypothesis, we obtainhpk; vkvi 2 pre�(C). 2Theorem 4.1 follows now from the generalization of Lemma 6.1 and 6.2 to the alternatingcase, and from Lemma 6.4.6.5 Proof of Theorem 5.2We need some preliminary de�nitions and notations.� Let W be the set of words w 2 �� such that some transition rule of P is of the form(p; ) ,! (q; vw). Observe that W has O(n2P) elements, where nP is the size of P.� For every p 2 P and every w 2 �� let N(p; w) be the set of control locations p suchthat hp; wi ) hp; "i.We obtain the following recursive equations for the sets R(hp; wi) with w 2 W :R(hp; "i) = fpgR(hp; i) = fpg [ fR(hq; wi) j (p; ) ,! (q; w)gR(hp; wi) = R(hp; wi) [ fR(hq; i) j q 2 N(p; w)gClearly, these equations de�ne a left-linear grammar of size O(n3P). Therefore, the setsR(hp; wi) are regular, and are recognized by a �nite automaton with O(n3P) states.25



Let c = hpc; 1 : : : ni. To compute R(c), add to the equation system above one moreequation for each 1 � i � n� 1:R(hp; 1 : : : i+1i) = R(hpc; 1 : : : ii)i+1 [ fR(hp; i+1i) j p 2 N(pc; 1 : : : i)gThe new equation system has size O(n3P + nP � n).6.6 Proof of Theorem 5.4We use a reduction from the problem of deciding whether given a linearly bounded non-deterministic Turing machine accepts a given input or not.LetM = (Q;�; �; q0; F ) be a nondeterministic Turing Machine with one tape satisfyingthe following property: for every word in the language of M of length n, M has anaccepting computation which uses at most k � n space, where k is a constant independentof the input. We also assume that the machine stops whenever it enters a �nal state.Let w be an input of M of length n. We assume that the tape of M has length k � n,and initially M 's head is scanning the �rst cell of the tape. We construct in polynomialtime a PDS P and a formula � of EF such that M accepts w iff P satis�es �.De�ne a con�guration of M on the input w as a word of ��(Q� �)�� of length k � n.In a con�guration �(q; a)�, � is the word representing the contents of the tape to the leftof the head (including blanks for the cells that have not been visited yet), q is the currentstate, a is the symbol scanned by the head, and � represents the contents of the tape tothe left of the head. A con�guration �q� is accepting if q is a �nal state.The PDS P guesses nondeterministically a word #c0#c1# : : :#cm, where ci is a con-�guration of M for every 0 � i � m, c0 is the initial con�guration of M for input w, andcm is a �nal con�guration, and pushes it in its stack; then it enters a state Test. Noticethat the sequence of con�gurations does not have to correspond to the computation of Mon w.For expository reasons, rename the contents of the stack as a1a2 : : : al, where l =((k � n) + 1) � m) and a1 is the top of the stack. From state Test, P starts to pop thecontents of the stack. At some point, it nondeterministically enters a state S tore, afterwhich it pops the next three stack symbols, say ai+1; ai; ai�1, making sure that ai 6= #(if ai = #, then it stores ai; ai�1; ai�2; if there are no 3 symbols left then it enters a stateAccept), and enters a state Test(ai+1aiai�1).Now, all the stack symbols in the string ai+1aiai�1 wich are di�erent from # belongto the same con�guration cj. P computes the stack symbol a that would be at positioni � (k � n + 1) in the stack if cj were a successor con�guration of cj�1 according to thetransition relation � (observe that this requires only a �nite amount of information thatcan be stored in P's �nite control). It pops n symbols from the stack (if there are no nsymbols left, then it enters Accept), and compares a and ai�(k�n+1). If a = ai�(k�n+1) thenit enters Accept, otherwise it enters a state Reject.Clearly, #c0#c1# : : :#cm is the computation of M on input w iff it passes all teststhat P can perform from the state Test, and in this case M accepts w because cm is anaccepting con�guration. So M accepts w iff P can perform a sequence of guesses leadingto the state Test such that all possible computations of P from this state visit the stateAccept. This condition can be easily encoded as a formula of EF:EF (Test ^ AG(EFAccept))where AG = :EF:. 26


