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Degrees of parallelism in the continuous type hierarchy
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Abstract

A degree of parallelism is an equivalence class of Scott-continuous functions which are rel-
atively definable by each other with respect to the language PCF (a paradigmatic sequential
language). We introduce an infinite (“bi-dimensional”) hierarchy of degrees. This hierarchy
is inspired by representing first order continuous functions as hypergraphs. We assume some
familiarity with the language PCF and with its continuous model.
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1. Introduction

A natural notion of relative definability in the continuous type hierarchy is given by
the following definition:

Definition 1. Given two continuous functions f and g, we say that f is less parallel
than g (f <par g) if there exists a closed PCF-term M such that [M], = f.

A degree of parallelism is a class of the equivalence relation associated with the
preorder <p,;,.

In this paper we deal with degrees of parallelism of first order boolean functions, i.e.
of functions which take tuples of booleans as arguments and give booleans as results.
PCF-definability for first order functions is fully characterized by the notion of se-
quentiality (in any of its formulations), and Sieber’s sequentiality relations [5] provide
a characterization of first order degrees of parallelism. Moreover this characterization
is effective: given f and g one can decide if f <p. g, and recently Stoughton [6] has
implemented an algorithm which solves this decision problem. Nevertheless, as far as
I know, there is little knowledge of the structure of the partial order <, on first order
boolean functions.
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A well known fact is that any continuous function(al) is less parallel than the “par-
allel or” function (the non-strict binary disjunction) [3], and we also know that any
first order stable function is less parallel than the Berry function [2, p. 334], but there
is a lack of general results about the poset of degrees, whose structure tumns out to
be quite complicated, already at first order. Sazonov’s paper [4] may be considered as
a first step towards a systematic study of the poset of degrees of parallelism,

In this paper we give a geometric account of first order degrees of parallelism,
by representing first order functions as hypergraphs which highlight the structure of
linearly coherent? subsets in the trace of the function. Then we introduce a hierarchy
of functions { f(nm)}n<me» Which has the property that fi, m) <par fiw,w) if and only
if there exists a morphism from the hypergraph associated with f{, ») to the hypergraph
associated with f,/ m).

Throughout the paper PCF terms will be written in uncurried form (as n-ary func-
tions), and some “macros” like a syntactic L and a sequential conjunction A will be
used.

2. Preliminaries

We denote by % the flat domain of boolean values { L, true, false}. Tuples of boolean
values are ordered componentwise. Given a continuous function f: %" — 4, the trace
of f is defined by

r(f)={(v,b)|veB", be B, b#L, f(v)=>band Vv'<v f(v')= L}.

A continuous function f: #" — A is stable if for all v),v; € m(tr(f)),v1 Yv2. A subset
A={v,...,vx} of B" is linearly coherent (or simply coherent) if

Vil<j<n (VI1<I<k o] #1) = (VI L 1<h<h<kv] =0v]))

or equivalently if for any linear function3 a: %" — O, «(A4) = Aa(4), where O denotes
the Sierpinsky domain {1, T}.
The set of coherent subsets of #” is denoted €(%#").

Fact 1. If A€ €(#") and B is an Egli-Milner lower bound of A (that is if Vx€ A3y
€B y<x and Vy€eBIx€A y<x) then BE €(#").

Definition 2. A continuous function f: %" — #™ is linearly strongly stable (or simply
strongly stable) if for any 4 € €(#")

- f4)e€(2™).

- fIND=AS(A).

2In the sense of [1].
3 A function is linear if it is stable and it commutes with least upper bounds of finite sets.
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2.1. Sequential logical relations

Definition 3 (Sieber [5]). For each n>0 and each pair of sets ACBC{l,...,n} let
S48 C 2" be defined by

SEB(by,...,by) & (Ji€Ab;=1)V(Vi,j€Bb=b))

An n-ary logical relation R is called a sequentiality relation if it is an intersection of
relations of the form S48,

A function f:%" — % is invariant under the m-ary logical relation R if for any
(Xl X ER (X3, ., XT)ER, ..., (x),...,x") ER.
one has that

1 2 2
(f(xll,xz,...,x,ll),f(xl,xz,...,x,z,),...,f(xf",xé”,...,x,',"))ER.

Proposition 1. For any f: %" — B and g: B™ — B continuous functions, [ <parg if
and only if for any sequentiality relation R, if g is invariant under R then f is
invariant too.

Actually this is a relativized version of the main theorem of [5]: a continuous func-
tion of first or second order is PCF-definable if and only if it is invariant under all
sequentiality relations.

Fact 2. A set A={v\,...,v0} CH" is linearly coherent if and only if

The next lemma highlights the connections between strong stability and sequentiality
relations,

Lemma 1. Let f: %" — & be continuous and k >2. Then the following conditions for
[/ are equivalent:
(1) There is no coherent set C Cri(tr(f)) with 2<#C <k.
(2) Whenever C C #" is coherent and #C <k, then
— f(C) is coherent,;
= SINOY=NAF(C).
(3) f is invariant under all relations of the form SA2 with #4<k.

(4) f is invariant under the relation S,fi’i“’k}’{] """ k+}

Proof. (1)=>(2): given a coherent C={vy,...,v,} C#" with p<k, we prove that
either there exists a v € m;(#r(f)) such that for any i € {1,...,p} v<uv; or there exists
an i€{l,...,p} such that f(v;)=_L. In both cases it is easy to see that f(C) is
coherent and f(AC)= A f(C).
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By contradiction, let us suppose that no element of 7,(¢r(f)) is a lower bound of
all the elements of C, and that any element of C has a lower bound in 7;(tr(f)). For
any v; € C let w; € m(tr(f)) be such that w; <v;. The set

W={wem@r(f)|3ie{l,...,plw=w;}

is such that 2<#W < p<k, and it is an Egli-Milner lower bound of C, hence it is
coherent; contradiction.
(2)= (3): given S8, let {v|,...,vm} C %" be such that

Vie{l,...,n} (vl,...,vl}eSs.

We have to prove that (f(v1),..., f(vm)) €ESHE. We have that the set {v |/ €4}
is coherent, and that for any k € (B\A) vx >\, v (these two conditions are easily
seen to be equivalent to Vj € {1,...,n} (v{,...,vm} €Si-B). Hence by (2) we get that
{f(u)|1 €A} is coherent and that Vk € (B\A) f(vx)= A\, f(01), that is (f(v1),...,
S(tm)) €S,

(3)=(4): trivial.

(4)=(1): let us suppose by contradiction that there exists a coherent set C =
{v1,...,0,} S (r(f)) with 2 < p<k, and consider the multiset {t.(1),.. ., tk)}, Where
e:{1,....,k} = {1,...,p} is defined by e(i)=((i—1)MODp) + 1. Let we %" be
defined by w/ = A, .o v/, 1<j<n. The k+ 1 vectors ty1),..., k), W are such that

s j j i Lok}, {1,541
ViE{Lcoon} (..ot w) €S D kD

since the Uej@') are coherent, and w/ is their greatest lower bound. On the other hand

Sty S @it )s S (w)) @ SL b ok 1)

since for any i € {1,...,k} f(v))>L and f(w)= L (this last condition being assured

Sk} A{1,..k+1}

by the fact that k> p>2). Hence f is not invariant under S,fi’i’ , contradic-

tion. [
Fact 3. A function [:B" — & is stable if and only if it satisfies one of the conditions
of Lemma 1 for k=2. It is strongly stable if and only if it satisfies one of the

conditions of Lemma 1 for all k>2.

The following proposition states that strong stability captures the notion of sequential
definability, at least at first order.

Proposition 2. f: %" — % is strongly stable, if and only if it is PCF-definable.

This follows from condition (3) of Lemma 1, because for a first order function
invariance under the relations S22 implies invariance under all sequentiality relations.
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In the next example we show a typical use of sequentiality relations to explore the
poset of degrees of parallelism:

Example 1. We show that there exists a degree of parallelism strictly in between the
degree of the weak parallel or function Por~ : #* — 2 and the one of the parallel or
function Por:B* — B, where

tr(Por™ ) = {((true, L), true),((L, true), true)}
and
tr(Por) = {((true, L), true), (L, true), true), (( false, false), false)}.

We are looking for a (first order) function f such that Por™ <p. f <. Por. Let
f:%8*— 7 be defined by

tr(f) = {((true, L, true, true), true), ((L, true,true, true), true),
((false, false, false, 1), false), ((false, false, L, false), false)}.

A general method for showing that, for two given first order functions g and ¢', g <par g’
is to define a PCF-term M such that [M], =g, showing that g<,. ¢, and a sequen-
tiality relation R such that g is invariant under R and ¢’ is not, which entails g’ € por g
by Proposition 1.

Let us use this method for Por™ <, f. Firstly

Por™ =[AyAxixy y(x1,x2, true, true)] f

S‘fl """ -4 g s easy to see that Por™ is

Then consider the sequentiality relation
invariant under it and f is not.

As for f < po Por, it is enough to show that Por £ ., f, since any function is less
parallel than Por [3]. Let us consider the sequentiality relation R :S3{1’2’3}’{1’2’3}: Por

is not invariant under R since
(true, L, false),(L, true, false) € R
and
(Por(true, 1), Por( L, true), Por( false, false)) = (true, true, false) ¢ R.

On the other hand f is invariant under R: let v1,v,,v3 € #* be such that Vj € {1,...,4}
(v],v],0{) €R. Then, by Fact 2, {v1,05,v3} € €(#*). If 3j€{1,2,3} f(v;)=_L then
(f(v1), f(v2), f(v3)) ER, otherwise there exists an Egli-Milner lower bound E of
{v1,02,03} in @ (tr( f)) such that #E<3. It is easy to see that this implies f(v)=
f(v2)=f(v3), and hence we conclude that ( f(v1), f(v2), f(v3))ER. O
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3. Hypergraphs for boolean functions

We consider a category whose objects are (colored) hypergraphs and whose mor-
phisms are arcs-preserving and coloring-preserving maps:

Definition 4. A colored hypergraph h=(Vy,44,Cy) is given by a set ¥, of vertices,
a set A, C{4 C V; |#4 22} of (hyper)arcs and a coloring function Cy : V, — {black,
white}. A morphism from a hypergraph % to a hypergraph /4’ is a function m: ¥V, — ¥
such that

— for all ACV,, if A€ A;, then m(4) € Ay .

— for all x,x" € Vs, Chp(x)= Cip(x') if and only if Cy(m(x))= Cp(m(x")).

Definition 5. Let f:%" — % be the n-ary function defined by tr( f)={(vi,b),...,
(vr,br)}. The hypergraph H( f) is defined by

— Van={12,...,k}.

- A= {{il,iz, .. .,il} CVacn [/=2 and {v,-,,viz, .. .,v,-l} € (g(.@”)}

— Ch(ry(i)=1if b; then white else black.

Example 2. Consider the function G: %> — # defined by
tr(G) = {((L, true, false), true),(( false, L, true), true), ((true, false, 1), false)}
and the function Por: %* — % defined in Example 1. We have
H(G)=({1,2,3}, {{1,2,3}}, Cue)(1) = Cr(6)(2) = white, Cr(y(3) = black)

H(Por) = ({1,2,3},{{1,2},{1,2,3}},
Cripor)(1) = Cr(pory(2) = white, Cr(pory(3) = black).

The map m:H(G)— H(Por) defined by m(i)=i, for i =1,2,3, is a morphism. A term
M such that [M]Por=G is

M = fixixoxs f (4, 12),
where
t1=1f x1 then (if x, then L else false) else if x5 then true else L

ty=1if xa then (if x3 then L else true) else if xy then false else L. O

Example 3. Let 3Por: %> — % be defined by
tr(3Por)={((true, L, L), true), (L, true, L), true), (( 1, L, true), true)}. .

The associated hypergraph is

H(3Por) = ({1’253}7{{192}’{1’3}9 {2’3}’{1’2’3}},
C(1)=C(2) = C(3) = white).
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It is easy to see that there exists no morphism m : H(3Por) — H(Por). Nevertheless,
3Por < pg Por, since for instance

3Por =[M]Por,
where

M =Afixixoxs if f(f(x1,x2),x3) then true else 1. O
The following are simple properties relating hypergraphs and degrees of parallelism:

Fact 4. Let f:#"— B be a continuous function: f is stable if and only if H(f)
has no 2-arc. It is strongly stable if and only H( f) has no arc.

This follows from Fact 3 and condition (1) of Lemma 1.

Proposition 3. Let f: %" — % and g: B" — & be such that
min{#A IA EAH(f)} < min{#A |A EAH(g)}.
Then f %4 9.

Proof. Let k= min{#4 |A € Ay(r)}. By Lemma 1 (conditions (1) and (4)) we know
that g is invariant under the sequentiality relation S,Sr’lz """ k}’{l’z""’k+1}, and that f is

not. By Proposition 1 we are done. [

4. A hierarchy of degrees

Definition 6. Given two natural numbers m = n =3, let h(, ) be the hypergraph defined
by

hmy=({1,2,...,m}, {4 C{1,2,...,m} |#4 =n}, for all i C(i)= white).

Given Ay my and Ay ), We are interested in determining the conditions under which
there exists a morphism f : A m) — B ). Since the A j)’s are monocolored, the
only condition to be satisfied for a function f:{1,...,m} —{1,...,m'} to be a mor-
phism is the preservation of arcs. It is easy to see that f is a morphism if and only
if

max{#f~'(B)|BC{l,...,m'} and #B=n' — 1} <n

since only in that case every arc of A, » is mapped by f to an arc of A ). Hence
there exists a morphism from A, n) t0 A,y if and only if

n> min ,}max{#f_l(B)|B§{1,...,m'} and #B=n" — 1}.



66 A. Bucciarelli| Theoretical Computer Science 177 (1997) 59-71

It is quite easy to see that one of the functions f: {1,...,m} — {1,...,m'} which realize
the minimum above is fo(i)=((i — 1)MODm’) + 1, and that

max{#/;'(B)[BC(1,...,m'} and #B=n' — 1}
= (min{n’ — 1,mMODm'} * [57-‘)
+ (max{O, (' —1) = (mMODm")} {%J)

where [x]| and x| denote the integer parts of x + 1 and x, respectively. If we denote
this natural number by C™">™ | we have that there exists a morphism from h(n,m) to
B mry if and only if n > C™"'m

We define now a set of boolean functions {f(, .} such that for all n,m (with
3<n<m), H( fn,m)) =Fnm) and we show that for all n,m,n’,m" fim) <par fin m)
if and only if n > cmrm' We start by showing how to construct, for any given
h(n,m), a boolean function f such that H( f)=hg,m). The trace of f has to contain
m elements, its second projection has to be the singleton {true} and for any subset 4
of the first projection of the trace, 4 has to be coherent if and only if #4 >n. Before
describing the general method for constructing such a function f, let us consider an
example:

Example 4. The function f described by the following trace (which we represent as
a matrix), is such that H( f) =k 4y (Table 1):

Table 1

true true true 1L L 1 true
false 1 1 true true 1 true
1 false 1 false L true true
L 1 false 1 false false true

Actually a subset of the first projection of this trace is coherent if and only if its
cardinality is at least 3, since for any binary subset {i,j} of rows there exists a column
I such that the elements (i,/) and (j,!) are defined and different. O

For constructing a function f(, ) whose associated hypergraph is A, .y we have
just to generalize the idea above: for any subset of less than n rows (and of at least
two rows), there must exist a column which makes that subset incoherent. The ar-
ity of the function is Z::zl (’t"), and in the jth column, only elements correspond-
ing to rows in the jth subset (with respect to any enumeration whatsoever) will
be defined, say by true for the first row in that subset and by false for the other

TOWS.
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Example 5. The following matrix represents 7;(r( f4,4))):

vy= true true true L 4 1 true true true L

v, = false L L true true L false L false true

3= L false L false L true false false L false
va= 1 L false L false false L false false false

and the following one represents m;(tr( f3,3))):

wy= true true L
wp= false L true

wy= L false false

Proposition 4. If n,m,n’,m’ € w are such that 3<n<m, 3<n’<m’ and n>Cm™""
then f(n,m) <parf(n’,m’)-

Proof. Letk= Y7 (") and &' = Z:’;l (”:'/)’ and let 4 =m((tr( finm)) ={01,- - O}
and B=m(tr( fiw,m)))={wi,...,wmw}. By hypothesis there exists a function
f i {l,...,m}—{1,...,m'} which maps every non-singleton coherent subset of A
to a non-singleton coherent subset of B. Let us consider, for 1<j<k’, the function
g’ : B* — B defined by

tr(g’) = {(vs Wl | L <E<m Aw)y # L},

We prove that g/ is strongly stable, for j € {1,...,k’}, by using the condition (1) of
Lemma 1: let C={v;,...,v;} Cm(tr(g’)) be such that 2<I. Let H= f{i),...,i;}.
By definition of g/ we have that for any he H th # 1, hence by construction of
Sint,my We get #H <n’ — 1, hence #C<n — 1 and C is not coherent.

The g/’s are strongly stable, first order functions, hence by Proposition 2, for all
i<k’ there exists a PCF term #(xi,...,x;) which defines g/. Consider the term

Mziy/lxlxz...xky(tl(xl,...,xk),tz(xl,...,xk),...,tk (x15...,x1)).
In order to prove that [M] fiu w) = f(n,m) We just remark that, by construction,

Voe B((3j<m'(g'(v),....d" ) =w;) & Fi<mv=y and f(i)=/)). O

Example 6. Let us apply the construction above to show that fi4 4y <par f(3,3) (remark
that C*33 =3) (we refer to Example 5).

Any surjective function f:{1,2,3,4} — {1,2,3} satisfies the condition of being
a morphism from A, 4y to A 3y; let us choose for instance

fM=7/H=1 f@)=2, fB)=3.
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The corresponding g/ are defined by
tr(g") = {(v1, true), (v, false), (vs, true)},
tr(g*) = {(v1, true), (vs, false), (vy, true)},
tr(g®) = {(va, true), (vs, false)}.
The terms ¢/ are essentially sequences of conditional statements: for instance
=lx...x10 if x4 then (if (-x;Axs A —x7 A —x9 Axyo) then true else 1)
else (if (—x2 Axg A —=x7 A —=xg A —x10) then true else 1).

The rest of this section is devoted to a proof that the condition n > cmrm' s indeed
necessary for having finm) < par fin',m):

. ie ’ 7
Proposition 5. If n,m,n’,m’ are such that 3<n<m, 3<n’<m’ and n<C"™"-"™ | then

f(n,m)ipar Jow,m).

Proof. By Proposition 1 it is sufficient to define a sequential logical relation R such
that fi, ) is invariant with respect to R and f,, ») is not.
The first projection of tr( fin,m)) is

2 Gam)) = (G 2 Gl e (D

Remark that, by definition, any “column” of the first projection of r( f(n m)), i.c. any
tuple

(Ghrbih i )

contains at most n — 1 components different from L. Hence it is easy to see that fi, »)
is not invariant with respect to the (m + 1)-ary sequential logical relation

Le,m}, {1,..m
R (a1 S8 sl )
AC{1,2,.,m}, #d=n

since the tuples

{(x’l,xé,...,x;,_L)}lgigzz.:-zl(T)

are in R, and the application of (f(sm)..., f(n,m)) to those tuples yields the tuple
—_—

m+1
(true,true,...,true, 1) which is not in R.
e e

m
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If we prove that f » is invariant with respect to R we are done. By reductio ad
absurdum, let us suppose that f(, ./ is not invariant. Then there exist m + 1 tuples

s
o=,y Oy
Pl G
b = (Phsyr 0
=
Omst = Ohpatoeoos Imai? ( ))
such that

- . ml j ]
Vi 1)< (l.)(y{,...,y,fm)eR
and

(f(n/,m’)(vl )’ s f(n’,m’)(vm+1 )) ¢R

It is easy to see that this is the case if and only if

f(n’,m’)(vl ) = f(n’,m’)(UZ) == f(n’,m’)(vm) =true and f(n’,m’)(vm-H ) =1.

Hence for any 1 <i<m there exists an element wy;) of the first projection of tr( f(uw ')
such that v,-;wf(,-),“ for some function f:{1,2,...,m}—{1,2,...,m'}. Since n<
cmn'.m there exists a set 4 C{1,...,m} such that #4>=n and #f(4)<n' — 1. Let 4 be
a maximal set with that property.

If f(4)={I} is a singleton, then #f(4) <n'—1, hence A={1,...,m} because
A is maximal. This means v;=Zw; for i=1,...,m and hence also v, =>w; since
Wiy RS S - This implies fiwmey(Umt1) 2 fowmey(wr) = true,
contradiction.

If #£(A4)>2, then C =4 {wyq)|i €A} Cmi(tr( fw,m))) cannot be coherent because
2<#C<n'—1. Hence also C’ =4 {v;|i € A} cannot be coherent because C is an Egli—
Milner lower bound of C’. This contradicts (y7, ...,/ +1)€S,’:f1 for all j. [J

Hence finm) < par f(w,m') if and only if n> C”"”,"",, It is easy to see that this hierarchy
is non-trivial:

Proposition 6. If fi,m) <par fiw,my and fint m'y <par fn,m) then n=n' and m=m'.
Proof. By Proposition 3 we get that n=n’. Let us suppose, without loss of generality,

that m > m’. Thus any morphism from A,m) to kg ) is non-injective and, since
n=r', it is easy to see that there is no morphism at all. O

4 This element is unique since S, my 15 stable.
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In order to draw a picture of (a part of) this hierarchy of degrees, let us compute
some typical values of C“/!:

Cn+1,n,n =24+ (n- 2) =n = Vn=3 f(n+1,n+1) Sparf(n,n)
Cr bt = 2 = V24 fiu 1) Spar fin—1,041)
CH =2 L (n—-3)=n—1 = Y24 fiu1) <porfin—tn)

We can prove that the inequalities above are strict by using the same method: for the
first one we have for instance

1,
Cn”H_ n+1:n = an(n,n)%parf(n+l,n+l)-

The following picture shows some degrees in the hierarchy (arrows denote < -
relations, (n,m) denotes fin m)):

3.5)

AN

@6) (3.4)

1 @s (63

X

(5,6) (4,4)

N

(5:5)

This hierarchy contains infinite ascending chains, infinite descending chains and infinite
antichains (i.e. denumerable sets of pairwise unrelated elements). The diagram could be
a bit misleading since the regular pattern it shows is not complete: there exist arrows
that cannot be extrapolated by the finite portion of the hierarchy in the picture. For
instance, it turns out that f(ss) <par f(3,4), €ven if they lie on the same row in the
diagram. On the other hand the elements of the row containing (3,3) (or any (n,n))
form an antichain.
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5. Conclusions

The hypergraph that we associate with a function f yields some information about
the degree of parallelism of f.

Actually, as shown by Example 3, the existence of a morphism from H( /) to H(g)
is not a necessary condition for f <4 g, but some of the results we obtained (like
Proposition 3, or the existence of the hierarchy f(, .)), support our feeling that the
study of the combinatory of hypergraphs can result in a better understanding of the
poset of degrees of parallelism.

A complete characterization of first order degrees of parallelism can be considered
as preliminary to the study of the decidability problem for <. at higher order, which
is open.
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