
N
on

-stan
d
ard

n
u
m

b
er

rep
resen

tation
:

com
p
u
ter

arith
m

etic,
sy

m
b
olic

d
y
n
am

ics
an

d

q
u
asicry

stals

C
h
ristian

e
F
rou

gn
y

L
IA

F
A

an
d

U
n
iversity

P
aris

8

h
t
t
p
:
/
/
w
w
w
.
l
i
a
f
a
.
j
u
s
s
i
e
u
.
f
r
/
~
c
f
/

J
ou

rn
ées

M
on

toises
d
’In

form
atiq

u
e

T
h
éoriq

u
e

L
iège,

8
–

11
S
ep

tem
b
re

2004



N
u
m

eration
sy

stem

P
osition

al
n
u
m

eration
sy

stem

B
ase

β
:

an
in

teger,
or

a
real,

or
a

com
p
lex

n
u
m

b
er

of
m

o
d
u
lu

s
>

1

or
a

b
asis

U
=

(u
n
)
n

>
0

w
h
ere

u
n

is
an

in
teger

or

a
real

n
u
m

b
er

D
igits:

in
teger,

or
real,

or
com

p
lex

n
u
m

b
ers



P
a
rt

I:
C

o
m

p
u
ter

a
rith

m
etic



S
tan

d
ard

n
u
m

eration

B
ase

β
>

1
in

teger

C
an

on
ical

alp
h
ab

et
A

=
{0,...,β

−
1}

β
-rep

resen
tation

of
N

in
teger

>
0:

w
ord

d
k ···d

0
=
〈N
〉
β

of
A
∗

su
ch

th
at

N
=

k
∑i=

0

d
i β

i

U
n
iq

u
e

if
d

k
6=

0
(called

can
on

ical)

β
-rep

resen
tation

of
x

in
[0,1]:

in
fi
n
ite

w
ord

(x
i )

i>
1

of
A

N
su

ch
th

at

x
=

∑i>
1

x
i β
−

i

U
n
iq

u
e

if
d
o
es

n
ot

en
d

in
(β
−

1)
ω

(can
on

ical).

N
otation

〈x〉
β

=
.x

1 x
2 ···



A
d
d
ition

of
in

tegers

A
d
d
ition

of
in

tegers
in

b
ase

2
(from

righ
t

to
left)

1
1

1
1

+
0

1
1

1

1
2

2
2

1
0

1
1

0

1
�



�

�?
/1

0
�



�

��

?

~
0/1

}
2/0

/

1/0,
2/1

/

0/0,
1/1

A
d
d
ition

b
ase

2
is

righ
t

su
b
seq

u
en

tial.



D
igit-set

con
version

C
alp

h
ab

et
of

p
ositive

or
n
egative

d
igits

con
tain

in
g

A
=
{0,...,β

−
1}

N
u
m

erical
valu

e
π

β
:
C
∗→

Z
su

ch
th

at

π
β
(c

k ···c
0 )

=
∑

ki=
0
c
i β

i.

C
on

version
on

C
:

χ
β

:
C
∗→

A
∗

su
ch

th
at

π
β
(c

k ···c
0 )

=
π

β
(a

n ···a
0 ).

A
d
d
ition

=
con

version
on
{0,...,2(β

−
1)}

S
u
b
traction

=
con

version
on

{−
(β
−

1),...,(β
−

1)}
M

u
ltip

lication
b
y

a
fi
x
ed

in
teger

m
>

0
=

con
version

on
{0,...,m

(β
−

1)}
C

on
version

on
C
∗

is
righ

t
su

b
seq

u
en

tial
for

an
y

C
.

D
iv

ision
b
y

a
fi
x
ed

in
teger

is
left

su
b
seq

u
en

tial.



A
d
d
ition

b
ase

β
on
{0,...,β

−
1}

is
n
ot

left

seq
u
en

tial.

B
ase

2
on
{0,1}01

n
0

ω
+

0
n
10

ω
=

10
ω

01
n
0

ω
+

0
ω

=
01

n
0

ω

M
u
ltip

lication
is

n
ot

com
p
u
tab

le
b
y

a
fi
n
ite

au
tom

aton
.



R
ed

on
d
an

t
rep

resen
tation

s

B
ase

β
in

teger,
d
igits

B
=
{m

,...,M
},

m
<

M
in

Z
,
n

p
osition

s.

I
=

[m
β

n
−

1

β
−

1
,M

β
n
−

1

β
−

1
].

If|B
|
<

β
,
som

e
in

tegers
in

I
h
ave

n
o

rep
resen

tation
in

b
ase

β
w

ith
n

p
osition

s.

If|B
|
=

β
every

in
teger

in
I

h
as

a
u
n
iq

u
e

rep
resen

tation
.

If|B
|
>

β
,
every

in
teger

in
I

h
as

a
rep

resen
tation

,

n
on

n
ecessarily

u
n
iq

u
e.

W
h
en
|B
|
>

β
,
th

ere
is

red
on

d
an

cy
.



A
v
izien

is
rep

resen
tation

s

B
ase

β
in

teger,
d
igits

in
B

=
{ā
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