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Abstract. We study expansions in non-integer negative base —f( in-
troduced by Ito and Sadahiro [7]. Using countable automata associated
with (—f3)-expansions, we characterize the case where the (—/f)-shift is
a system of finite type. We prove that, if § is a Pisot number, then the
(—pB)-shift is a sofic system. In that case, addition (and more generally
normalization on any alphabet) is realizable by a finite transducer.

1 Introduction

Expansions in integer negative base —b, where b > 2, seem to have been intro-
duced by Griinwald in [6], and rediscovered by several authors, see the historical
comments given by Knuth [8]. The choice of a negative base —b and of the al-
phabet {0,...,b— 1} is interesting, because it provides a signless representation
for every number (positive or negative). In this case it is easy to distinguish the
sequences representing a positive integer from the ones representing a negative
one: denoting (w.)_p = E?:o wy (—b)* for any w = wy, - --wp in{0,...,b— 1}*
with no leading 0’s, we have N = {(w.)_y, | |w| is odd}. The classical monotonic-
ity between the lexicographical ordering on words and the represented numer-
ical values does not hold anymore in negative base, for instance 3 = (111.)_q,
4 = (100.)_2 and 111 >;., 100. Nevertheless it is possible to restore such a
correspondence by introducing an appropriate ordering on words, in the sequel
denoted by <, and called the alternate order.

Representations in negative base also appear in some complex base number
systems, for instance base 3 = 2i where 32 = —4 (see [5] for a study of their
properties from an automata theoretic point of view). Thus, beyond the interest
in the problem in itself, the authors also wish the study of negative bases to be
an useful preliminar step to better understanding the complex case.

Ito and Sadahiro recently introduced expansions in non-integer negative base
—B1in [7]. They have given a characterization of admissible sequences, and shown
that the (—()-shift is sofic if and only if the (—/)-expansion of the number —%
is eventually periodic.

In this paper we pursue their work. The purpose of this contribution is to
show that many properties of the positive base (integer or not) numeration
systems extend to the negative base case, the main difference being the sets of
numbers that are representable in the two different cases. The results could seem



not surprising, but this study put into light the important role played by the
order on words: the lexicographic order for the positive bases, the alternate order
for the negative bases.

We start by a general result which is not related to numeration systems but
to the alternate order, and which is of interest in itself. We define a symbolic
dynamical system associated with a given infinite word s satisfying some prop-
erties with respect to the alternate order on infinite words. We design an infinite
countable automaton recognizing it. We then are able to characterize the case
when the symbolic dynamical system is sofic (resp. of finite type). Using this
general construction we can prove that the (—f)-shift is a symbolic dynamical
system of finite type if and only if the (—3)-expansion of —% is purely periodic.
We also show that the entropy of the (—f3)-shift is equal to log j.

We then focus on the case where [ is a Pisot number, that is to say, an
algebraic integer greater than 1 such that the modulus of its Galois conjugates
is less than 1. The natural integers and the Golden Mean are Pisot numbers. We
extend all the results known to hold true in the Pisot case for (-expansions to
the (—f3)-expansions. In particular we prove that, if 8 is a Pisot number, then
every number from Q(3) has an eventually periodic (—()-expansion, and thus
that the (—3)-shift is a sofic system.

When g is a Pisot number, it is known that addition in base 3 — and more
generally normalization in base § on an arbitrary alphabet — is realizable by a
finite transducer [4]. We show that this is still the case in base —f.

2 Definitions and preliminaries

2.1 Words and automata

An alphabet is a totally ordered set. In this paper the alphabets are always finite.
A finite sequence of elements of an alphabet A is called a word, and the set of
words on A is the free monoid A*. The empty word is denoted by . The set of
infinite (resp. bi-infinite) words on A is denoted by AN (resp. A%). Let v be a
word of A*, denote by v™ the concatenation of v to itself n times, and by v* the
infinite concatenation vovv---. A word of the form wv* is said to be eventually
periodic. A (purely) periodic word is an eventually periodic word of the form v*.

A finite word v is a factor of a (finite, infinite or bi-infinite) word x if there
exists v and w such that * = wvw. When wu is the empty word, v is a prefiz of
x. The prefix v is strict if v # x. When w is empty, v is said to be a suffiz of x.

We recall some definitions on automata, see [2] and [13] for instance. An
automaton over A, A= (Q, A, E,1,T), is a directed graph labelled by elements
of A. The set of vertices, traditionally called states, is denoted by @, I C Q is
the set of initial states, T' C @ is the set of terminal states and E C Q x Ax Q is
the set of labelled edges. If (p, a,q) € E, we write p > ¢. The automaton is finite
if Q is finite. The automaton A is deterministic if E is the graph of a (partial)
function from @ x A into @, and if there is a unique initial state. A subset H of
A* is said to be recognizable by a finite automaton, or reqular, if there exists a



finite automaton A such that H is equal to the set of labels of paths starting in
an initial state and ending in a terminal state.

Recall that two words u and v are said to be right congruent modulo H if,
for every w, uw is in H if and only if vw is in H. It is well known that H is
recognizable by a finite automaton if and only if the congruence modulo H has
finite index.

Let A and A’ be two alphabets. A transducer is an automaton 7 = (Q, A* x
A, E,1,T) where the edges of F are labelled by couples in A* x A™*. Tt is said to
be finite if the set @ of states and the set E of edges are finite. If (p, (u,v),q) €

FE, we write p B, q. The input automaton (resp. output automaton) of such

a transducer is obtained by taking the projection of edges on the first (resp.
second) component. A transducer is said to be sequential if its input automaton
is deterministic.

The same notions can be defined for automata and transducer processing
words from right to left : they are called right automata or transducers.

2.2 Symbolic dynamics

Let us recall some definitions on symbolic dynamical systems or subshifts (see [10,
Chapter 1] or [9]). The set AZ is endowed with the lexicographic order, denoted
<lex, the product topology, and the shift o, defined by o((x;)icz) = (Tit+1)icz-
A set S C A% is a symbolic dynamical system, or subshift, if it is shift-invariant
and closed for the product topology on A%. A bi-infinite word z avoids a set of
word X C A* if no factor of z is in X. The set of all words which avoid X is
denoted Sx. A set S C AZ is a subshift if and only if S is of the form Sx for
some X.

The same notion can be defined for a one-sided subshift of AN,

Let F(S) be the set of factors of elements of S, let I(S) = AT\ F(S) be the
set of words avoided by S, and let X (5) be the set of elements of I(S) which
have no proper factor in I(.S). The subshift S is sofic if and only if F'(S) is
recognizable by a finite automaton, or equivalently if X (.S) is recognizable by a
finite automaton. The subshift S is of finite type if S = Sx for some finite set
X, or equivalently if X (.5) is finite.

The topological entropy of a subshift S is

A(S) = lim - log(Bn ()

where By, (S) is the number of elements of F(S) of length n. When S is sofic,
the entropy of S is equal to the logarithm of the spectral radius of the adjacency
matrix of the finite automaton recognizing F'(S).

2.3 Numeration systems

The reader is referred to [10, Chapter 7] for a detailed presentation on these
topics. Representations of real numbers in a non-integer base 3 were introduced



by Rényi [12] under the name of §-expansions. Let x be a real number in the
interval [0, 1]. A representation in base B (or a -representation) of « is an infinite

word (z;);>1 such that
T = Z z; 3¢

i>1
A particular B-representation — called the (-ezpansion — can be computed by
the “greedy algorithm” : denote by |y|, [y] and {y} the lower integer part, the
upper integer part and the fractional part of a number y. Set ro = = and let
fori > 1, ; = |Bri—1], ri = {Bri—1}. Then z = Zi>1 x;87%. The digits z; are
elements of the canonical alphabet Ag = {0,...,[5] — 1}.

The [(-expansion of x € [0,1] will be denoted by dg(x) = (z;)i>1. If > 1,
there exists some k > 1 such that z/8* belongs to [0,1). If dg(z/8*) = (y:)i>1
then by shifting « = (y1 -+ Y- Yrt1Yk+2 - ) -

An equivalent definition is obtained by using the 8-transformation of the unit
interval which is the mapping

Ts:x — fBx — |fz].

Then dg(z) = (x;)i>1 if and only if z; = LﬁTé_l(x)J.

If a representation ends in infinitely many zeros, like v0“, the ending zeros
are omitted and the representation is said to be finite.

In the case where the (-expansion of 1 is finite, there is a special represen-
tation playing an important role. Let dg(1) = (£;)i>1 and set dj(1) = dg(1) if
dg(1) is infinite and dj(1) = (t1 - tm—1(tm — 1))* if dg(1) = t1 - tp_1tm is
finite.

Denote by Dg the set of [-expansions of numbers of [0,1). It is a shift-
invariant subset of Ag . The (-shift Ss is the closure of Dg and it is a subshift

of A%. When f is an integer, S3 is the full 3-shift A%.

Theorem 1 (Parry[11]). Let 8 > 1 be a real number. A word (w;);>1 belongs
to Dg if and only if for alln > 1

WnWn+1 - <lex dg(l)
A word (w;)icz belongs to Sg if and only if for all n
WnWp+1 * glem dg(l)

The following results are well-known (see [10, Chapt. 7]).

Theorem 2. 1. The (3-shift is sofic if and only if dg(1) is eventually periodic.
2. The B-shift is of finite type if and only if dg(1) is finite.

It is known that the entropy of the g-shift is equal to log .

If 8 is a Pisot number, then every element of Q(3) N[0, 1] has an eventually
periodic (-expansion, and the §-shift Ss is a sofic system [1, 14].



Let C be an arbitrary finite alphabet of integer digits. The normalization
function in base [ on C
vg.C CN — .Alg
is the partial function which maps an infinite word y = (y;);>1 over C, such
that 0 <y = Ei>1 y;3~" < 1, onto the S-expansion of y. It is known [4] that,
when ( is a Pisot number, normalization is computable by a finite transducer on
any alphabet C. Note that addition is a particular case of normalization, with

C=1{0,....2([8] — 1)}

3 Symbolic dynamical systems and the alternate order

Define the alternate order < on infinite words or finite words with same length
on an alphabet A:
T1X2T3 - < Y1Y2y3 - -

if and only if there exists £ > 1 such that
z; =y; for 1<i<k and (—l)k(xk —yr) <O0.

This order was implicitely defined in [6].
Let A be a finite alphabet, and let s = s1s9--- be a word in AN such that
s1 =max A and for eachn > 1, s < 5,8p41---. Let

S ={w=(w;)iez € A% | ¥n, s < WpWpy1 - }-

We construct a countable infinite automaton Ag as follows (see Fig.1, where
[a,b] denotes {a,a+1,...,b} if a < b, € else. It is assumed in Fig. 1 that s1 > s;
for j > 2.) The set of states is N. For each state ¢ > 0, there is an edge @ s i+ 1.
Thus the state i is the name corresponding to the path labelled sq - --s;. If i is
even, then for each a such that 0 < a < s;41 — 1, there is an edge i SN j, where
j is such that s; ---s; is the suffix of maximal length of s;---s;a. If ¢ is odd,
then for each b such that s; 11 +1 < b < s3 — 1, there is an edge 4 Lj where j
is maximal such that sy - - - s; is a suffix of s1 - - - s;b; and if s;41 < s1 there is one

edge i 2% 1. By contruction, the deterministic automaton Ag recognizes exactly
the words w such that every suffix of w is > s and the result below follows.

(0,51 —1] 51 S1

[s24+ 1,51 —1]

51 So KQ\ 53 S4
o/

[sa+ 1,81 —1]
Fig. 1: The automaton Ags



Proposition 1. The subshift S = {w = (w;)icz € AZ |Vn, s 2 wyWpy1 -} is
recognizable by the countable infinite automaton Ag.

Proposition 2. The subshift S = {w = (w;)icz € A% | Vn, s 2 wpwpy1 -} 08
sofic if and only if s is eventually periodic.

Proof. The subshift S is sofic if and only if the set of its finite factors F'(S)
is recognizable by a finite automaton. Given a word u of A*, denote by [u]
the right class of v modulo F(S). Then in the automaton Ag, for each state
i > 1,4 = [s1---8], and 0 = [g]. Suppose that s is eventually periodic,
s = 81 Sm(Sm+1 - Smtp)”, with m and p minimal. Thus, for each & > 0
and each 0 <% < p—1, Synqphti = Sm+i-

Case 1: p is even. Then m + 1 = [$1 " Sm+i] = [S1° " Smtpk+i] for every k > 0
and 0 <7 < p — 1. Then the set of states of Ag is {0,1,...,m+p—1}.

Case 2: p is odd. Then m + i = [s1- - Sm4i] = [S1 - Sm+2pk+i] for every k >0
and 0 < @ < 2p — 1. The set of states of Ag is {0,1,...,m + 2p — 1}.
Conversely, suppose that s is not eventually periodic. Then there exists an in-
finite sequence of indices i; < iy < --- such that the sequences s;, $i, 41"
are all different for all & > 1. Take any pair (i;,4¢), j,£ > 1. If i; and i, do
not have the same parity, then s;---s;, and s;---s; are not right congruent
modulo F(S). If 4; and i, have the same parity, there exists ¢ > 0 such that
Si;tt*Si;4q—1 = Siy** Sispq—1 = v and, for instance, (—1)%T9(s;, 4q — Si,4q) >0
(with the convention that, if ¢ = 0 then v = ¢). Then sy ---s;, _1vs;;,44 € F(S5),
51 8i,—1VSi,+q € F(S), but s1---s;, 105,44 does not belong to F(5). Hence
s1+--8;; and s --- s, are not right congruent modulo F(S), so the number of
right congruence classes is infinite and F(S) is thus not recognizable by a finite
automaton. ([

Proposition 3. The subshift S = {w = (w;)iez € AZ |Vn, s 2 wyWpi1 -} is
a subshift of finite type if and only if s is purely periodic.

Proof. Suppose that s = (s1---s,)*. Consider the finite set X = {s1---5,-10 |
be A (-1)"b-s,) <0, 1 <n < p}. We show that S = Sx. If w
is in S, then w avoids X, and conversely. Now, suppose that S is of finite
type. It is thus sofic, and by Proposition 2 s is eventually periodic. If it is not
purely periodic, then s = s1 -+« Sy (Sm41 -+ Sm+p)”, With m and p minimal, and
S1 Sm#Ae Let I ={s1---sp1b|b€ A (-1)"(b—3s,) <0, 1 <n<m}U
{s1 Sm(Smt1 Smip)®® Smi1 - Smin—1b | b € A, k > 0,(=1)m+2kp+n(p —
Smin) < 0, 1 < n < 2p}. Then I C AT\ F(S). First, suppose there exists
1 < j < p such that (—l)j(sj — Sm4j) < 0 and 81+ 8j—1 = Sm41- Smgj—1-
For k > 0 fixed, let w®) = g; "'Sm(8m+1"'Sm+p)2k81"'8j € I. We have
$1 Sm(Smg1 - sm+p)2ksm+1 <+ Smaj—1 € F(S). On the other hand, for n >
2, Sn - Sm(Smat1 --~sm+p)2k is > than the prefix of s of same length, thus
Sn - Sm(Smat Smap) 8185 € F(S). Hence any strict factor of w®) is
in F(S). Therefore for any k > 0, w®*) € X(S), and X(S) is thus infinite: S
is not of finite type. Now, if such a j does not exist, then for every 1 < j < p,
8 = Sm4j, and s = (81 -+ 8;,)* is purely periodic. O



Remark 1. Let s’ = s)sh - be a word in AY such that s} = min A and, for each
n>1,spsh - <5 Let 8 = {w= (wi)iez € A” | Vn, wpwpy41--- < ¢’} The
statements in Propositions 1, 2 and 3 are also valid for the subshift S’ (with the
automaton Ag: constructed accordingly).

4 Negative real base

4.1 The (—3)-shift

Ito and Sadahiro [7] introduced a greedy algorithm to represent any real number
in real base —3, # > 1, and with digits in A_g = {0,1,...,|3]}. Remark that,
when f is not an integer, A_g = Ag.

A transformation on I_g = [—%, ﬁ) is defined as follows:

T_p(a) =~ — |~fa+ 7o)
For every real number x € I_g denote d_g(z) the (—/f)-expansion of z.
Then d_g(z) = (%;)i>1 if and only if z; = L—ﬂTfﬁl(x) + %J, and z =
> i>1 Zi(—=B)~". When this last equality holds, we may also write:

z=(wix2--)_p.

Since for every x € R\ I_z there exists an integer k > 1 such that z/(—3)* € I_g,

the sequence d_g(z/(—B)*) = (y:)i>1 satisfies © = (y1 -+ Yr-Urs1Vkt2 " )—p-
Thus, allowing an opportune shift on the digits, every real number has a (—/3)-
expansion.

We show that the alternate order < on (—f)-expansions gives the numerical
order.

Proposition 4. Let x and y be in I_g. Then
r <y <= d_g(z) <d_g(y).

Proof. Suppose that d_g(z) < d_g(y). Then there exists k > 1 such that x; = y;
for 1 <i < k and (—1)¥(x;, — yr) < 0. Suppose that k is even, k = 2¢. Then
T2q < Y2q— 1. Thus 2 —y < _672(1—’—21'22(1—',-1 xi(_ﬁ)fi_zz')zq-u yi(=B)~" <0,
since 35,5y T2g+i(—0) 7" and -, yagri(—B) 7" are in I_p. The case k = 2 + 1
is similar. The converse is immediate. (]

Ezample 1. In base —2, 3 = (111.)_2, 4 = (100.)_2 and 111 < 100.

A word (z;)i>1 is said to be (—0)-admissible if there exists a real number
x € I_g such that d_g(z) = (2;)i>1. The (—03)-shift S_s is the closure of the
set of (—3)-admissible words, and it is a subshift of A%.

Define the sequence d* ﬁ( as follows:

1
1)



—if d,g(—%) = dids - - - is not a periodic sequence with odd period,

—— ) =0dydy - -

— otherwise if d_g(—i) = (dy - -dopt1)¥,

1

d2p(g77) = (Odv---dopldzpin = 1)),
Theorem 3 (Ito-Sadahiro [7]). A word (w;)i>1 is (—3)-admissible if and only

if for each n > 1

5 . 1
—6(‘@) 2 WpWppr - < df,@(m

).
A word (w;)iez is an element of the (—3)-shift if and only if for each n

5 . 1
—ﬂ(—m) 2 WpWptp oo+ 2 df,a(m)-

Theorem 3 can be restated as follows.

Lemma 1. Let d_g(—%) =didy - and let

S = {(w;)iez € A% | Vn, dida -+ = WpwWpt1 -}

If d_g(—%) is not a periodic sequence with odd period, then S_z = S.
Ifd_g(—%) is a periodic sequence of odd period, d_g(—%) = (dy - -dopt1)?,
then S_g = SN S" where

S" ={(w)icz € AG | Vn, wpwpi1--- 2 (0dy -+ - dop(dapy1 — 1))}

Theorem 4. The (—03)-shift is a system of finite type if and only ifd_g(—%)
s purely periodic.

Proof. If d,g(—%) is purely periodic with an even period, the result follows

from Theorem 3, Lemma 1 and Proposition 3. If d,g(—%) is purely periodic
with an odd period, the result follows from Theorem 3, Lemma 1, Proposition 3,

Remark 1, and the fact that the intersection of two finite sets is finite. ([

By Theorem 3, Lemma 1, Proposition 2, Remark 1, and the fact that the
intersection of two regular sets is again regular the following result follows.

Theorem 5 (Ito-Sadahiro [7]). The (—/3)-shift is a sofic system if and only
if d,g(—%) is eventually periodic.



Fig. 2: Finite automata for the G-shift (left) and for the (—G)-shift (right)

Ezample 2. Let G = 1+2‘/5; then d,G(—GLH) = 10¢, and the (—G)-shift is a
sofic system which is not of finite type.

Let 8 = G? = 3+‘/5 Then d_g(— ﬁﬁ ) = (21)¢ and the (—/)-shift is of finite
type: the set of mlmmal forbidden factors is X (S_g) = {20}.

Ezample 3. The automaton in Fig. 2 (right) recognizing the (—G)-shift is ob-

tained by minimizing the result of the construction of Proposition 1. Remark
that it is the automaton which recognizes the celebrated even shift (see [9]).

This example suggests that the entropy of the —3-shift is the same as the entropy
of the (-shift. Using results from Fotiades and Boudourides [3], we can prove
the following result.

Proposition 5. The entropy of the (—f)-shift is equal to log (3.

4.2 The Pisot case

We first prove that the classical result saying that if 8 is a Pisot number, then
every element of Q(/3) N0, 1] has an eventually periodic 3-expansion is still valid
for the base —/3.

Theorem 6. If 3 is a Pisot number, then every element of Q(5) N I_g has an
eventually periodic (—()-expansion.

Proof. Let Mg(X) = X% — a3 X971 — ... — a4 be the minimal polynomial of 3
and denote by 8 = (1,..., 04 the conjugateb of 3. Let x be arbltrarﬂy fixed in
Q(B) N I_g. Since Q(B) = Q( ), x can be expressed as x = ¢~ ! Zz 0 Y pi(—B)

with ¢ and p; in Z, ¢ > 0 as small as possible in order to have uniqueness.
Let (z;)i>1 be the (—f)-expansion of z, and write

=1 =rP(a) = Ty T2y () (ar By (—6)"“) :
—5 " (=B ,; *

Since 7, = Tfﬂ(x) belongs to I_g then |r,| < ﬁ% < 1. For2<j<d,let

d—1 n
r9) =1 (@) = (~B;)" <q1 > =B - Zm(—ﬂn’“) .
=0 k=1

Let n = max{|0;| | 2 < j < d}: since § is a Pisot number, n < 1. Since zj < | 5]

we get
d—1 n—1
< g Ipiln™ T+ 18] o
=0 k=0




and since n < 1, max1<j<d{supn{|rm|}} < 0.
We need a technical result. Set R,, = (7‘5,1), . ,rg,,d)) and let B the matrix
B = ((—85)"" hi<i.j<d-

Lemma 2. Let x = ¢! Zz o pl( B). For every n > 0 there exists a unique

d-uple Z, (z,(Ll), RN ,(Ld)) in Z¢ such that R, = ¢~ *Z,B.
Proof. By induction on n. First, r; = —(x — x1, thus

l+1 _ -1 (1) Z{d)
(Zp >—q <—5+ +(—ﬁ)d>

using the fact that (—3)% = —ay(—3)%! + aa(—B)*2 + --- + (—1)%aq. Now,
Tnt+1 = _57nn — Tn+t1, hence

I N E 252) 2 1 (21 Z((Q1

o -0 (=gt T 5 (=B)

since 2" — q%n+1 € Z. Thus for every n there exists (zf(Ll) T(Ld)) in Z¢ such
that

d
=q¢ ') 2P (=p)7*
k=1

Since the latter equation has integral coefficients and is satisfied by —/, it is also
satisfied by —3;, 2 < j < d, and

(J) == n ( 1Zp7 /6_] Zxk 6] > =q er(zk)(_ j)_k'

We go back to the proof of Theorem 6. Let V,, = gR,,. The (V,,),>1 have bounded
norm, since maxlgjgd{supnﬂrgf”}} < o0o. As the matrix B is invertible, for
every n > 1,

1Zall = [1(=50, .. 25D = max{|=$] :1<j<d} <0

so there exist p and m > 1 such that Z,,4, = Z,, hence ry,4, = r, and the
(—0)-expansion of z is eventually periodic. O

As a corollary we get the following result.

Theorem 7. If 5 is a Pisot number then the (—()-shift is a sofic system.



The normalization in base — (3 is the function which maps any (—/)-represen-
tation on an alphabet C' of digits of a given number of /_3 onto the admissible
(—0)-expansion of that number.

Let C ={—c,...,c}, where ¢ > | 3] is an integer. Denote

Z_5(2¢) = {(zi)go e{-2¢,...,2c}" ’ S (-8 = o}.

i>0

The set Z_g(2c) is recognized by a countable infinite automaton A_g(2¢c):

the set of states Q(2c) consists of all s € Z[5] N [—%, %] Transitions are of

the form s 5 s’ with e € {—c,...,c} such that ' = —@s + e. The state 0 is
initial; every state is terminal.

Let Mg(X) be the minimal polynomial of 3, and denote by 5 = f, ...,
B4 the conjugates of 3. We define a norm on the discrete lattice of rank d,
Z[X]/(Mp), as

IPCO)) = masx [P(5)

Proposition 6. If 3 is a Pisot number then the automaton A_g(2c) is finite
for every ¢ = | 8].

Proof. Every state s in Q(2¢) is associated with the label of the shortest path
fofi-++ fn from 0 to s in the automaton. Thus s = fo(—3)" + fi(—8)" ! +
<+ fn = P(0), with P(X) in Z[X]/(Mg). Since fofi--- fn is a prefix of a
word of Z_g(2c), there exists fr41fnto--- such that (f;)i>0 is in Z_g(2¢). Thus

s = |P(B)| < 52_‘31. For every conjugate 3;, 2 < ¢ < d, |6;] < 1, and |P(5;)| <

% Thus every state of (2¢) is bounded in norm, and so there is only a
finite number of them. O

The redundancy transducer R_g(c) is similar to A_g(2¢). Each transition

b
s = s’ of A_g(2¢) is replaced in R_g(c) by a set of transitions s LA s', with
a,b € {—c,...,c} and a — b = e. Thus one obtains the following proposition.

Proposition 7. The redundancy transducer R_g(c) recognizes the set

{@rza- ypya-) €CV X CV | D mi(=B) T =D wi(-B) '}

i>1 i>1
If B is a Pisot number, then R_g(c) is finite.

Theorem 8. If 3 is a Pisot number, then normalization in base —f on any
alphabet C' is realizable by a finite transducer.

Proof. The normalization is obtained by keeping in R_g(c) only the outputs
y that are (—f)-admissible. By Theorem 7 the set of admissible words is rec-
ognizable by a finite automaton D_g. The finite transducer N_g(c) doing the
normalization is obtained by making the intersection of the output automaton
of R_g(c) with D_g. O



Proposition 8. If 3 is a Pisot number, then the conversion from base —f to
base (3 is realizable by a finite transducer. The result is B-admissible.

Proof. Let x € I_g, x > 0, such that d_g(x) = z1z223 - - -. Denote a the signit
digit (—a). Then TyzoT3 - -+ is a [-representation of z on the alphabet A_g =
{=18],---, 8]} Thus the conversion is equivalent to the normalization in base

B on the alphabet A_g, and when 3 is a Pisot number, it is realizable by a finite
transducer by [4]. O

Remark 2. In the case where the base is a negative integer, conversion from base
b to base —b is realizable by a finite right sequential transducer. In a forthcoming
paper we show that conversion from base 3 to base —3 — with the result in
non-admissible form — is realizable by a finite left sequential transducer when
[ is a Pisot number.

References

1. A. Bertrand, Développements en base de Pisot et répartition modulo 1, C. R.
Acad. Sci. Paris Sér. A-B 285 (1977) A419-A421.

2. S. Eilenberg, Automata, Languages and Machines, vol. A, Academic Press, 1974.

3. N. Fotiades and M. Boudourides, Topological conjugacies of piecewise monotone
interval maps, Int. J. Math. Math. Sci. 25 (2001) 119-127.

4. Ch. Frougny, Representations of numbers and finite automata, Math. Systems The-
ory 25 (1992) 37-60.

5. Ch. Frougny, On-line finite automata for addition in some numeration systems,
Theoretical Informatics and Applications 33 (1999) 79-101.

6. V. Griinwald, Intorno all’aritmetica dei sistemi numerici a base negativa con
particolare riguardo al sistema numerico a base negativo-decimale per lo studio
delle sue analogie coll’aritmetica ordinaria (decimale), Giornale di Matematiche di
Battaglini 367 (1885) 203—221.

7. S. Ito and T. Sadahiro, (—3)-expansions of real numbers, INTEGERS, to appear.

8. D.E. Knuth, The Art of Computer Programming, Seminumerical Algorithms, Vol.2,
2nd ed. Addison-Wesley (1988).

9. D. Lind and B. Marcus, An introduction to symbolic dynamics and coding, Cam-
bridge University Press, 1995.

10. M. Lothaire, Algebraic combinatorics on words, Encyclopedia of Mathematics and
its Applications, no. 90, Cambridge University Press, Cambridge, 2002.

11. W. Parry, On the B-expansions of real numbers, Acta Math. Acad. Sci. Hungar.
11 (1960) 401-416.

12. A. Rényi, Representations for real numbers and their ergodic properties, Acta
Math. Acad. Sci. Hungar. 8 (1957) 477-493.

13. J. Sakarovitch, Eléments de théorie des automates, Vuibert (2003). English trans-
lation: Elements of Automata Theory, Cambridge University Press, to appear.

14. K. Schmidt, On periodic expansions of Pisot numbers and Salem numbers, Bull.
London Math. Soc. 12 (1980) 269-278.



