Gaussian fluctuations of Jack-deformed random

Young diagrams
(joint work with Piotr Sniady)

Maciej Dotega

Uniwersytet im. Adama Mickiewicza,
Uniwersytet Wroctawski

Workshop on Asymptotic Representation Theory, IHP, 21 1l 2017



Jack-deformed Young diagrams

Problem

@ A partition 7 of the integer n
(mt n, or m € Pp): a finite
non-increasing sequence of positive
integers my; > mp > - -+ > g, such
that |7| ==Y, m = n;

@ Graphical representation by a
Young diagram of size n.




Jack-deformed Young diagrams

Problem

o m=(7,7,4,4,2) - 24, A3
@ Representem by a Young diagram \ Ao
with £(\) =5 rows. A\
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Jack-deformed Young diagrams

Problem

@ A partition 7 of the integer n
(mt n, or m € Pp): a finite
non-increasing sequence of positive
integers my; > mp > - -+ > g, such
that |7| ==Y, m = n;

@ Graphical representation by a
Young diagram of size n.

Problem

(B-ensembles: the probability distributions on R" with the density of the
form 1
v oV (n
P(Xl, 000 7Xn) = ?e ba)tt Vi) H |Xi - XJ|ﬁ,
i<j
where V' is some real-valued function and Z is the normalization
constant. What is the discrete counterpart of 3-ensambles?
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Jack-deformed Young diagrams

Solution

@ There seems to be no obvious unique way of defining the discrete
counterpart of S-ensambles. )

@ Several alternative approaches are available, see for example
approaches recently proposed by Borodin, Gorin and Guionnet, or by

Moll. ©

@ We propose different approach which produces measures with many
desirable asymptotic properties and allows to study the

double-scaling limit.
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Examples and the representation theory |

pn - a representation of the symmetric group &, defines a probability
measure P, on the set of Young diagrams Y,, in the following way:

Tr pa(m
n\T) = ]P)
Xn() Tr pn |d) )\;

for each m € &,,, where x, is an irreducible character, i.e.

Tr pa(m)
Tr pa(id)’

where p) - irreducible representation of &,,.

xa(m) =
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Examples and the representation theory |

pn - a representation of the symmetric group &, defines a probability
measure P, on the set of Young diagrams Y,, in the following way:

Tr pa(m
n\T) = ]P)
Xn() Tr pn |d) )\;

for each m € &,,, where x, is an irreducible character, i.e.

Tr pa(m)
Tr pa(id)’

where p) - irreducible representation of &,,.

xa(m) =

More generally, we call x : P, — R a reducible character, if it is a convex
combination of irreducible characters.



Jack-deformed Young diagrams

Examples and the representation theory |l

@ Plancherel measure

() = {1 ifr=17 P(A) = (dim py)?

0 otherwise n!

@ Schur-Weyl measure

_ dim E)\

x(m) = NI B () = SR

where (CN)®" = @), , Ex.
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Fix oo € R+ and expand Jack polynomials J/(\a)

A =30 (N) pr.

in power-sum basis:



Jack-deformed Young diagrams

Jack deformation

)

Fix o € Ry and expand Jack polynomials J/(\a in power-sum basis:

A =30 (N) pr.

We define irreducible Jack character XE\O‘):

_l=l Zp P
W) = a” F 5000,
where ||| := |7| — £(7).
We call x : P, — R a reducible Jack character, if it is a convex
combination of irreducible Jack characters.



Jack-deformed Young diagrams

Jack deformation - examples

@ Jack-Plancherel measure

x(m) 1= {1 IO .

0 otherwise [xpyen ha(x, ¥)HL(x, ¥)
@ Jack-Schur-Weyl measure
() : = NEO=Iml = y=liml

N N+valx—1) - va '(y-1)
PN :=n! [] N ()R (%, y)

(x,y)EX

o [ MEWEx—VE (T - vE)
| N~ ha(x, y) i (%, )

(x,y)EX
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Jack deformation - examples

Example

@ Jack-Plancherel measure

x(m) 1= {1 IO .

0 otherwise [xpyen ha(x, ¥)HL(x, ¥)
@ Jack-Schur-Weyl measure
() : = NEO=Iml = y=liml
1
O ) QLE= Gt RV

. .(x,y)€>\ é)&)fﬂ)/) &(X, ) \6
- Vi G T s ()

N - ho(x, y)hi,(x,y)

«

(x,y)EX




Jack-deformed Young diagrams

Jack deformation of hook-length formula

¢(0)




Jack-deformed Young diagrams

Main result

Theorem (D., Sniady 2017)

For each n let x,: P, — R be a reducible Jack character, and let
a = a(n) be such that

vi=va  —vVa=gV/n+g +o(l)

for some g, g’ € R. We impose that the sequence (x,) fulfills some
technical assumptions about its asymptotic behavior; we will specify their
details later.

Let X, be a random Young diagram with the probability distribution Py,
associated with x := x,. Then the sequence (\,) of Young diagrams
converges to some limit shape in the limit n — oo when the number of
the boxes tends to infinity.

Furthermore, the fluctuations of X, around the limit shape are
asymptotically Gaussian.




Jack-deformed Young diagrams

a-anisotropic Young diagrams

Definition

Anisotropic Young diagram T,, »(\) - polygon obtained from the Young
diagram \ by a horizontal stretching of ratio w and a vertical stretching
of ratio h (each box 1 x 1 is replaced by a box of dimension w x h).
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Definition

Anisotropic Young diagram T,, »(\) - polygon obtained from the Young
diagram \ by a horizontal stretching of ratio w and a vertical stretching
of ratio h (each box 1 x 1 is replaced by a box of dimension w x h).

A Tpa(N)




Jack-deformed Young diagrams

a-anisotropic Young diagrams

Definition

Anisotropic Young diagram T,, »(\) - polygon obtained from the Young
diagram \ by a horizontal stretching of ratio w and a vertical stretching
of ratio h (each box 1 x 1 is replaced by a box of dimension w x h).

A Tpa(N)

In order to study the shape of random Young diagrams A\, € Y, sampled
by some Jack-deformed measure, the right scaling is the following:

A, = - —An.
VEVED
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Definition

A profile of a Young diagram A is a function wy : R — R, such that its
graph is a profile of A drawn in Russian convention.
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Young diagrams as continuous objects

Russian convention:

Definition

A profile of a Young diagram A is a function wy : R — R, such that its
graph is a profile of A\ drawn in Russian convention.

When we claim that a sequence (\,), of Young diagrams A, € Y,
converges to some limit shape, we actually mean that the sequence of
profiles wy, converges.



Jack-deformed Young diagrams

Asymptotic shape of large Jack-deformed Young diagrams

Theorem (D., Sniady 2017; o = 1 Biane 2002)

For each n let x,: P, — R be a reducible Jack character, and let
a = a(n) be such that

vi=va —Va=gVn+g +o(l)

for some g, g’ € R.

Let A\, be a random Young diagram with the probability distribution P,
associated with reducible Jack-characters x := x, that fulfill some
technical assumptions about its asymptotic behavior (presented in details
later on).

Then there exists some deterministic function wy__ : R — R with the
property that

lim wp =w
n— oo An Aco>

where the convergence holds true with respect to the supremum norm, in
probability.




Jack-deformed Young diagrams

Examples

We recall that v = gv/n+ g’ + o(1).

Example

When « > 0 is fixed, that is g = 0 then the limit shape wa_, does not
depend on «!.

o Jack-Plancherel measure (D., Féray 2016)

Ix| if [x] > 2;
Wh (X) = 9 2 (x -arcsin % + m> otherwise.

T

o Jack-Schur-Weyl measure with \/n ~ cN (D., Sniady 2017)

wp. (x) — explicit function depending on c.




Jack-deformed Young diagrams

Examples

We recall that v = g/n+ g’ + o(1).

An interesting choice is when
a(n) = 4 for some ¢ > 0, that is
g = c¢,g’ = 0. Then the anisotropic

2 Young diagram A, is a collection of
rectangles of the same height g and
of the widths ﬁ, %, ..., and the
limit shape wp__ clearly depends on

1 g!

The limit shape of random Young
diagrams distributed according to

the Jack—Plancherel measure in the

double scaling limit for ¢ = %.
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Jack-deformed Young diagrams

Fluctuations

How to “measure” fluctuations around the limit shape wp__ 7

We know that wa, — wp__, so we define
A, = +/n(wp, —wa)-

We would like to show that A, converges to some function A, so

informally speaking,
1
WA R wWpL + —A.
n oo \/E



Jack-deformed Young diagrams

Fluctuations

Problem

How to “measure” fluctuations around the limit shape wp_, 7

We know that wa, — wp__, so we define
A, i=/n(wp, —wr)-

We would like to show that A, converges to some function A, so
informally speaking,

WA R wp. + —=AD.

n oo \/E

We need to study suitable test functions:

k—1
Yii=—— / u =2 Ay (u)du, k>2.



Jack-deformed Young diagrams

Central limit theorem

Theorem (D., Sniady 2017; a = 1 Sniady 2006)

For each n let x,: P, — R be a reducible Jack character, and let
a = «a(n) be such that

yi=va —Va=gV/n+g +o(l)

for some g, g’ € R.

Let A\, be a random Young diagram with the probability distribution P,
associated with reducible Jack-characters x := x, that fulfill some
technical assumptions about its asymptotic behavior (presented in details
later on).

Then the random vector A, converges in distribution to some
(non-centered) Gaussian random vector A, as n — 0.

Equivalently, the family of random variables (Y )x>2> converges as
n — oo to a (non-centered) Gaussian distribution.




Jack-deformed Young diagrams

Question

Problem

What are the proper assumptions about asymptotic behavior of reducible
Jack characters which provide the law of large numbers and the central
limit theorem?




Approximate factorization property

Approximate factorization property

We extend the domain of x,: P, — R to the set | |, ,~, P« of partitions
of sufficiently small numbers by setting -

Xn(7) := xa(T, 1"_‘Tr|) for |m| < n.
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Approximate factorization property

Approximate factorization property

We extend the domain of x,: P, — R to the set | |, ,~, P« of partitions
of sufficiently small numbers by setting T

Xn(T) 1= Xa(m, 177171 for |7| < n.

The general idea of our assumptions is the following:

@ the characters do not grow too fast:

B

@ characters on cycles have subleading terms of a proper order:

1 b 1
Xa((D) 07 = a2 + Hl\_}no() for n — oo,

o the characters should approximately factorize, i.e.

Xn(m1 -+ - me) & Xn(71) - - Xn(70)-



Approximate factorization property

Cumulants |

Note that x,(7m) = E(x(0)(7)) is, by definition, the expectation of the
irreducible Jack characters xx(7) taken with the probability P, ()).



Approximate factorization property

Cumulants |

Note that x,(m) = E(x(0)(7)) is, by definition, the expectation of the
irreducible Jack characters xx(7) taken with the probability P, ()).

Xn(71 - 12) = Xa(m1) - Xn(m2) = Var (x()(7)).



Approximate factorization property

Cumulants |

Note that x,(m) = E(x(0)(7)) is, by definition, the expectation of the
irreducible Jack characters x,(7) taken with the probability P, ()).
Xn(m1 - m2) = Xa(m1) - Xa(m2) = Var (x(o)())-

Cumulants kB(xq, ..., xp) of random variables xq, ..., x; - natural
1A 9 ) 9 )
generalization of a variance:

E(x) = iy

(x1),
E(xix2) = k5 (x1,%2) + £y (x1)kT (x2),
(

=

E(x1x0x3) = k5(x1, %2, x3) + KT (x1) K3 (x2, X3)

+ ry(
1 (

+ K1 (x)ky (x2)k1 (x3),

x2)ks (x1,x3) + Ky (x3)rks (x1, %)




Approximate factorization property

Cumulants |

Note that x,(m) = E(x(0)(m)) is, by definition, the expectation of the
irreducible Jack characters xx(7) taken with the probability P, ()).
Xn(m1 - m2) = Xa(m1) - Xn(m2) = Var (x(o)(7))-

Cumulants k(71 ... m¢) of random variables x(o)(71), - - -, X(0)(7e) -
natural generalization of a variance:

x(m1) = K7 (1),
x(mim2) = k5 (m1, m2) + K7 (m1) K7 (m2),

x(mimoms) = K (71, 2, m3) + KL (1) K3 (T2, 73)
+ Ky (m2) Ky (w1, m3) + Ky (m3) K3 (1, 72)
+ k(1) &Y (m2) KY(3),




Approximate factorization property

Approximate factorization property revisited

Kl

N

{Xn(ﬂ —o(n~'3"),

Xn(m1 - me) & Xn(71) -+ Xa(Te)



Approximate factorization property

Approximate factorization property revisited

il —2(—1)
/@?(Trl,...,m):O<n z )



Approximate factorization property

Approximate factorization property revisited

ky(m1,...,m) =0 (n

_ H7\'1H+-'-+H7\'1H—2(5—1))
2

Examples (Of measures with AFP, thus CLT)
e Jack-Plancherel measure (« > 0 fixed, D., Féray 2016)

) 1 ifr=1", . ) 1 ife=1m =1k,
n\T) = ) Ky T geeey T = .
X 0 otherwise S ¢ 0 otherwise

o Jack-Schur-Weyl measure (y/n ~ cN, D., Sniady 2017)

NIl g =1,

0 otherwise.

Xn(m) := Nl /{,2((7'['1, ce,TTg) = {




Approximate factorization property

More examples

Theorem

Let (x}), (x3) be two families of reducible Jack characters with
approximate factorization property. Then all the families consists of
reducible Jack characters with approximate factorization property:

oy ] NE
e the restriction (xi ,) := ((x;n) " ) where g, > n and
lim,_ o0 qT: =4q,
: . dan
@ the induction (XE,:,,) = ((XQH)T" ) where q, < n and
limp— 00 qT;' =4q
@ the outer product
. 1 2
(xn) := (Xqﬁl) ° qu)) ’
g (i)
where qf,l) + q£,2) = n and the limits q(’) = limp_eo % exist;

@ the tensor product

(xn) = (x5 X2) -
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Our main tool for proving above theorems are certain results on the
structure of the algebra of polynomial functions 2.
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The main tool

Our main tool for proving above theorems are certain results on the
structure of the algebra of polynomial functions 2.

We define the normalized Jack character Ch{®): Y — Q[v/a, \/571]:

h@ () o d @) N 2 [l
" ) if (A < |-



Polynomial functions

The main tool

Our main tool for proving above theorems are certain results on the
structure of the algebra of polynomial functions &2.

We define the normalized Jack character Ch{®): Y — Q[\/a, \/&_1]:

h@() o= { NS A > [l
T ) if |[A] < |~

The algebra of polynomial functions &7 is spanned by the elements of the
form v% Ch,, where k € N, € P. This algebra is graded:

deg(v* Ch;) = k + ||=]|.



Polynomial functions

Equivalent characterization of characters with AFP

Theorem (D., Sniady 2017; a = 1 Sniady 2006)

o for each integer £ > 1 and all integers Iy, ..., Iy > 2 the limit
. /1+4-4+/l+@72 . ) ..
lim &% ((h),...,(l)) n~ 2 exists and is finite;

n— o0

o for each integer £ > 1 and all x1,...,xp € {Chy, Chs,...} the limit

_ degxgt--+degxp—2(£—1)
2

lim &F"(x1,...,x¢) n exists and is finite;
n—oo
o for each integer £ > 1 and all x1,...,x; € & the limit
X _ degxgt--+degxp—2(£—1) i i -
lim &5"(x1,...,x¢) n z exists and is finite;
n—oo
o for each integer £ > 1 and all x,...,x, € P, the limit

deg xq +-+degx; —2(£—1)
- 2

exists and is finite.

nIi_}m()@ kip(X1,..., %) n
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Polynomial functions

Two different cumulants:

Problem

What is the difference between k" and k7;7?

P and &, are the same rings, but the multiplication is different:

(7* Ch,;) - (79 Chy) vs. (7P Ch,) e (9 Ch,) := vPT9Ch,, .

Xn

1
Ey, (1 - x2) = k3" (x1, x2) + &) (x1)#]" (x2),
3" (x1, X2, x3) 4 K" (x1) K5 " (X2, X3)




Polynomial functions

Two different cumulants:

Problem

What is the difference between k" and k7;7?

P and &, are the same rings, but the multiplication is different:

(v? Ch,) - (v9 Ch,) vs. (7v° Ch,) e (v9Ch,) :=~P"9Ch,,

(
Ex, (31 0 x2) = kg3 (x1, x2) + 3] (x1) kg7 (2),
(x1, X2, x3) + ] (x1) K35 (X2, X3)
x2) kS (x1,x3) + K (x3)k S (x1, x2)

x1)rat (2)k T (x3),




Polynomial functions

Two different cumulants:

Problem
What is the difference between k" and kY;?

P and P, are the same rings, but the multiplication is different:

(7" Ch,) - (v9Ch,) vs. (7°Ch,) e (9 Ch,) := P9 Ch,, .

0 otherwise.

I {Mw'x(w) if [A] < |,
x “=lm =
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We recall that we need to study the random variables:

k—1
Yi = T/ukf2 Ap(u)du

where



Polynomial functions

Relation between our main result and the algebra &

We recall that we need to study the random variables:

k-1
Vo= K1 / o2 D) = /1 (S0(A) — 5 (AL)).
where
Ay =+/n(wh, —waL),
and

SN = 8P (wn) = (k- 1) /OO w2 =l

J —oo



Polynomial functions

Relation between our main result and the algebra &

We recall that we need to study the random variables:

k—1
Yk = T Uk72 An(U)dU _ \/E <S;((1)(/\n) B Sl((]_)(/\@g)) 7
where
A, = \/E(w/\n _w/\oo)7
and
SPN) = 8P (wn) = (k —1) / uk=2 Mdu.
We define



Polynomial functions

Relation between our main result and the algebra &

We recall that we need to study the random variables:

Yy = % / uk=2 Ap(u)du = /n <5£1’(/\n) - sﬁ”(/\go)> ,

where
An = \/E(w/\n _w/\oo)’
and
SMA) = S (wn) = (k - 1)/ 2 Mdu.
We define

S0 = va'SP,), k=2

Proposition

Functionals S8, 8{),. .. € P, and deg(S{) = k.
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The outline of the proof

@ for / > 3 one has

M ]EXn A n o (€] 7Z7,17”47/€ 5
lim kg (Yoo, Vi) = lim s} (S, 87 =0




Polynomial functions

The outline of the proof

@ for / > 3 one has

. Ey, . o ol )y f=h=—lp )
lim kg (Yoo, Vi) = lim s} (S, 87 =0
o limpsoc k5™ (Vi Yiy) = limyso0 #X7(SL, 8042

exists and is finite;




Polynomial functions

The outline of the proof

@ for / > 3 one has
5 ]EXn B n o (€] Lohomly 5
lim kg (Yoo, Vi) = lim s} (S, 87 =0
o limpsoc k5™ (Vi Yiy) = limyso0 #X7(SL, 8042
exists and is finite;
o if 5 1)
(@) -4 _ |+ o
E,, (8, ) n"z=a+ ~—n then
. . 1
Jim By, (i) = fim v/ (n% By, (Si00)) -
. 1
— lim m~4 By, (Si(An))) = b




Polynomial functions

Perspectives

@ What can we say about the limit shape of the Jack-Plancherel
measure (or other measures given by reduced characters) in the
double scaling limit?

@ In order to find a covariance of normal distribution in the double
scaling limit, we need to find a formula for the top-degree of
normalized Jack characters indexed by a partition with two rows -
conjecturally we need to understand the combinatorics of unhandled
maps with two faces.

@ Let x; > x» > ... be a sequence of eigenvalues of GSE. Then, after
proper normalization, their joint distribution is known
(5-Tracy-Widom). What about the joint distribution of properly
normalized ()\(,,))1 > ()‘("))2 > ... with respect to Jack-Plancherel

measure (conjecturally should be the samel!)?



Thank you

THANK YOU FOR YOUR
ATTENTION!



