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(Lego art by Dan Betea)

(Computer art by Leonid Petrov)
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Counting skew SYTs

Outer shape ), inner shape pu, e.g. for A = (5,4,4,2),u = (3,2,1) [2]4]

Jacobi-Trudi[Feit 1953]:

o)
FME = |\/p|! - det ! ]

()\i — W *’."’J')! ,‘J:ll
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Counting skew SYTs

Outer shape ), inner shape pu, e.g. for A = (5,4,4,2),u = (3,2,1) [2]4]

Jacobi-Trudi[Feit 1953]:

1 ]E(A)

FME = |\/p|! - det {—
(A= pj =i+ J)!

ij=1

Littlewood-Richardson:

Pl =S
v
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Counting skew SYTs

Outer shape ), inner shape pu, e.g. for A = (5,4,4,2),u = (3,2,1) IQ—T’
3
7
Jacobi-Trudi[Feit 1953]:
1 o)
FME = |\/p|! - det {—] .
()\i — K =1 +J)! ij=1
Littlewood-Richardson:
SO W
v
No product formula, e.g. A/ = 0ny2/0n: fon+2/8n = Exni1:
x2 x3 x4
14 Eix+ EQE + E3§ + E4Z + ... =sec(x) + tan(x).

Euler numbers: 2,5,16,61....
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Hook-Length formula for skew shapes

Theorem (Naruse, 2014)

FAE = A/ ul!

> 1II

De&(N/u) ueA\D

h(u)’

where E(A\/p) is the set of excited diagrams of A/ .

Excited diagrams:

E(\/p) ={D C \: obtained from 1 via - EH}

£(4321/21) _ 7 (

1

1
+

4,

1

1 1
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Hook-Length formula for skew shapes

3 5
)= Z q\T| _ q 2 9

= = +2x
A (e L (e M (e I D I (e

2
sa/u(l,9,6°, ...

q q
JEE S e N D SO e

Theorem (Morales-Pak-P)

A —i
LSS I1 Liqh(m}

TESSYT(N\/ ) DeE(N/ ) (i.J)EN\D

Theorem (Morales-Pak-P)

ORI ol (=1

TERPP(X/ 1) SEPD(\/p) uesS

where PD(\/ ) is the set of pleasant diagrams.
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Algebralc proof for SSYTs:
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v = 245613, w = 361245

[Ikeda-Naruse, Kreiman]: Let w < v be Grassman-
nian permutations whose unique descent is at po-
sition d with corresponding partitions p C A C
d x (n—d). Then

Xull,= D I Guesy) = Yo(a—isn)-

De&(A/p)(ij)eb

Multivariate formulas
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Algebralc proof for SSYTs:

[Ikeda-Naruse, Kreiman]: Let w < v be Grassman-

5 6 «5* ¥

617 Qb/ nian permutations whose unique descent is at po-
T 15 NS S sition d with corresponding partitions p C A C
Pl e d x (n—d). Then
21 3 4 RN
Y
1 73 oS (Xul|,= Z H (V(d+)) = Yo(d—it1))-
B ¥ DEE(N/p) (i.j)€D

s
v = 245613, w = 361245
Factorial Schur functions:

d
det[(xj —a1)- (XJ - au,-erfi)],',j:l
H1§i<j§d (xi = x;)

[Knutson-Tao, Lakshmibai—-Raghavan—Sankaran] Schubert class at a point:

sfld)(x|a) =

)

Xull, = (=1 s (yyays s Vo) W2, - - s Ya1)-
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Algebralc proof for SSYTs:

[Ikeda-Naruse, Kreiman]: Let w < v be Grassman-

e 6 6/@\\,/& nian permutations whose unique descent is at po-
T 15 NS S sition d with corresponding partitions p C A C
Pl e d x (n—d). Then
21 3 4 RN
Y
1 73 oS (Xul|,= Z H (V(d+)) = Yo(d—it1))-
o ¥ Deg(M/m) (ij)eD

v = 245613, w = 361245
Factorial Schur functions:

d
det[(xj —a1)- (XJ - au,-erfi)],',j:l
H1§i<j§d (xi = x;)

[Knutson-Tao, Lakshmibai—-Raghavan—Sankaran] Schubert class at a point:

s;(Ld)(x|a) =

)

[Xu]],= (-1)"") )(}’v() Yy ya)-

Evaluation at y = 1,q,4%,..., v(d +1— i) = \; +d + 1 — i, — Jacobi-Trudi

DO g = dTLT @ ]
p @) = Av)

= dEt[h)\;fifujﬁzi(lv q.. )] = s)x/,u(lv q,.. )
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Combinatorial proofs:
Hillman-Grassl Reverse Plane Partitions of shape A to Arrays of shape A.

Theorem (Morales-Pak-P)

The Hillman-Grassl map is a bijection to the SSYTs of shape A/ to the excited
arrays (diagrams in £(\/p) with nonzero entries on the broken diagonals) .

d

0 [0 0 0[0 0 0[0

(1] @ [o]1 (1] @ [o]1 (1] @, [1]0
0[2 o[1] [1]2 1]0 2 10
1 1 2 [1] 3] 1]
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Combinatorial proofs:
Hillman-Grassl Reverse Plane Partitions of shape A to Arrays of shape A.

0] [0 0] 0[0 0 0[0
(1] @ [o]1 (1] @ [o]1 (1] @, [1]0
0[2 o[1] [1]2 1 2[2 10
1] 1] 2] 1] 13] 1]

Theorem (Morales-Pak-P)

The Hillman-Grassl map is a bijection to the SSYTs of shape A/ to the excited
arrays (diagrams in £(\/p) with nonzero entries on the broken diagonals) .

d

di(p) dq (D)

Ay A, Ap
Without the restriction of strictly increasing columns, we have skew reverse plane
partitions and a wider class of arrays/diagrams, called pleasant diagrams: PD(\/p).

Theorem (MPP)

The HG map is a bijection between skew RPPs of shape A\/ju and arrays with certain
nonzero entries (at the “high peaks”):

> a- s ]
TERPP(X/ 1) SePD(\/p) u€S

With P-partitions/limit: combinatorial proof of original Naruse Hoéok-Length Formula
for FAN 1
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Asymptotics of the number of skew SYTs

jui
imama

Mip= e A el =n— oo

A= TR =G 2

Question: What is the asymptotic value of f2/#, |\/u| = nas n — oo and A,
change under various regimes:
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Asymptotics of the number of skew SYTs

Al = n = o0

A= TR =G 2

Question: What is the asymptotic value of f2/#, |\/u| = nas n — oo and A,
change under various regimes:

0. If u =0, then f* ~ v/nl(1 4+ O(1/n)) for A ~ Plancherel.
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Asymptotics of the number of skew SYTs

A= N ul=n— oo

A= TR =G 2

Question: What is the asymptotic value of f2/#, |\/u| = nas n — oo and A,
change under various regimes:

0. If u =0, then f* ~ v/nl(1 4+ O(1/n)) for A ~ Plancherel.
1. [Stanley, 2001]: when p is fixed, A" — (a; b) (Frobenius limit):
s 5003 oy )1+ O(1/ ),

where p;",p; are the corresponding specializations.
Similar results in [Corteel-Goupil-Schaeffer]
[Okounkov-Olshanski]
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Tool

Naruse Hook-Length formula:

1
A1 = —.
> T
De&(X/p)ueb
Define the " naive” hook-length formula:
1
F(\/p) = H o

vex/p Y

ol
~

1] F((67 5,5,3,2,2, 1)/(31 2,1, 1)) = 5A4A1.5A3A2A7A4éA1A4A1A4A2A3A1.1

7

7
7
il
Corollary

F(Mp) < FMB < | €N/ )| F(N 1)
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General bounds for posets (folklore)

P — poset, e(P) — number of linear extensions,
P =A;U...UA; - antichains, P = G U...U Cp — chains.

n!
Al As|l - [A < e(P) < ——— 1
At AL A < e(P) <t TGN

36 = 11313111 <48 <

< 4|2|2, =420

[Brightwell-Tetali]: Boolean lattice
I B, n
ogZ;( ! = (n/2) — 3 logy(e) + o(1)
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General bounds for posets (folklore)

P — poset, e(P) — number of linear extensions,
P =A;U...UA; - antichains, P = G U...U Cp — chains.

n!
Al As|l - [A < e(P) < ——— 1
At AL A < e(P) <t TGN

36 = 11313111 <48 <

< 4|2|2, =420

[Brightwell-Tetali]: Boolean lattice
I B, n
og226;1( ) — (n/2) — 2 logy(e) + o(1)

In our case:
Theorem[MPP]: When P = A\/u and A; — ith antidiagonal, then

[AL[!- - |Ag|t < F(A/ 1)

if |Ai] < Al
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General bounds: size of £(A/u)

F(Mp) < £M0 < €N/ w) [ F(N 1)

Asymptotics of skew SYTs
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E(MN/n) = { Non-intersecting Lattice Paths in A/u }

Multivariate formulas
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|| l || l ||
s [N e
mppan) =g 3
—l - -
s
mgpn
o [m| l I l
3 1 13 g
O Ot Ol
Lemma (MPP)

If |IX\/p| = n then E(\/p) < 2.

Lemma (MPP)

If d is the Durfee square size of A, then E(A/p) < md”
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The “linear” regime

ai
as a(\) = (a1,a2,...), b(\) = (b1, bz, ...) — Frobenius coordi-
a nates of \. Let o = (au,...,ax), B:=(B1,-..,Bk) be fixed
D1 sequences in Ri.
b2 63

Thoma—Vershik—Kerov (TVK) limit if a;/n — «; and b;/n — (i as n — oo, for all
1<i<k
Theorem (MPP)

Let {\(") /u(M} be a sequence of skew shapes with a TVK limit, i.e. suppose
A — (e, B), where a1, /1 > 0, and pulm — (m,T) for some o, B, 7, T € Ri, Then

log AT —— +o(n) as n— oo,

where

k

c=~logvy— Z(a, — 7;) log(a Z(,B, —71) log(Bi — i)

i=1

and
k

y=> (ai+8i—m — 7).

i=1
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The stable shape: /n scale

Theorem (MPP)

Let w, 7 : [0,a] — [0, b! be continuous non-increasing functions, and suppose that
area(w/m) = 1. Let {\(" /u(M} be a sequence of skew shapes with the stable shape
w/m, ie. [ANM]/v/n = w, [W{M]/v/n — 7. Then

n n 1
Iong( e Enlogn as n— oo.
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The stable shape: /n scale

1

Theorem (MPP)

Suppose (VN — L)w C [MD](V/N + L)w for some L > 0, and similarly for u(") wrt =,
then

—(1+c(w/m)) n+o(n) < log fA(n)/“(")—%n log n < —(1+c(w/7)) ntlog EA™ /uM)+o(n),

as n — 0o, where

ctw/m) = [ 0B h(x.y)abdy.

where h(x, y) is the hook length from (x,y) to w.



Skew HLF Asymptotics of skew SYTs Multivariate formulas

000 000000e00 0000000
Subpolynomial depth, “thin” shapes
Suppose

depth:= max,c/, hu =: g(n) = n°()
(subpolynomial growth).

d
Theorem (MPP)

Let {vn = X" /u(M} be a sequence of skew partitions with a subpolynomial depth
shape associated with the function g(n). Then

log f¥" = nlogn — ©(nlogg(n)) as n— oco.
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Thick ribbons

Theorem (MPP)

Let vy := (02x/0k), where 6, = (k — 1,k —2,...,2,1). Then

S|V~

1 3 1 1 7
675I0g2+glog3+o(l)§ (Iogf”kfgnlogn>§ f§|0g2+2log3+o(1),

1
6
where n = |y| = k(3k — 1)/2.

Question: What (if it is exists) is ¢ =?: ¢ = limp_ 00 % (Iog ik — %nlog n).

Jay Pantone’s implementation (method of differential approximants) on 150+ terms
of the sequence {log f7«} to approximate the constant to ¢ &~ —0.1842.
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Thin ribbons

Zigzag: py = Ok+2/0k, En = |{o € Sn: (1) < 0(2) > 0(3) < --- }| — Euler numbers,
alternating permutations.

P = Eypiq; Em ~ m!(2/m)"4/m(1 + o(1))
From theorem: F(px) = n!/3%, £(px) = Ck, so

(2k + 1)! (2k + 1)1C,
T S E2k+1 S T
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Thin ribbons

Zigzag: py = Ok+2/0k, En = |{o € Sn: (1) < 0(2) > 0(3) < --- }| — Euler numbers,
alternating permutations.

fPr = Eypia; Em ~ m!(2/m)"4/7(1 4 o(1))
From theorem: F(px) = n!/3%, £(px) = Ck, so
(2k + 1)! (2k +1)IC,
TRk < By < Tk

Problem: If v, := A\/p is a border strip (ribbon of thickness 1, n boxes) approaching a
given curve « under rescaling by n, what is log {7 — nlog n in terms of 47 Is it true
that M — ¢(7y) for some constant c(v)? (Permutations with certain
descent sequences)
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Lozenge tilings
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Image: Leonid Petrov
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Lozenge tilings with multivariate weights

Plane partitions with base y, height d
weights of horizontal lozenges = z; — y;

\/
0
W

(\)

<>

O\
%
”V

v
)gof

X
0
¥
X/

‘A

T3 —Ys
weight

X/X
XX
N,
A

Q

<]

>

Multivariate formulas
O@00000
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Lozenge tilings with multivariate weights

Plane partitions with base y, height d
weights of horizontal lozenges = z; — y;

0
W

N
0
N

KX
“V

0o
R
XX
S
V‘ /”V

<>

0

5

/\
A/
% /AN

T3 —Ys
weight

X/

<]

Q

>

Theorem (Morales-Pak-P)
Introduce the x and y coordinates as above. Let d’ =d + ¢(pu) and n:=d" +d + p1.

~ det[(x; — z1) -+ (x; — ZHj‘Fd/—j)]:'-’,j:l

> II (xi —yj) = 209

T (i,j)—— horizontal lozenge of T
’
=: sl(Ld )(Xl, .y Xg|z1, ..., zn—1)(Factorial Schur function)

Then

where the sum is over lozenge tilings T of support p and height d, and

ZxHd/+1—i) = Xi and Zgi o\ = Y
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Theorem (Morales-Pak-P)

Consider tilings of the a x b x ¢ X a x b x ¢ (base a x b, height c) hexagon with
horizontal lozenges having weights x; — y;. The partition function is given by

det H(Xi —y1) - (Xi = Yatbte—j)

(xi = y1) -+ (Xi = Ya+c) (X — Xpre)--(Xi — Xb—j)

Z( » b, ):: (XI'_ '):
20,03 Tt o

(i, ))EHT(T)

The probability that a tiling contains a vertical line passing through the points on
vertical lines 1,2, ... at heights di, db, ..., d,p (necessarily |d; — diz1] <1, di < dit1
ifi < bandd; >di1 ifi > b, and di = dy1p) is given by
b+d b+c—d,
St (X, Xa |21, 22, )Sp T T M (Xbses -y Xy 1112)
V4

where d 1= di, {(pn) = b, u1 = a and p
has diagonals given by di — di and z is
determined by p as in Theorem 12. Here p=(3,1)
[ is the complementary shape of y in a
(a4+c—d1) X (b+c—dy) rectangle and z’
is determined accordingly, with variables
Xptcs Xbtc—1s--- and Yayc, Yate—1,- -
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Excited diagrams and factorial Schur functions

Factorial Schur functions.

d
det[(xj - al) t (Xj - au;+d—i)];’j:1

H1§i<j§d (xi = xj)

)

s (x|a) =

where x = (x1,x2,...,%4) and a = (a1, a2, ...) is a sequence of parameters.
Excited diagrams £(\/p): Start with A/u. Move cells of i inside X via:

—»
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Excited diagrams and factorial Schur functions
Factorial Schur functions.

d
det [(Xj —a1) - (XJ - a/,L,-erfi)],'J:l
[icicj<a (xi =)

where x = (x1,x2,...,%4) and a = (a1, a2, ...) is a sequence of parameters.
Excited diagrams £(\/p): Start with A/p. Move cells of i inside X via:

0w

sﬁd)(x|a) =

)

e ¢* e @ ¢ q

Theorem (lkeda-Naruse Multivariate “Hook-Length Formula™)

Let u C A Cd x (n—d). Let v be the Grassmannian permutation with unique
descent at position d corresponding to X, i.e. v(d' +1—i)= X+ (d'+1—i) and
v(j) = d’ +j — X.. Then

Sﬁd)(yvu), oY ovem) = Y0 T Ge—ivn) = Yetdri)
De&g(N/p) (i.j)ED
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Excited diagrams and factorial Schur functions
Excited diagrams £(\/p): Start with A/pu. Move cells of i inside A via:

0.

Theorem (lkeda-Naruse Multivariate “Hook-Length Formula™)

Let u C A Cdx (n—d). Let v be the Grassmannian permutation with unique
descent at position d corresponding to X, i.e. v(d' +1—i)= X+ (d'+1—1i) and
v(j)=d"+j—X}. Then

S,L(Ld)(yv(l)v oY@ ovem) = Y0 T Ge—ivy) = Yetdri)
De&(N/p) (ij)eD

YioY2 ys Yo ys Yo

Multivariate formulas
000@e000
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Other results

e Proof of multivariate Naruse formula using Lascoux-Pragacz determinant, and
manipulatorial proofs for border strips.

20
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Other results

e Proof of multivariate Naruse formula using Lascoux-Pragacz determinant, and
manipulatorial proofs for border strips.

o Explicit product formulas for certain f/#,
c d c

b b

@) (if)

20
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Other results

e Proof of multivariate Naruse formula using Lascoux-Pragacz determinant, and
manipulatorial proofs for border strips.

o Explicit product formulas for certain f/#,
c d c

b b

@) (if)

e Generalizations to Grothendieck polynomials.

20
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More problems?

More precise asymptotics of 2/ in various regimes.
Asymptotics of lozenge tilings using the multivariate weights, new regimes?

(x15 o0, 17K

) . . .
o2/ 07 (Schur generating functions of tilings of

Asymptotics of A/
arbitrary domains)

Asymptotics of Littlewood-Richardson coefficients, cﬁyy... (e.g. if AF 2n,
W, v n, when is it maximal)

Maximal f2/# under constraints...

21
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Thank you

Multivariate formulas
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22
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Thank you

Thank you for organizing, Valentin Féray, Pierre-Loic Méliot!

Multivariate formulas
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22
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