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First
,

Kostka Numbers
.

X. µ th
. K×µ= # of SSYT of shape X with µ ,

1 's
, µ2 's

,
etc

.

Example . X= 1 4. 3.1 )Kx,µ=5 .
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An alternative characterization of sx .

Inner
product on An = Q[x

, , ...

,xn]& : < px , pµ > = of,µzx .

Yee
Schur polynomials : ( I ) sx= Mx +
µ§ax,µMµ

,

and ( ii ) < Sx, sµ> = of
,µ

.

A 2- parameter deformation .

KH
1- qxi

Another inner product on An : < Px ,Pµ}t = &µZx It 1- Hi
.

yeCllqt )

Macdonald polynomials : 1 I )Px = mxtµ§ax,µmµ ,

. and ( ii ) <Px
,

Pµ} = 0
, X⇒µ .



Motivation for our problem .

s
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Problem : study the combinator ics of
µaq ,

Px( X ; q.gr" ) =µ§,Kxmmlq ) Px ( X ;qqr )
,

r=o
, 1,2, ...

or
, simultaneously for all r

,

pseelqt
)
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Kxmlqt)Pxlxiqt )
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Kostka - Foulkes :

y Hall . Littlewood

sx = E k l t ) P ( X ; at )
Max hµ µ

Lascoux t Schiitzenberger :

g. + charger 's

Kx,µ( t ) =

TESSYTH .µ
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KH ) matrix :
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Weyl character formula .
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detlxi 's + " 's ]
=

a ,,+ ,

det [ xp 's ] Ap
b Vandermonde

¥
,

×i× 's

p - ( n - I
,

n -2
,

...
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The qt - version :
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Explicit formula for rank one root system .

Et K

Pkwlxiqqt
) =

Pkw
+ §, tisttolitlqktst Pkw

. ix
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Macdonald polynomials and the double affine Hecke algebra I
.

Rank one :

-
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- W W
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Macdonald polynomials and the double affine Hecke algebra I
.

Rank one :
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Macdonald polynomials and the double affine Hecke algebra I
.

Rank one :
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Macdonald polynomials and the double affine Hecke algebra I
.

Rank one :
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Macdonald polynomials and the double affine Hecke algebra I
.

Rank one generators : To
,

T
,

XM
, µ e L = Rw

,

IT

relations : the

IT, To=TIT,

g. 2= ( th . Ek ) T. + 1 for i= 0
,

1
,

X×Xµ = X×+µ for X. µ e L
,

JXYYWI=qkkxjkw if < µ ,xY > = o
,

T
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T
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Macdonald polynomials and the double affine Hecke algebra I
.

Px can be computed by symmetrizing Ex
6 non symmetric Macdonald

11¥
Example .

#.la#i to intertwining

ops.int#E3wlxiqt)=ttiTI1III.xI¥÷¥¥I±y± .

TiV= XWT
,t.i.tt = theIt + th '

Itathxw
t.it

+ the'tyEx
"It

time
+ th t.it#tExw



Macdonald polynomials and the double affine Hecke algebra I
.

Px can be computed by symmetrizing Ex
6 non symmetric Macdonald

ifExample .

ysymmetrizingop
in #

1¥14

1.tw?n.EeWmkTwP3wlX;q.t)=koE3w1=.#.te1T
= 8 terms arising from

e > pathsItt.it#Ft
time



Macdonald polynomials and the double affine Hecke algebra I
.

Ax
can be computed by

skewsymmetrizing

Ex .

HIExample .

skew .

symmetrizingop
in #

ftp.t.li 7 e.=w§w
.

←nkntewmktwAzw( X ; qt ) =Eotzw1Itt.jp#i = 8 terms arising from
pathsItt.it#Ft

time



Back to the problem .

T write as a sum of
WCF : Ap( X ;t ) Pxlx ;q , qt ) = A,,+p(Xiqt ) AePµ( x ; g.

t ) µex

Easier plan : Find a formula for
Ap Pxlx ;qt ) as a tin

.

comb
. of An ( X ; qt )

.

Lemma
.

ApPkw = A(k+,,w
- Ight TdkIttack . ,,w , 1<>1



Lemma
. ApPkw = Ain,,w

- Ight III.
'

ittack . ,,w , 1<>1

Idea : Use product formula for intertwining operators in #
.

Ap Pkw = Ap I otrkw 1

Lemma
. Ttotf =§wr ftp.yw.y.tk

' - odd 'th' a ' ' '

eye
, - qsldsthld ) µ

↳ measures position of endpoint
vµto x

Example .
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/
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. }w+ [q§tthe }w
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Lemma
. ApPkw = Ain,,w

- Ight lightittack . ,,w , 1<>1

Idea : Use product formula for intertwining operators in #
.

Ae Pkw =

eot"2Xt1otkw
1

Theorem
.

[ Y
.

2010 ]

XMIOTI
= p¥sp aplqt ) twtip,

.

"

tkxe.tv
"

IIFIII.. ::* the.tg !etiitetst
.

>
'its !



Lemma
. ApPkw - Ain,,w

- Ight light'ttack . ,,w , 1<>1

Idea : Use product formula for intertwining operators in #
.

Aepkw = EOXP# otkw 1

Lemma
. eotiti - ( attain ,,w,tkiIgYaYthnYa's

"

)eai .

↳ measures position of endpoint
to ×M

Example . Apply straightening law
.

EOITVBW= eoEaw- I9g33t #Eotitzw/ / / / / / / /

3 2
- 3W

- Wg W

§3W= A -

' -

9th
' - 9

tha
so s P4W

1-opt 1-q2t 2W / / /
f

e
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o

2W
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Now That Aik+,,w
=

Ap
Pkw +Ight III.Ittack . ,,w ,

ITEMS

apply recursion to finish .

Pkw1 X ; q . at ) = Pkw+¥k,tijtoliltqiijt Pkw
.

ix.



Theorem
. Appxlxiqt) = A×+p+ §bp ep (

ss¥Pfns9µA

-wowtip ,

sum over paths of type mj
'

,

/

Hoffa
.ae?dnaitnistarIgYqgfmE/)YstEynitsshort

where it crossings

begins
where if ss ' ' ss

tntktoith
'

ends
"

s={liftslofts
" ,jf.

s

bp= 1. qhth ( signs )

ph separates
up

) and x
" '

ep= th

ttkllitfnth
"

h separatesecp ) andmwtp
,



Revisit old example .

AeP3w = e .
# Ttotkw 1 =Aaw - II th '

I9h thAzw

tbpRep it

1 1 1 1 I 1 1 1

It
.

I
feigning



Recursive formula in general case
.

Theorem
. Pxlxiqqt ) = Pxlxiqt ) - §

bpep(ss§Hgns9s
)from,p ,

!Xeiq9t
)

Example .

s
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s
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'
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,
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,
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2
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2
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1- q 1 Eh

21
t 1- qt 1- q2t2

-
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2

[
'
121 - t

siszs
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Further work
.

- Find better combinatorial models ( no recursion
,

no cancellation )

- Understand charge in 2. parameter setting ?





The Az picture .

roots X
,

= e
,

- ez , Xz=ez
- e } ,

#=
" ↳

"=÷#
⇐ ' " = * + ¥h"

IFF%ff.MU#i@tatiasIEIEEEEi....=
.

,⇒⇒=*°°°#
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The Az picture .
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The double affine Hecke algebra # is generated by

To
,

T
, ,

. . .

,
Tn ,

X.
, µe L

,

IT
,

IT e IT
,

with relations

TI . . . = IT . . . .

 if Sis ,
... = s ;S ;

...

 in Wa
,

T2= ( th . Ek)T . +1 for i= o
,

. . . ,n ,

X×Xµ = X
't't for X

, µ e L
,

jxiu  
= XMT. if < µ ,xY > = 0

,

j×µT. = Xsi "

if < µ ,
air > = 1

,

IT .  = It if  

Is;
 =

sjt
in We ,

|TXM=X
" "

I if IXµ=X,,µI in We .


