
Exercises on Hurwitz numbers

Dimitri Zvonkine

1. Construct the character table of the symmetric group S3: the rows cor-
respond to the irreducible representations, the columns to conjugacy classes.

2. Recall the definition of the Schur polynomial corresponding to a partition
λ of K:

sλ(p1, p2, . . . ) =
1

K!

∑
σ∈SK

χλ(σ)p(σ).

Write out the three Schur polynomials corresponding to partitions of 3.

3. Consider the Laurent series

ϕ1(z) = 2z−1 − 3 + z,
ϕ2(z) = 1 + 5z + z2,

ϕk(z) = zk for k ≥ 3. Write out the solution τ of the Hirota hierarchy and
the solution F of the KP hierarchy corresponding to the vector ϕ1∧ϕ2∧ . . . .
Besides the Schur polynomials you have already computed you will need

s2,2(p1, p2, p3, p4) =
1

12
p41 +

1

4
p22 −

1

3
p1p3.

4. Use the ELSV formula

hg;k1,...,kn = (2g − 2 + n+
∑

ki)!
n∏
i=1

kkii
ki!

∫
Mg,n

1− λ1 + λ2 − · · ·+ (−1)gλg
(1− k1ψ1) · · · (1− knψn)

for g = 2, n = 1 to find the integrals

x =

∫
M2,1

ψ4
1, y =

∫
M2,1

ψ3
1λ1, z =

∫
M2,1

ψ2
1λ2.

5. Prove the following Abel identity:∑
p+q=n

n!

p! q!
ppqq−1 = (n− 1)nn−1.


