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Classical Bernoulli bond percolation

w € {0,1}F2 E, = set of edges of Z?
(we)eck, i.i.d. with law Ber(p) we = 1 if edge e is colored in blue

Irene Marcovici Eulerian percolation



Classical Bernoulli bond percolation

olored in blue
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Classical Bernoulli bond percolation
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w € {0,1}F2 E, = set of edges of Z?
(we)eck, i.i.d. with law Ber(p) we = 1 if edge e is colored in blue




Classical Bernoulli bond percolation

E=fu=aipalnas
p<0.5 p>05
No infinite connected component  Infinite connected component
w € {0,1}F2 E, = set of edges of Z?
(we)eck, i.i.d. with law Ber(p) we = 1 if edge e is colored in blue
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Eulerian percolation (= even percolation)

Bernoulli bond percolation with parameter p, conditioned on the
fact that every site has an even degree
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Eulerian percolation (= even percolation)

Bernoulli bond percolation with parameter p, conditioned on the
fact that every site has an even degree

1
ZP

Probability pNe(1 — p)Ne

Np =number of blue edges
Ng =number of grey edges
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Eulerian percolation (= even percolation)

Bernoulli bond percolation with parameter p, conditioned on the
fact that every site has an even degree

1
ZP

Probability pNe(1 — p)Ne

Np =number of blue edges
Ng =number of grey edges

How to define the even percolation measure on the whole Z??

Iréne Marcovici Eulerian percolation



Eulerian percolation (= even percolation)

Bernoulli bond percolation with parameter p, conditioned on the
fact that every site has an even degree

1
ZP

Probability pNe(1 — p)Ne

Np =number of blue edges
Ng =number of grey edges

How to define the even percolation measure on the whole Z?2?
What are the connectivity properties of the random (blue)
subgraph obtained?
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Definition of the even percolation measure on Z?

Degree of vertex x in configuration w: d,(x) = > 5, we

We want to condition the Bernoulli bond percolation to the event:

Qep = {w € {0,1}%2;¥x € 72, d,(x) = 0[2]}
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Definition of the even percolation measure on Z?

Degree of vertex x in configuration w: d,(x) = > 5, we

We want to condition the Bernoulli bond percolation to the event:

Qep = {w € {0,1}%2;¥x € 72, d,(x) = 0[2]}

Gibbs measures formalism:

1 w,
Mﬁ,n(w) = ? lTIAchEQEP pr( n) (

1 p\ No(wn)
= ? lﬂACw/\GQEP (ﬂ)

1 — p)Ng(L“//\)

Finite box A

Configuration 7 € Qgp outside A
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Colorings and contours
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Relation with the Ising model

p=1T

_|_
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n - Wf’n(w) = %exp (6 Z w,'wj>

i~j, i or jEN
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Relation with the Ising model

B=1/T
] - .
_I_ - Wf’n(w) = Sexp (6 Z w,'wj>
+ + i~j, i or jEN
+ + 1
T : = e (B(Na(wn) — No(en) ))
T
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Relation with the Ising model

g=1/T

A+ ] -
- o s 1
- o m,w) = — exp ( w,'wj>
+ + i~j, i or jEN

1
L - ee((uen-men)
+F A 1

= exp 25/Vb(w/\)>
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Relation with the Ising model

g=1/T

A+ ] -
- o s 1
- o m,w) = — exp ( w,'wj>
+ + i~j, i or jEN

1
L - e -mew)
+F A 1

= exp 25/Vb(w/\)>

Even percolation «~ Ising model

Parameter p <~ [ such that exp(—25) = ——
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Relation with the Ising model

B < B¢ : a unique Gibbs measure
B8 > B¢ : two extremal measures w;r and T

Be = % log(1 + \@)
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Relation with the Ising model

1 B < B¢ 1 a unique Gibbs measure
Be = 3log(1+ v2) B > B¢ : two extremal measures w;r and mg

Proposition

There exists a unique even percolation measure /i, on Z?: it is the
image by the contour application of any Gibbs measure for the

Ising model with parameter 3(p) = 1 log (lpr).

(@) SIS
=

p
Bp) | +oo B =B  —o0
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Relation with the Ising model

B < B¢ : a unique Gibbs measure
B8 > B¢ : two extremal measures w;r and T

/Bc = % |0g(1 + \/i)

Proposition

There exists a unique even percolation measure /i, on Z?: it is the
image by the contour application of any Gibbs measure for the

Ising model with parameter 3(p) = %Iog (177”).
p 0 % 1
Remark: (1 —p) = —5(p)

Even perco 1, Even perco 1,

Blue +— Grey

Ising parameter 3 s Ising parameter —(
Spin inversion on a checkerboard
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Number of infinite connected components

Let p € [0,1], and N = number of infinite connected components.
We have: pp(N =0)=1or up(N=1)=1.
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Number of infinite connected components

Proposition
Let p € [0,1], and N = number of infinite connected components.
We have: pp(N =0)=1or up(N=1)=1.

@ By ergodicity, there exists k € NU {oo} such that
pp(N = k) =1.
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Number of infinite connected components

Proposition
Let p € [0,1], and N = number of infinite connected components.
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for k> 2, pp(N=k) >0 = pp(N=k—-1)>0
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Number of infinite connected components

Proposition
Let p € [0,1], and N = number of infinite connected components.
We have: pp(N =0)=1or up(N=1)=1.

@ By ergodicity, there exists k € NU {oo} such that
pp(N = k) =1.
@ We must have k € {0,1, 00}, indeed:
for k> 2, pp(N=k) >0 = pp(N=k—-1)>0
© Let us prove by contradiction that p,(N = 00) = 0.
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Number of infinite connected components

Proposition
Let p € [0,1], and N = number of infinite connected components.
We have: pp(N =0)=1or up(N=1)=1.

@ By ergodicity, there exists k € NU {oo} such that
pp(N = k) =1.

@ We must have k € {0,1, 00}, indeed:
for k> 2, pp(N=k) >0 = pp(N=k—-1)>0

© Let us prove by contradiction that p,(N = 00) = 0.
@ Any point has a positive probability to be a trifurcation
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Number of infinite connected components

Proposition

Let p € [0,1], and N = number of infinite connected components.
We have: pp(N =0)=1or up(N=1)=1.

@ By ergodicity, there exists k € NU {oo} such that
pp(N = k) =1.
@ We must have k € {0,1, 00}, indeed:
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@ Any point has a positive probability to be a trifurcation
@ In a box of size L, number of trifurcations oc L2,
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Number of infinite connected components

Proposition

Let p € [0,1], and N = number of infinite connected components.
We have: pp(N =0)=1or up(N=1)=1.

@ By ergodicity, there exists k € NU {oo} such that
pp(N = k) =1.
@ We must have k € {0,1, 00}, indeed:
for k> 2, pp(N=k) >0 = pp(N=k—-1)>0
© Let us prove by contradiction that p,(N = 00) = 0.
@ Any point has a positive probability to be a trifurcation
@ In a box of size L, number of trifurcations oc L2,

© So, number of infinite connected components intersecting the
box o< L2.
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Number of infinite connected components

Proposition

Let p € [0,1], and N = number of infinite connected components.
We have: pp(N =0)=1or up(N=1)=1.

@ By ergodicity, there exists k € NU {oo} such that
pp(N = k) =1.
@ We must have k € {0,1, 00}, indeed:
for k> 2, pp(N=k) >0 = pp(N=k—-1)>0
© Let us prove by contradiction that p,(N = 00) = 0.
@ Any point has a positive probability to be a trifurcation
@ In a box of size L, number of trifurcations oc L2,

© So, number of infinite connected components intersecting the
box o< L2.

@ But that number cannot be larger than the perimeter of the
box o L, contradiction!
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Number of infinite connected components

1 1 1
Bczilog(l—k\@) o Pczl—\ﬁ <<§>
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Number of infinite connected components

1 1 1
Bczilog(l—k\@) o Pczl—\ﬁ <<§>

Proposition

For the measure 11, of even percolation:
e if p< pc (8> Bc), as. no infinite connected component,

o if po<p<1/2(0<p<f), as. a(unique) infinite
connected component.

p 0 Pe $ 1-—p 1
B(p) | +o0 Be 0 —Be -
p no perco | perco |
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If p < pc (B> Bc), a.s. no infinite connected component.
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If p < pc (B> Bc), a.s. no infinite connected component.

Assume there is an infinite path.
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If p < pc (B> Bc), a.s. no infinite connected component.

Assume there is an infinite path.
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If p < pc (B> Bc), a.s. no infinite connected component.

Assume there is an infinite path.
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If p < pc (B> Bc), a.s. no infinite connected component.

Assume there is an infinite path.
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If p < pc (B> Bc), a.s. no infinite connected component.

Assume there is an infinite path.
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If p < pc (B> Bc), a.s. no infinite connected component.

Assume there is an infinite path.

i+
*
L4
_k' -
M K But we know that for 8 > £,
A :+ under 71';, there are no infinite
A . .
K v < x-paths of spins —, contradic-
i A ,'+ ~| L tion!
g y [Russo 1979]
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If po < p<1/2(0< < fBc), as. a (unique) infinite connected
component.
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If po < p<1/2(0< < fBc), as. a (unique) infinite connected
component.
For0 < 8 < B¢ :

@ there is an infinite x-path
of spins +,

@ all the connected
components of spins +
are finite.

[Coniglia et al. 1976,
Higuchi 1993]
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If po < p<1/2(0< < fBc), as. a (unique) infinite connected
component.
For0 < 8 < B¢ :
@ there is an infinite x-path
of spins +, 4=+
@ all the connected =
components of spins +
are finite. 2

[Coniglia et al. 1976, + -t
Higuchi 1993]
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If po < p<1/2(0< < fBc), as. a (unique) infinite connected
component.
For0 < 8 < B¢ :
@ there is an infinite x-path
of spins +, 4=+
@ all the connected =
components of spins +
are finite. AT

[Coniglia et al. 1976, + -t
Higuchi 1993]

The union of contours of connected components of spins +
provides an infinite connected component for the even perco.
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Summary

P 0 Pe : 1
5(/3) +00 Bc 0 —0
Kp no perco | perco |
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Summary

P 0 Pe I 1-—p 1
B(p) | +o0 Be 0 — Be —00
Kp no perco | perco | | perco
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Random Cluster model
@ On a finite graph G = (V, E), distribution:

1 w w
Pp,g(w) = ?PN"(W)(I — p)’Vg(W)qk( )’

where k(w) = number of blue connected components.
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Random Cluster model
@ On a finite graph G = (V, E), distribution:
1 w w
Opa(w) = 5P (1 = p)i)ght),

where k(w) = number of blue connected components.

@ Extension to an infinite volume measure on Z?, for g >1.

Critical point for the emergence of an infinite connected

component: pfc = 1_?_/\% [Beffara, Duminil-Copin 2012]
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Random Cluster model
@ On a finite graph G = (V, E), distribution:

1 w w
bp.g(w) = ?PN"(W)(I — p)’\’g(W)qk( ),
where k(w) = number of blue connected components.

@ Extension to an infinite volume measure on Z?, for g >1.
Critical point for the emergence of an infinite connected

component: pfc = 1_?_/\% [Beffara, Duminil-Copin 2012]

Ising model «~ Random Cluster model
Parameter §  «~ Parameters p = f(5) =1 — exp(—25), g =2

To obtain the Random Cluster model from the Ising model,
keep each edge between identical spins with probability
f(8) =1 — exp(—2p), independently.

Iréne Marcovici Eulerian percolation



Ising model
+l+-- - -

[

C+
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Ising model
+l+-- - -

++ - -
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e

- -+ - [+
+ 4+ ++
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Random cluster Even percolation
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Ising model

++ - - --
++ - -+ +
- | - _l’_ _|._ - | -
- | - + - -] =
- + - + - | -
+++ - - -
TB(p)

Ve N\
Pr(B(p)),2 Hp
- [ 1]

— [+ L4+
I i il TJ H T
I HERE
- | - + J i 4| - _|_ -
+ | I i
Random cluster Even percolation
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Ising model

++ - - --
++ - -+ +
- | - _l’_ _|._ - | -
- | - + - -] =
- + - + - | -
+++ - - -
TB(p)

Ve N\
Pr(B(p)),2 (kp)«
- [ 1]

— [+ L4+
I i il TJ H T
I HERE
- | - + J i 4| - _|_ -
+ | I i
Random cluster Even percolation
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Ising model

++ - - --
++ - -+ +
- | - _l’_ _|._ - | -
- | - + - -] =
- + - + - | -
+++ - - -
TB(p)

Ve N\
PF(B(p)),2 = (2p)
- [ 1]

— [+ L4+
I i il TJ H T
I HERE
- | - + J i 4| - _|_ -
+ | I i
Random cluster Even percolation
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p)
N2 = (bp)e = 1p = (@r(a(p))2)+
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p<1/2 ~ Blp

)
Priap)e = () = p 2 (Prap))2)s = P2p.2
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p<1/2 ~ Blp

)
Priap)e = () = p 2 (Prap))2)s = P2p.2

= (p2p2)° 2 p1-p
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p)
Priap)e = () = p 2 (Prap))2)s = P2p.2

= (p2p2)° = 1

Grey edges of RC(2p,2) < Blue edges of p1_p
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p)
Priap)e = () = p 2 (Prap))2)s = P2p.2

= (p2p2)° = 1

Grey edges of RC(2p,2) < Blue edges of p1_p

For p < pR¢ 14{[ grey edges of RC(p,2) percolate.
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p)
Priap)e = () = p 2 (Prap))2)s = P2p.2

= (p2p2)° = 1

Grey edges of RC(2p,2) < Blue edges of p1_p

For p < pR¢ 14{[ grey edges of RC(p,2) percolate. (?)

[Beffara, Duminil-Copin 2012]
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Summary

P 0 Pc z 1
5([3) +0oo ﬁc 0 —
Lp no perco | perco |
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Summary

p 0 Pe z 1—pc 1
Bp) | +oo Be 0 — Be —0
Lp no perco | perco | | perco
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Summary

p 0 Pe z 1—pc 1
Lp no perco | perco | ? | perco
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Summary

p 0 Pe z 1—pc 1
Bp) | +oo Be 0 — Be —0
Lp no perco | perco | ? | perco

Unlike classical Bernoulli percolation,
monotony is not obvious for the even percolation!
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Summary

p 0 Pe z 1—pc 1
Bp) | +oo Be 0 — Be —0
Lp no perco | perco | ? | perco

Unlike classical Bernoulli percolation,
monotony is not obvious for the even percolation!

But we are able to compare j1, and p1_p.
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Summary

p 0 Pe z 1—pc 1
Bp) | +oo Be 0 — Be —0
Lp no perco | perco | ? | perco

Unlike classical Bernoulli percolation,
monotony is not obvious for the even percolation!

But we are able to compare j1, and p1_p.

Proposition

If p < 1/2, the measure pp is “less connected” than pi1—p.
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Rejection sampling for the even percolation
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Rejection sampling for the even percolation
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Rejection sampling for the even percolation

pt PP(l-p) PPA-p) - (1-pPp (1-p)*
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We build simultaneously a configuration distributed according to
tp and one according to fi1—p.

Hp Hi-p
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We build simultaneously a configuration distributed according to
tp and one according to pi1_p.
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We build simultaneously a configuration distributed according to
tp and one according to pi1_p.

Hp Hi—p
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We build simultaneously a configuration distributed according to
ip and one according to pi1_p.
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We build simultaneously a configuration distributed according to
ip and one according to pi1_p.

Hp Hi—p

’ ’ (1~ p)
T T [ eaee-
’ || Pa-p
p*(1—p)
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We build simultaneously a configuration distributed according to
ttp and one according to p11_p.
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Coupling between 11, and 11,

Hp H1-p

For each elementary square:
@ either all the edges are identical

@ or all the edges are opposite.
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Coupling between 11, and 11,

Hp H1-p

For each elementary square:
@ either all the edges are identical
@ or all the edges are opposite.

So, same parity at each point.
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Coupling between 11, and 11,

Hp H1-p

For each elementary square:
@ either all the edges are identical
@ or all the edges are opposite.

So, same parity at each point.
And the configuration distributed according to p1—p is more
connected than the one distributed according to 1, !
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Summary

P 0 Pe 3 1—pe 1
B(p) +o0 Be 0 — B —00
Lp no perco | perco | perco
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Summary

P 0 Pe 3 1—pe 1
B(p) +o0 Be 0 — B —00
p no perco | perco | perco

Conjecture: if G is a finite Eulerian graph, the sequence of even
percolation measures (1p)pe[o,1] is Stochastically non-decreasing.
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Summary

P 0 Pe 3 1—pe 1
B(p) +o0 Be 0 — B —00
p no perco | perco | perco

Conjecture: if G is a finite Eulerian graph, the sequence of even
percolation measures (1p)pe[o,1] is Stochastically non-decreasing.

Does Eulerian percolation on Z? percolate?

O. Garet, R. Marchand, |. Marcovici
arXiv:1607.01974
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