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ABSTRACT

Hurwitz numbers are enumerative objects counting functions
between Riemann surfaces with fixed ramification data. Classi-
cal and monotone double Hurwitz numbers are two classes of
Hurwitz-type counts of specific interest. Mixed double Hurwitz
numbers are a combinatorial interpolation between those invari-
ants. They are known to be piecewise polynomial. We give an al-
gorithm involving tropical covers computing these polynomials in
each chamber. Moreover, we use this approach to give wall-crossing
formulas in genus zero.

CLASSICAL HURWITZ NUMBERS

o Count degree d covers

f: 8 —=PYC)

of the projective line by a Riemann surface .S with fixed genus

g and fixed ramification data over fixed branch points in
PL(C).

e Equivalent description by monodromy representations

— Single Hurwitz numbers:

1
Hy(p) = a#{(ga T1,...Tr)}, Where

1. each 7; is a transposition in S,
2. o is of cycle type p,

3. cooTy0---071, = 1d.

— Double Hurwitz numbers:

1
Hg(ﬁ‘h,UQ) — E#{(O‘lafrl) .. '7-7“70-2)}7 where

1. each 7; is a transposition in S,
2. o, 1s of cycle type p;,

3. 00T 0---0T, 009 = 1d.

PROPERTIES OF HURWITZ NUMBE

Single Hurwitz numbers
e Cut-and-Join relations
e Eynard-Orantin topological recursion
e ELSV formula (connection to intersection numbers)

e Polynomiality
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PROPERTIES OF HURWITZ NUMBE

Double Hurwitz numbers

e Cut-and-Join relations

o Piecewise polynomiality

o Wall-crossing formulas

MONOTONE/MIXED HURWITZ NU

e Monotone Hurwitz numbers: Transposition satisty mono-
tonicity condition

— For 7, = (r; s;) (r; < s;), we require s; < S;41

e Mixed Hurwitz numbers: Combinatorial interpolation be-
tween monotone and classical Hurwitz numbers

— Monotonicity condition required for first k transposition:
S; Ssi—l—l fori = 1,...,]@—1

PREVIOUS RESULTS

Monotone Hurwitz numbers

e Motivated by random matrices — coetficients in the expansion
of the Harish-Chandra-Itzykson-Zuber integral

e Eynard-Orantin topological recursion

o ELSV-type formula for single monotone Hurwitz numbers

Mixed Hurwitz numbers

e Piecewise polynomiality for mixed double Hurwitz numbers

OPEN QUESTIONS

e Compute the polynomials for mixed double Hurwitz num-
bers in each chamber

o Give recursive wall-crossing formulas for mixed double Hur-
witz numbers

OUR TOOLBOX

o Correspondence theorem between classical and tropical dou-
ble Hurwitz numbers [2] (wall-crossing formulas in [3])

o Correspondence theorem between classical and tropical
monotone orbifold Hurwitz numbers [4]

OUR STRATEGY

e We generalised the tropical correspondence theorems for
mixed double Hurwitz numbers
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e We used the tropical approach and developed an algorithm to
compute the polynomial in each chamber (using volumes of

polytopes)

e We introduced a new counting problem generalising mixed
Hurwitz numbers

e Our algorithm can also compute the polynomials for this new
counting problem

e We proved recursive wall-crossing formulas for this new
counting problem in genus 0

REFERENCES

[1] G. Borot, B. Eynard, M. Mulase, B. Safnuk. A matrix model for simple Hurwitz
numbers, and topological recursion. In J. Geom. Phys. 61 (2011), No. 2, 522-540.

[2] R. Cavalieri, P. Johnson, H. Markwig. Tropical Hurwitz numbers. In J. Algebr.
Comb. 32 (2010), no. 2, 241-265.

R. Cavalieri, P. Johnson, H. Markwig. Wall crossings for double Hurwitz num-
bers. In Adv. Math. 228 (2011), no. 4, 1894-1937.

] N. Do, M. Karev. Monotone orbifold Hurwitz numbers. In arxiv preprint 2015.

T. Ekedahl, S. Lando, M. Shapiro, A. Vainshtein. Hurwitz numbers and intersec-
tions on moduli spaces of curves. In Invent. Math. 146 (2001), 297-327.

[.P. Goulden, M. Guay-Paquet, J. Novak. Monotone Hurwitz numbers and the
HCIZ integral. In Ann. Math. Blaise Pascal 21, No. 1, 71-89 (2014).

CONTACT INFORMATION

E-mail: marvinanashahn@gmail.com
Website: https:/ /sites.google.com/site/marvinanashahn/
Department: Mathematics Department, University ot Tiibingen



