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Symmetric functions

Definition: Symmetric Function

A function f = f(xy, X2, ..., Xn) € Q[X1, ..., Xs] is symmetric if for every
collection of positive integers [a1 ye ak] the coefficient of x{™" - - - x.*
is equal to the coefficient of x,f” . ak forall iy, b, ..., ig.
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Symmetric functions

Definition: Symmetric Function

A function f = f(x1, X2, ..., Xn) € Q[X1, ..., Xy] is symmetric if for every
collection of positive integers [a1,.. ak] the coefficient of x{™" - - - x.*
is equal to the coefficient of x;' - - ak forall iy, b, ..., ig.

=
N,

Graded Hopf algebra

Sym is a graded Hopf algebra, graded by the degree of the polynomial.
The dimension of the graded component of Sym,, is the number of
partitions of n.
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Monomial symmetric functions

Definition: Monomial Symmetric Function
The monomial symmetric function indexed by A is:

m>\ = ZX'TH ...Xg",
(0%

where « runs over all distinct rearrangements of \.
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Monomial symmetric functions

Definition: Monomial Symmetric Function

The monomial symmetric function indexed by A is:
m>\ = ZX_TH oo .Xg",

where « runs over all distinct rearrangements of \.

v

Definition: Homogeneous symmetric functions

Let h; = > ,.; mx. The complete homogenous functions are:

hy = By By, -+ By

m*
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Monomial symmetric functions

Definition: Monomial Symmetric Function
The monomial symmetric function indexed by A is:

m>\ = ZX_TH ...Xgn,
(0%

where « runs over all distinct rearrangements of \.

v

Definition: Homogeneous symmetric functions

Let h; = > ,.; mx. The complete homogenous functions are:

hy = By By, -+ By

m*

Definition: Scalar product
The scalar product on Sym,, is defined by (my, h,) = 0y -
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

The Jacobi-Trudi rule:

hy, Py +1 Py 1e—1
Sy = det hAz;_1 h-AZ hAﬁ;Z—Z = det|hy )i |1<i,j<z
Pa—ev1 Pnep2 - By,
where we use the convention that hp = 1 and h_,, = 0 for m > 0. )
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

The Jacobi-Trudi rule:

hy

. P 41 Py 40-1
hy,—1 hy hy
p= 2 2+£—2
Sy = det : . . :det|h)\,.+j_,'|1§i,j§£
Pyo—ev1 Ba—eg2 -+ hy

£

where we use the convention that hp = 1 and h_,, = 0 for m > 0.

Example: A = (2,1)

v
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

The Pieri rule:

sxhi=>_su,
I

the sum over all 1 for which p/\ is a horizontal strip of size i
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

The Pieri rule:

sxhi=>_su,
I

the sum over all 1 for which p/\ is a horizontal strip of size i

Example: A =(2,1)and i =3

So1h3 = S321 + 8411 + S42 + Ss5 1

X [x[x] x[x]
X

[x]x]x]
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

Semi-standard tableaux:
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

Semi-standard tableaux:

2
X3

So1 = XoXp + X1 X5 + X2X3 + 2X1 Xo X3 + X5 X3 -+ X1 X5 + Xe

11] [[2] O[] [l2] [A18] [2[2] [A]3] [2]3]
2 [2] [8] 38 2 3 3 3
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Schur functions
The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

Structure coefficients (the Littlewood Richardson rule):

S\Su = CX S,
v

¢y, is the Yamanouchi tableaux of shape v/ and content 1.
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Schur functions
The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

Structure coefficients (the Littlewood Richardson rule):
S\S, = Z ¢ uSu

¢y, is the Yamanouchi tableaux of shape v/ and content 1.

Example: =X =(2,1)

rwzﬁf

So1 So1 = Soo11 Soo2 S3111
g R F Eﬂ
+ 25321 + S+ Sa11 +

v
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

Representation Theory of S,

Via the Frobenius transformation, the Schur functions correspond to
the irreducible representations of the symmetric group.
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Schur functions

The most important basis of Sym is the basis of Schur functions. The
Schur basis s, is defined by any of the following:

Representation Theory of S,

Via the Frobenius transformation, the Schur functions correspond to
the irreducible representations of the symmetric group.

Representation Theory of GL,

The Schur functions are the characters of the irreducible
representations of the general linear group.
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Quasi-symmetric functions
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Quasi-symmetric functions

Definition: Quasi-symmetric function

A function f = f(xy, X2, ..., Xn) € Q[X1, ..., Xs] is quasi-symmetric if for
every collection of positive integers (a1, . .., ak), the coefficient of
Xy - xc* is equal to the coefficient of X" - - x;* for all

<o <o <.
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Quasi-symmetric functions

Definition: Quasi-symmetric function

A function f = f(xy, X2, ..., Xn) € Q[X1, ..., Xs] is quasi-symmetric if for
every collection of positive integers (a1, . .., ak), the coefficient of

Xy - xc* is equal to the coefficient of X" - - x;* for all

<l <. <.

v

Hopf Algebra

QSym is a graded Hopf algebra, graded by the degree of the
polynomial. The dimension of the graded component QSym,, is the
number of compositions of n.
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Monomial quasi-symmetric functions

Definition: Monomial quasi-symmetric function
The monomial quasi-symmetric function indexed by a composition « is

defined as
. Qq 2 am
M, = E X; xf“2 X

I <lo<-<lIm
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Monomial quasi-symmetric functions

Definition: Monomial quasi-symmetric function
The monomial quasi-symmetric function indexed by a composition « is

defined as
O (67 (6%
M, = E X X2 X

Im
I <lo<-<lIm
v

Positive expansion of monomials

It is clear that
my = Z Maa

a

the sum over all compositions which re-arrange to form the partition \.
This implies that Sym is a subalgebra of QSym.
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Fundamental quasi-symmetric functions

Definition: Fundamental basis
The fundamental basis of QSym is defined by:

Fo=> M.

pLa
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Fundamental quasi-symmetric functions

Definition: Fundamental basis
The fundamental basis of QSym is defined by:

Fo=> M.

B<a

Positive expansion of Schur functions

The Schur functions expand positively in the Fundamental basis nicely:

ss= Y, Fom

TeSYT())
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Non-commutative symmetric
functions
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Non-commutative symmetric functions

Definition: Non-commutative symmetric functions

NSym is the algebra generated by the non-commuting elements H; of
degree i, i.e. NSym = Q(Hq, Ho, .. . ).
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Non-commutative symmetric functions

Definition: Non-commutative symmetric functions

NSym is the algebra generated by the non-commuting elements H; of
degree i, i.e. NSym = Q(Hy, Ho, .. .).

v

Complete homogenous functions

A basis for NSym,, are the non-commutative complete homogenous
functions

Ho = Ha, -+ Hap.
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Non-commutative symmetric functions

Definition: Non-commutative symmetric functions

NSym is the algebra generated by the non-commuting elements H; of
degree i, i.e. NSym = Q(Hy, Ho, .. .).

| N\

Complete homogenous functions

A basis for NSym,, are the non-commutative complete homogenous
functions

Ho = Ha, -+ Hap.

Sym is a quotient of NSym
x : NSym — Sym is defined by x(Ha) = hx(a)-

The immaculate basis June 11th, 2013 16/30




Representation theory behind NSym

Dual Hopf algebras

NSym and QSym are in fact dual Hopf algebras. There is a scalar
product between the two algebras by viewing M, and Hj as dual

bases:

(My, Hg) = 6a.
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Representation theory behind NSym

Dual Hopf algebras

NSym and QSym are in fact dual Hopf algebras. There is a scalar
product between the two algebras by viewing M, and Hj as dual
bases:

(M, Hg) = 0o

Representation theory

NSym and QSym are isomorphic to Ky(Hr(0)) and Gy(Hx(0))
respectively, where H,(0) denotes the 0-Hecke algebra.
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Immaculate tableaux

Definition: Immaculate tableaux

An immaculate tableau of shape a and content j is a labeling of the
boxes of the diagram of « by positive integers in such a way that:
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Immaculate tableaux

Definition: Immaculate tableaux

An immaculate tableau of shape a and content j is a labeling of the
boxes of the diagram of « by positive integers in such a way that:

@ the number of boxes labelled by i is 3;;
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Immaculate tableaux

Definition: Immaculate tableaux

An immaculate tableau of shape a and content j is a labeling of the
boxes of the diagram of « by positive integers in such a way that:

@ the number of boxes labelled by i is 3;;

© the sequence of entries in each row, from left to right, is weakly
increasing;
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Immaculate tableaux

Definition: Immaculate tableaux

An immaculate tableau of shape a and content j is a labeling of the
boxes of the diagram of « by positive integers in such a way that:

@ the number of boxes labelled by i is 3;;

© the sequence of entries in each row, from left to right, is weakly
increasing;

© the sequence of entries in the first column, from top to bottom, is
increasing.
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Immaculate tableaux

Definition: Immaculate tableaux

An immaculate tableau of shape a and content j is a labeling of the
boxes of the diagram of « by positive integers in such a way that:

@ the number of boxes labelled by i is 3;;

© the sequence of entries in each row, from left to right, is weakly
increasing;

© the sequence of entries in the first column, from top to bottom, is
increasing.

Example: « =[4,2,3] and g = [3,1,2, 3]

1[1]1]3] [1[1[1]3] [1[1[1]4] [1[1][1]4] [1[1]1]2]
2[3 2[4 2[3 2]4 3[3
4(4]4] 3[4]4] 34]4] 3[3]4] 41414]
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following:

Jacobi-Trudi type rule:

Ha, Ha,y +1 Heyt0-1
P e
o - . . . .
Hoyp—o41 Hopry2 -+ H.,
= Z (_1 )GHa1+U1 —1,ap+00—2,...,ap+0p—~
ogESy
where Hyp =1 and H_,, = 0 for m > 0.
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following:

Jacobi-Trudi type rule:

Ha, Ha,y +1 Heyt0-1
P e
o - . . . .
Hoyp—o41 Hopry2 -+ H.,
= Z (_1 )GHa1+U1 —1,ap+00—2,...,ap+0p—~
ogESy
where Hyp =1 and H_,, = 0 for m > 0.

Example: a = (1,2)
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following
Pieri type rule:

GoHi=> 65,
B

the sum over all 5 for which «; < g; and len(3) < len(a) + 1.
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following:
Pieri type rule:

GaHi = ZGBa
B

the sum over all 5 for which «; < g; and len(3) < len(a) + 1.

Example: a = (1,2) and i = 2

GioHo = G122+ 6131 +614+6221+ 623+ 63>

X

X
X [ [x[x]

x| x|
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The immaculate basis
The immaculate basis of NSym can be defined by any of the following:

Littlewood Richardson type rule:

GaBr = _ Ch &g,
B

CiA is the number of Yamanouchi tableau of shape 3/« and content .
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The immaculate basis
The immaculate basis of NSym can be defined by any of the following:

Littlewood Richardson type rule:

GaGr =) CI. 6,
B

CfiA is the number of Yamanouchi tableau of shape 3/« and content .

Example: a = (1,

B P - @ B
= 112]
G2 Gy G121 + Gi311 + Giz2 + G211 + Gox
- Er o Hip 2:h

D]
+ 28231 + G + 624 + Gz +  Gap
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following:

A tableaux expansion:

the sum over immaculate tableaux, where &7 is the basis of QSym
which is dual to the immaculate basis.
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following:

A tableaux expansion:

the sum over immaculate tableaux, where &7 is the basis of QSym
which is dual to the immaculate basis.

Example: a = (2,2) in three variables

Gho = XZXE+X1 X3+ X2 Xo Xg+2X1 X2 X3+ X2 X5 4-2X1 Xo X5+ X5 X5 4-X1 X3+ Xo X5

v
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following:

A fundamental expansion:

&v= Y Fom
TeSIT(a)

the sum over standard immaculate tableaux.

The immaculate basis
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The immaculate basis

The immaculate basis of NSym can be defined by any of the following:

A fundamental expansion:

&= Y  Fom
TeSIT(a)

the sum over standard immaculate tableaux.

Example: a = [2,1, 3]

G315 = Fr122 + Fr131 + Fi1a + Fr23 + Farz

1[4] 1[5] 1[6] 1]3] 1]2]
2 2 2 2 3
3]5]6] [3]4]6] [3]4]5] [4]5]6] [4]5]6]

The immaculate basis June 11th, 2013 24/30



Applications




A new computation of Littlewood-Richardson
coefficients

Relationship amongst coefficients
For compositions «, 3, v and a partition A such that ¢(v) < ¢(«),

B _ Bty
Ca,)\ - Ca—l—l/,/\
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A new computation of Littlewood-Richardson
coefficients

Relationship amongst coefficients

For compositions «, 3, v and a partition A such that ¢(v) < ¢(«),

B _ Bty
Coc,)\ - Ca—i—l/,/\

Example: A =(2,1) and o = (1,1)

61,1621 =61121+61211+6122+6131+62111+6212

+2627271 T 6273 T 637171 = 6372.

v
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A new computation of Littlewood-Richardson
coefficients

Relationship amongst coefficients

For compositions «, 3, v and a partition A such that ¢(v) < ¢(«),

B _ Bty
Coc,)\ - Ca—i—l/,/\

Example: A =(2,1) and o = (1,1)

611621 =61121+61211+6122+6131+62111+6212
+2627271 T 6273 T 637171 = 6372.

Therefore:
S32521 = S3221 + 83311 +S332+S341+S4211+S422

+2S431 + S44+ S521 + S53
V.

June 11th, 2013 26/30
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Modules for the immaculate basis

Representation Theory of 0-Hecke algebra

The irreducible representations of H,(0) are all one dimensional.
Under the identification of QSym with Go(H,(0)), an irreducible

indexed by « corresponds to the fundamental quasi-symmetric
function F,.
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Modules for the immaculate basis

Representation Theory of 0-Hecke algebra

The irreducible representations of H,(0) are all one dimensional.
Under the identification of QSym with Go(H,(0)), an irreducible
indexed by « corresponds to the fundamental quasi-symmetric
function F,.

Construction of modules

There exists a combinatorially defined, indecomposable, finite
dimensional, representation V,, of H,(0) whose characteristic is G7..
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The hook length formula by example

Proposition: Hook length formula

If o = n, the number of standard immaculate tableaux of shape « is

equal to
n!

[leca halc)

where ¢ € «indicates ¢ = (i,j) with1 </ < /{(a)and 1 <j < a;.
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The hook length formula by example

Proposition: Hook length formula

If o = n, the number of standard immaculate tableaux of shape « is

equal to
n!

[lceq ha(€)

where ¢ € «indicates ¢ = (i,j) with1 </ < /{(a)and 1 <j < a;.

Example: a = [4,2, 3]

9[3[2]1]
5[1
3[2]1]

The number of standard immaculate tableaux of shape [4, 2, 3] is equal

to
9!

224 .

9.3.2.1.5-1.3.2.1

v
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THANKS!

Slides to be available on the web.
Immaculate basis and their duals available in Sage!
Papers: 1208:5191, 1304:1224 , 1305:4700
FPSAC Abstract: 1303:4801

The Irhmaculate basis of NSym
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