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Definition
{P.(x)}»>0 are orthogonal polynomials w.r.t. weight function w(x) if
@ degPu(x) =n
|0 ifn#m
° /P"(X)P’”(x)w(x)dxf { nonzero ifn=m

Example

@ Recall
™

0 ifn#m

cos nf cos mdl = { .
nonzero ifn=m

0
@ cosnf is a polynomial in cos 6.
@ Let T,(cos 0) = cosnd. (Tchebyshev polynomial of 1st kind)
@ T,(x) are orthogonal w.r.t. w(x) = (1 —x*)~/2.

1 )
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Theorem (Favard, 1935)

Monic orthogonal polynomials P,(x) satisfy a three-term recurrence

Put1(x) = (x — bp)Pu(x) — MPu—1(x),
fOfb(),b1,... and>\1,>\2,....

Theorem (Viennot, 1983)
If

P,,+1(X) = (X — bn)Pn(x) - )\nPnfl(x);

the nth moment is yi, =y wt(P).

Example

11 1 Xb2 1 b3 X3 0bi A\

n>0
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O pyrr=0and s = 2n—DN=1-3---2n—1).
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H,,(x) — Z (_l)edge(ﬂ)xﬁx(rr)

TEM(n)

o Hi(x) =x" —3x
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e o o 0
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oy =1+qg+q+ - +q""
0 [n]g! = [1]4[2]g - - [n]q
@ g¢-binomial coefficient

H [
K, Wl — 4!

@ g-multinomial coefficient

ar+ -+
aiy...,0k

_ a1 + - 4+ ady!

[ar]g!- - - Jalq!

@ ¢-shifted factorial (;-Pochhammer symbol)
(a)u = (a:9)u = (1 —a)(1 — ag)--- (1 — ag"™")
o (al, ce ,ak)n = (al)n e (ak)n
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@ Askey-Wilson polynomials P, (x) = P.(x;a, b, c,d; q) with x = cos 0

‘13‘1] .

6 i0

(ab, ac, ad)n

" abedg™!, aé’
pn a3 | 1 q

ab,ac,ad

Pu(x;a,b,c,d|q) = 4
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‘1§‘I] .

b , d n —n n—1 i0 —if
Pu(x;a,b,¢,d|q) = (ab,ac, ad), 493 { q " abedq” ", ae”, ae

a ab,ac,ad

dx

1—x

@ Orthogonality % /_ll Py (x)Pp(x)w(x) = = hudun, Where
w(x) =w(x;a,b,c,d;q) is
(e2i0’ 6721'0)00
(ae'® ae=1® bei® be=0 cei? ce=0 de® de=i?)s

w(cos0,a,b,c,d;q) =

® The normalized nth moment w.,(a, b, c,d; q) is (o = 1)

dx
VI—2

1
Hn (a7 b7 ¢, d7 q) = C/ x’lw(x)
—1



10/28
Askey-Wilson polynomials

@ Askey-Wilson polynomials P, (x) = P.(x;a, b, c,d; q) with x = cos 0
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w(x) =w(x;a,b,c,d;q) is

2i0  —2i0
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(aeie7 a67197 betg7 b67197 ce197 067197 detG7 de*’g)oo

w(cos0,a,b,c,d;q) =

® The normalized nth moment w.,(a, b, c,d; q) is (o = 1)

dx
VI—2

1
Hn (a7 b7 ¢, d7 q) = C/ x’lw(x)
—1

® u(a,b,c,d;q) is symmetrical in a, b, ¢, d.



11/28
Known formulas for Askey-Wilson moments

Theorem (Corteel, Stanley, Stanton, Williams, 2010)

1 abacadmmm /612/6161"1”‘1]/”)
pn(a, b, c,d;q) = o Z (abed)m Z (4,97 a);(q, g7+ @) m—



11/28
Known formulas for Askey-Wilson moments

Theorem (Corteel, Stanley, Stanton, Williams, 2010)

1 (ab, ac, ad), 4" ’a 2/aq’—i—q I /a)"
Hn(a,b, e, diq) = on Z (abcd)m Z (g,9'%/a?)j(q, g%t a?)m—

Theorem (Ismail and Rahman, 2011)

(abv qac, qad)" - 1_a2q2k . (aZ,q—n)k ( + 2q2k)
Gy (4, 4> abedn 2 T (g,aq )i

« qk(n+l) (1 — ac)(l — ad) ¢ qk n7q’ Cd aqk+l/b
(1 — acg®)(1 — adqg®) ac ,uqu+17q1 "/ab

.u‘"(aa b7 C, d? q) =

9, ‘1}



11/28
Known formulas for Askey-Wilson moments

Theorem (Corteel, Stanley, Stanton, Williams, 2010)

1 (ab, ac, ad), 4" ’a 2/aq’—i—q I /a)"
pn(a, b, c,d;q) = o Z (abed)m Z (4,97 a);(q, g7+ @) m—

Theorem (Ismail and Rahman, 2011)
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Proposition (K., Stanton, 2012)
2" (abed)npn(a, b, c,d; q) is a polynomial in a, b, ¢, d, q with integer coefficients.
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Main purpose

Give 3 combinatorial methods for computing .

o Motzkin paths
» staircase tableaux
» g-Hermite polynomials and matchings
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® The Askey-Wilson polynomials P, = P,(x;a, b, c,d; q) satisfy

Pn+l = (X— bn)Pn - )\nPnfly

b, = %(a +a ' - (An + Cn)), An = iAn*lC"’
where
(1 — abg")(1 — acq")(1 — adg")(1 — abedg™™")
A, = ’
a(1 — abcdg?=1)(1 — abedg®)
c — al—¢")( —beg" (1 —bdg" )(1 — cdg""")
" (1 — abedg*—2)(1 — abcdg?—") '

o Ifc=d=0,then b; = ag’ + bg' and \; = (1 — abg'")(1 — ¢).
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Motzkin paths

® The Askey-Wilson polynomials P, = P,(x;a, b, c,d; q) satisfy
Pn+l = (X - bn)Pn - )\nPnfh
1

b, = %(a +ail - (An + C"))v An = ZAn*lC"’
where
(1 — abg")(1 — acq")(1 — adg")(1 — abedg™™")
Ay = ’
a(1 — abcdg?=1)(1 — abedg®)
o _ all =q")(1 —beg"~")(1 — bdg"~")(1 — cdg"”")

(1 — abedg*=?)(1 — abcdg®—1)

o lfc=d=0,then b, = aq' + bq' and \; = (1 — abg'")(1 — ¢').

@ Doubly striped skew shapes: generalization of Dongsu Kim’s striped
skew shapes.

ole
R o ele
" R & ° ole
- ° o

o |e

14/28



15/28
The ¢ = d = 0 case: Al-Salam-Chihara polynomials

Theorem (K., Stanton, 2012)

2" un(a,b,0,0;9) = ((i) - (,,_kn_ 1>> S @ (-1)q(?)

k=0 2 utv42r=k

ut+v+t
u,v,t

q



15/28
The ¢ = d = 0 case: Al-Salam-Chihara polynomials

Theorem (K., Stanton, 2012)

2 pn(a,b,0,0;q) = > ((L) - (,,_k"_ 1>> S @ (—1yq()

k=0 2 utv42r=k

ut+v+t
u,v,t

q

@ This is equivalent to a formula of Josuat-Vergés.



15/28
The ¢ = d = 0 case: Al-Salam-Chihara polynomials

Theorem (K., Stanton, 2012)

2 pn(a,b,0,0;q) = > ((L) - (,,_k"_ 1)) S @ (—1yq()

k=0 2 utv42r=k

ut+v+t
u,v,t

q

@ This is equivalent to a formula of Josuat-Vergés.

Theorem (Corteel, Josuat-Vergés, Rubey, Prellberg, 2009)
The nth moment of g-Laguerre polynomials is equal to

wex(m) cr(m) — row(7) _so(7) —
> oy > Y™

TESy TEPT,

(0] R V| ) D



15/28
The ¢ = d = 0 case: Al-Salam-Chihara polynomials

Theorem (K., Stanton, 2012)

2 pn(a,b,0,0;q) = > ((L) - (,,_k"_ 1)) S @ (—1yq()

k=0 2 utv42r=k

ut+v+t
u,v,t

q

@ This is equivalent to a formula of Josuat-Vergés.

Theorem (Corteel, Josuat-Vergés, Rubey, Prellberg, 2009)
The nth moment of g-Laguerre polynomials is equal to

wex(m) cr(m) — row(7) _so(7) —
> oy > Y™

TESy TEPT,

s ()01 () k) g

@ Our proof is the first combinatorial proof of CJRP.
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Open problem

@ Ifd=0,

by = (a+b+c)q" — abeq™ — abeg™ !

A= (1= ") (1 —abg"™")(1 — beq"™")(1 — cag"™").

Problem
Find a combinatorial proof using Motzkin paths of the following identity:

£ () )

W N u+v+t
>< ugv w _ t ( )
E a'b’c"(—1)'q\ 2 v
u+v+w+2r=k

vV+w-+t
w

w+u-+t
u
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Staircase tableaux

@ A staircase tableau of size » is a filling of the Young diagram of the

staircase partition (n,n — 1,...,1) with «, 8, v, § satisfying certain
conditions.
B 7]
Y a|a
6
1 Y
B
é
B

@ Introduced by Corteel and Williams (2010).

@ Have connection with asymmetric exclusion process (ASEP) and
moments of Askey-Wilson.

@ [f there are no y and 4, we get permutation tableaux.

«|

€« t1

1
«
P
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Staircase tableaux

Theorem (Corteel, Stanley, Stanton, Williams, 2010)

2 (abed)upin(a by c,dsq) = i3 (—1)D(1 = DD 1
TeT (n)

y (ac)C(T) (bd)D(T) (1 +ai)(1 + ci))an(T)fc(T) (1= bi)(1 — di))nfB(T)fD(T).
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Staircase tableaux

Theorem (Corteel, Stanley, Stanton, Williams, 2010)

2 (abed)upin(a, b, ¢, dsq) =i~ Y (=1)"T (11— g) VORI TngED
TET (n)

y (ac)cm (bd)D(T) (1 +ai)(1 + ci))an(r)fcm (1= bi)(1 — di))nfB(T)fD(T).

Theorem (K., Stanton, 2012)
We have

[a"_]b"c"d"q(;)] 2" (abed)npin(a, b, c,d; q) = — Cat <n—; 1) ,

[a"_lb"_lc"d"q(;)} 2" (abed)npin(a, b, ¢, d; q) = Cat (n * 2) — Cat (E) ,

where Cat(n) = — (¥') ifn is a nonnegative integer, and Cat(n) = 0
otherwise.
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Back to the definition of u,(a, b, c,d; q)

@ Recall

1 T
wn(a,b,c,d; q) = C/ X'w(x) e = = C/ (cos 6)"w(cos 8)db,
—1 — X 0

V1
where

2i0  —2i0
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aeiG ae*iG bei0 b€710 6610 C€719 deIG d€710 I
) ) ) ) ) ) )

w(cosb,a,b,c,d;q) =
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Back to the definition of i, (a, b, ¢, d; q)

@ Recall
(a,b,c,d;q) = C / ) —E_ — ¢ / " (c0s 8)"w(cos 0)d0
N‘Vl (] 7q . m 0 )
where

2i0  —2i0
(e, e ™)
(aeie’ aeﬂo’ be’g, beftg’ ce’g, Ceile, detG’ de*’g)oo

w(cosb,a,b,c,d;q) =

o Let

=0 [ 11 £t s = = [ cos0) w(eos )9

@ Then the normalized nth moment is

@ Iy is the Askey-Wilson integral

I — (@) lw(x) dx (abed) oo
T Ton . V1I—x2 (ab,ac,ad,bc,bd,cd)s
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g-Hermite polynomials

@ |smail, Stanton, and Viennot computed Iy using ¢g-Hermite polynomials.
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g-Hermite polynomials

@ |smail, Stanton, and Viennot computed Iy using ¢g-Hermite polynomials.
@ The g-Hermite polynomials H,(x|q) are defined by

>~ Hy(cosblq) 7~ = 1

g (@n (ze%ze7)c0

o L(HuHy) = % / Hi(c05 0]q) Hn (005 0]q) (2%, ¢ ) ocd® = 0, 1 4 m
0

@ Thus
w(cog 9) _ (€2l9, 6—216)00
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ny N N3 g
a''b™cBd 20  —2if
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g-Hermite polynomials

@ |smail, Stanton, and Viennot computed Iy using ¢g-Hermite polynomials.
@ The ¢g-Hermite polynomials H,(x|q) are defined by

>~ Hy(cosblq) 7~ = 1

g (@n (ze%ze7)c0

o L(HuHy) = % / Hi(c05 0]q) Hn (005 0]q) (2%, ¢ ) ocd® = 0, 1 4 m
0

@ Thus
w(cog 9) _ (€2l9, 6_2[6)00
(ac®®, a7, beid be 10 cel® ce 10, dei?  de— 7)oy
ny N N3 g
a''b™cBd 20  —2if
= Z H"lanHn3Hn4(el e )oo

(@D (@D (@) 3 (@)ng

ny,np,n3,n4 >0

@ We can write

(q)oo /7r AN g
I() = — w(cos 0)do = E(Hn H,,HH, )
T M DI v e N e

ny,np,n3,ny >0
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Combinatorial description for

Theorem (Ismail, Stanton, and Viennot (1985))

b= Y b 3 £

| | | |
1 gyt >0 [”l]q-[nl]q-[n3]q~[”4]q~ G EPM(mmyn3ms)

whered = a/\/T—q,b=b/\T—¢q,¢=c/\/T—q,d=d//T—q and
PM(ni,n2,n3,n4) is the set of perfect matchings on [n] W [n2] W [n3] W [n4]
without homogeneous edges.

S

ni n n3 ng
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Theorem (Ismail, Stanton, and Viennot (1985))

b= Y b 3 £

| | | |
1 gyt >0 [”l]q-[nl]q-[n3]q~[”4]q~ G EPM(mmyn3ms)

whered = a/\/T—q,b=b/\T—¢q,¢=c/\/T—q,d=d//T—q and
PM(ni,n2,n3,n4) is the set of perfect matchings on [n] W [n2] W [n3] W [n4]
without homogeneous edges.

S

ni n n3 ng

Question
How about 1,?
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Combinatorial description for I,

@ [y is the generating function for perfect matchings with 4 sections:

(q)oo /7r AN
Iy = 2= w(cos 8)df = L(H, H,,H,.H,
0= ), ieest) 2 @ @@, o)

ny,nz,n3,n4 >0



24 /28
Combinatorial description for I,

@ [y is the generating function for perfect matchings with 4 sections:

(q)oo /7r AN
Iy = —~—+— w(cos 8)df = L(H, H,,H,.H,
o J, Mes?) 2 @ @@, o)

ny,na,n3,n4 >0

@ [, is the generating function for perfect matchings with 5 sections:
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Combinatorial description for I,

@ [y is the generating function for perfect matchings with 4 sections:

(q)oo /7r AN
Iy = 2= w(cos 8)df = L(H, H,,H,.H,
0= ), ieest) 2 @ @@, o)

ny,nz,n3,n4 >0

@ [, is the generating function for perfect matchings with 5 sections:

(q)oo /7\' n at b2 B g B
= —— cos 0)"'w(cos 0)do = E L(xX"H, H,,H,.H,
2 Jy ( ) ( ) (q)"l (q)nz (q)nz (q)m ( re 4)

ny,np,n3,n4 >0

Theorem (K., Stanton, 2012)
1— n ""ﬂl'bvnz’”nzgm er(o
() 5 R D e

| | | |
2 ]! n2]g! 314! [ma] ! 0 EP My (1313 14)

ny,nz,n3,n4 >0

where PM,(n1,n2, n3, ns) is the set of perfect matchings on
[n] W [n1] W [n2] W [n3] W [n4] with homogeneous edges only in the first section.

rar g aSFas SRS S S
| | T |

n ni n n3 n4
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Combinatorial intepretation for u,(a, b, c,d; q)

Theorem (K., Stanton, 2012)

znﬂﬂ(aa b7 ¢, d? q) = (1 - q)n/zln/lo

where I, is the generating function for

IR A NS RN

n ni ny n3 n4
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Combinatorial intepretation for u,(a, b, c,d; q)

Theorem (K., Stanton, 2012)

znﬂn(aa b7 ¢, d? q) = (l - q)n/zln/lo

where I, is the generating function for

IR A NS RN

n n ny n3 n4

Theorem (K., Stanton, 2012)

n L) - n n ap ~ 5 (ac)s(bd)y
2un(a,b,c,d,q)—z<<n__k>—<n_;k_1>> Z a®bPe dé(abcﬂdm

k=0 2 a+BHvy+842r=k
x(—l)’q(tt]) a+B+y+t| |B+y+o+t| [6+a+t
«@ B,y, 0+t 1)

q q



Corollaries

Corollary (K., Stanton, 2012)

2" pn(a,b,c,0;q) = Z <<,,n;k> - <n—kn_ 1))
k=0 2 2

+1
X E a”bvcw(—l)tq( Sttt
u+v+w+2t=k v

v+w+t
w

w+u+t
u
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Corollary (K., Stanton, 2012)

2" pn(a,b,c,0;q) = Z <<nn;k> - <n—kn_ 1))
k=0 2 2

+1
X E a”bvcw(—l)tq( Sttt
v
u+v+w+2t=k

v+w+t w+u-+t

Corollary (K., Stanton, 2012)

k=0 JAI+ 1B <k
A+B=k mod 2

Corollary (K., Stanton, 2012)

[n+ 1)412"un(a, b, q/a, q/b; q) is a Laurent polynomial in a and b whose
coefficients are positive polynomials in g.
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Find a combinatorial proof of

=0 A 1A+ 151 <k
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Problem
Find a combinatorial proof of
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@ Ifac =gqand bd = g,

Corollary (K., Stanton, 2012)

[n+ 1)412"un(a, b, q/a, q/b; q) is a Laurent polynomial in a and b whose
coefficients are positive polynomials in q.
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@ Ifac =gqand bd = g,

Corollary (K., Stanton, 2012)

[n+ 1)412"un(a, b, q/a, q/b; q) is a Laurent polynomial in a and b whose
coefficients are positive polynomials in q.

o lfac =4 and bd = ¢,



27 /28
Open problems

Problem
Find a combinatorial proof of

k=0 2 |A]+|B| <k
A+B=k mod 2

@ Ifac =gqand bd = g,

Corollary (K., Stanton, 2012)
[n+ 1)412"un(a, b, q/a, q/b; q) is a Laurent polynomial in a and b whose
coefficients are positive polynomials in q.

o lfac=q¢ and bd = ¢,

Conjecture

For positive integersiand j,

2"n+i+j—1]glun(a,b,q'/a,q /b;q) is a Laurent polynomial in a, b whose
coefficients are positive polynomials in g.
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