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Original motivation

Schur — fundamental quasisymmetric
s31 = F31 + Fao + Fi3
monomial symmetric — monomial quasisymmetric
m31 = Ms1 + M3
Hall-Littlewood polynomials Py (x; t)
Py(x;0) = sy Px(x;1) = my

Question: Is there some quasisymmetric expansion of Py which:
» at t = 0 gives us the fundamental expansion of Schur
functions, and
» at t = 1 gives us the monomial quasisymmetric expansion of
monomial symmetric functions?
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Hall-Littlewood
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Fundamental - Monomial
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Symmetric functions

monomial:

mgap1 = E XXXk

ij,k
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Symmetric functions

monomial:

Schur:

1 = X

Xj X
)2(2X3 + @2)(3
3 2
1]2] 1]3]




Prism of bases

Hall-Littlewood

Symmetric Functions
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Hivert
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Prism of bases

Hall-Littlewood

Symmetric Functions

SRHT

Schur monomial

(Egecioglu — Remmel)

Hivert

Quasisymmetric Functions

Fundamental Monomial
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Quasisymmetric functions

Monomial:

Mg = Z X;

i<j<k

1,42
.XJ.Xk
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Quasisymmetric functions

Monomial:

Mg = g x x xk
i<j<k

Fundamental (refinement order — Gessel):

Fos = Mo+ My + Maio + Mai1g
+ M1z + Mi121 + Mi112 + Mi1i11



Prism of bases

Hall-Littlewood

Symmetric Functions

Schur monomial

Hivert

/ \ Quasisymmetric Functions
refinement

Fundamental (Gessel) —— Monomial
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Prism of bases

Hall-Littlewood

Symmetric Functions

Schur monomial

Hivert

/ \ Quasisymmetric Functions
Mobius

Fundamental <— inversion Monomial
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Prism of bases

Hall-Littlewood

Symmetric Functions

Schur monomial
descents Hivert unsort
(Gessel)
Quasisymmetric Functions
A\ 4 A 4
Fundamental Monomial
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Symmetric to quasisymmetric

Schur to fundamental, sum over descent compositions (Gessel)

531

+

F13

2

2|3]

2]4]

1

3[4]
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Symmetric to quasisymmetric

Schur to fundamental, sum over descent compositions (Gessel)

31 =  Fai +  F + Fi3

4 3 2
1]2]3] 1[2]4] 1]3[4]

Monomial symmetric to monomial quasisymmetric (unsort)

m3p1 = M3o1 + Mz1o + M1z + Moy + Mizo + Mo
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Prism of bases

Hall-Littlewood

Symmetric Functions

Schur monomial
A

(Egge-Loehr-

Warrington, Hivert sort
Garsia)
Quasisymmetric Functions
Fundamental Monomial
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Quasisymmetric to symmetric
(Egge-Loehr-Warrington, Garsia)

Schur expansion of F31 + Fop + F137?
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Quasisymmetric to symmetric
(Egge-Loehr-Warrington, Garsia)

Schur expansion of F31 + Fop + F137?
F31 + F22 —+ F13 = 531 —+ 522 + 513 (First year graduate student’s dream)
What is 5137777 513 = —S522.

What is s, if « is not a partition?  s;54 = S433

S154 = (—1)s433

[eJHoo o]
[oJHo oo o]
(o]

14 /41



Quasisymmetric to symmetric
(Egge-Loehr-Warrington, Garsia)

Schur expansion of F31 + Fop + F137?
F31 + F22 —+ F13 = 531 —+ 522 + 513 (First year graduate student’s dream)
What is 5137777 513 = —S2.

What is s, if « is not a partition?  s;54 = S433

S154 = (—1)s433
[oFHoFHoFo] [oFHoHo]

Shihh
(o] [o] [o}HoFo]

14 /41



Quasisymmetric to symmetric
(Egge-Loehr-Warrington, Garsia)

S12 =0
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Quasisymmetric to symmetric
(Egge-Loehr-Warrington, Garsia)

S12 =0

(o]
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Quasisymmetric to symmetric
(Egge-Loehr-Warrington, Garsia)

513 = —522
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Quasisymmetric to symmetric
(Egge-Loehr-Warrington, Garsia)

513 = —522
oo o] [oo]
o] [o] [e]
Fa1+ Fo+Fi3 = s31+ 50+ 513

= 531 +5S0—S»

= 531

16 /41



Moral of this talk
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FUNDAMENTAL EXPANSIONS

FUNDAMENTALARE'

1



Moral

Function hard > Schur Symmetric Functions
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(Counterexample to the triangle inequality)

Function - hard > Schur Symmetric Functions
casy E-L-W,G
(easy)
Fundamental Quasisymmetric Functions
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(Counterexample to the triangle inequality)

Function - hard > Schur Symmetric Functions
casy E-L-W,G
(easy)
Fundamental Quasisymmetric Functions

Side effects may include hallucinations, such as an apparent loss of Schur positivity.
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Prism of bases

Hall-Littlewood

/
Tournament matrices algebraic S . .
(Carbonara) (Macdonald) ymmetric Functions
i N
Schur monomial
Hivert
Quasisymmetric Functions
Fundamental Monomial
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Prism of bases

Hall-Littlewood

charge /

(Lascoux-Schiitzenberger)

/

Symmetric Functions

Schur monomial
Hivert
/ \ Quasisymmetric Functions
Fundamental Monomial
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New Transition matrices (LSW)

Hall-Littlewood

Symmetric Functions

Schur monomial

Y

Hivert

Quasisymmetric Functions

Fundamental Monomial
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Hall-Littlewood to Fundamental

Hall-Littlewood

Symmetric Functions

Schur monomial

Hivert

Quasisymmetric Functions

Fundamental Monomial
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Hall-Littlewood polynomials

The Py(x; t) satisfy:

P(x;0) = sx(x) P(x;1) = my(x)

25 /41



Hall-Littlewood polynomials

The Py(x; t) satisfy:

P(x;0) = sx(x) P(x;1) = my(x)

Theorem (Loehr-S.-Warrington)

Pyju(xi t) = Z sgn(S*)ttStat(S*)FAsc/(S*)(X).

S*eSYT*(M\/p)
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Hall-Littlewood polynomials

The Py(x; t) satisfy:

P(x;0) = sx(x) P(x;1) = my(x)

Theorem (Loehr-S.-Warrington)

Pyju(xit) = Z sgn(S*) = ) Py sy (%).
S*ESYT* (A /)

Pu(t)= Fau - thn + Fo - Ao,
3 3 2 2
1]2] 12 1]3] 1]3%
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Starred tableaux
A\ = 65211

S*

»—n-l>u15|:‘

12

13

14

8*

15
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Starred tableaux
A = 65211

S*

Ascents:

|—‘4>Lﬂ5|:|

12

13

14

8*

15

» When i+ 1 is above i (or i*).
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Starred tableaux

A = 65211 -
11
10|
S*=|5|12
416 |7713114
1(2|3(8% 9|15
Ascents:

» When i+ 1 is above i (or i*).
» When (i + 1)* is in the next column to the right of i (or i*).
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Starred tableaux
A\ = 65211

S*

Ascents:

1

12

6

7*

13

14

1
10
5
4
1

2

8*

15

» When i+ 1 is above i (or i*).

» When (i + 1)* is in the next column to the right of i (or i*).

Asc(S*) = {3,4,6,7,9,10,14}

3-0,4-1,6-4,7-6,9-7,10-9,14-10,15—-14

1
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Starred tableaux
A\ = 65211

S*

Ascents:

1

12

6

7*

13

14

1
10
5
4
1

2

8*

15

» When i+ 1 is above i (or i*).

» When (i + 1)* is in the next column to the right of i (or i*).

Asc(S*) = {3,4,6,7,9,10,14}

3-0,4-1,6-4,7-6,9-7,10-9,14-10,15—-14

1

Asc'(5*) = 31212141
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Starred tableaux t-statistic

A = 65211

St = 12

6 |77|13|14

|—l-l>015|:‘

tstat(S*) =
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Starred tableaux t-statistic

A = 65211

St = 12

13

14

|—l-l>015|:‘

8*

15

tstat(S*) =1
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Starred tableaux t-statistic

A = 65211 —

1
1

6 771314
213(8"|9 15

0
S*=|5]|12

4

1

tstat(S*) =142
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Starred tableaux t-statistic

A = 65211 —

1
1

6 |77|13|14
2138|915

0
S*=|5]|12

4

1

tstat(S*) =1+4+2+1
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Starred tableaux t-statistic

A = 65211 —

1
1

6 771314
238915

0
S*=|5]|12

4

1

tstat(S*) =14+24+14+2=6
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Starred tableaux expansion

A = 65211

5*

I
(€]
—
N

6 |7"|13

14

1(2|3]|8"

15

sgn(S*) = (-1)* , Asc/(S*) =31212141 , tstat(S*) =6

S* contributes to Pgs211(x; t) a term of the form

sgn(s*)ttstat(S*)FAsc,(S*) = t6F31212141'
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Schur expansion of Hall-Littlewood polynomials

Fundamental expansion of Hall-Littlewood

le(t) =

For — thur + Foo
3 3 2
1]2] 1[2%] 1[3]

- t*F.

2

1

3%
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Schur expansion of Hall-Littlewood polynomials

Fundamental expansion of Hall-Littlewood

Pu(t)= Fu — thu + Fo - tFAn.
3 3 2 2
1]2] 1]2% 1]3] 1]37]

Schur expansion of Hall-Littlewood

Poi(t) = s1 — tsin + s — t2s111.
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Schur expansion of Hall-Littlewood polynomials

Fundamental expansion of Hall-Littlewood

Pu(t)= Fu — thu + Fo - tFAn.
3 3 2 2
1]2] 1]2% 1]3] 1]37]

Schur expansion of Hall-Littlewood

Poi(t) = s1 — tsin + s — t2s111.

2
$o1 — ts;in + 00— t%sing.
= S1 — (t + t2) S111
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Hivert to Fundamental and Monomial

Hall-Littlewood

Symmetric Functions

Schur

(Hivert)

/

Hivert

WA

monomial

(Hivert) Quasisymmetric Functions

AW

Fundamental

Monomial
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Hivert quasisymmetric functions

For v = (71,...,7p) a composition,

1
Gy(X1, ooy Xpi t) = e [, (3 0.

[Pl — pl!

[, is a t-symmetrizing operator.
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Hivert quasisymmetric functions

For v = (71,...,7p) a composition,

1
Gy(X1, ooy Xpi t) = e [, (3 0.

 [plel[n = p¢!
[, is a t-symmetrizing operator.

Theorem (Hivert)

Ga(x;0) = Fa(x) and Gu(x;1) = My(x)
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Fundamental and Monomial to Hivert

Schur

Hall-Littlewood

Hivert

Symmetric Functions

monomial

/ \ Quasisymmetric Functions

Fundamental

Monomial
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Hivert expansions

Theorem (Loehr-S.-Warrington)

Theorem (Loehr-S.-Warrington)

M(M, G)ap = (1)) T (1-14).
Ji€a,pU)=i

> &,8() is j if Bj and Bj11 contribute to the same part of 7 and
0 otherwise.

> g(1.8) = X0 650).
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Hall-Littlewood to Hivert

Schur

Fundamental

Hall-Littlewood

Y

Hivert

Symmetric Functions

monomial

Quasisymmetric Functions

Monomial
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Hivert expansion of Hall-Littlewood polynomials

Theorem (Loehr-S.-Warrington)

P, = Z Gs H (tmj — tWt(CjH)) H tmj/' (1 — tWt(CjH))

SESYT(N) jesub(B): jeln—1J:
Des(S)Csub(3) 41 €Esp(S) €41 €5p(5)\Esp(S)
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Hivert expansion of Hall-Littlewood polynomials

Theorem (Loehr-S.-Warrington)

P, = Z Gs H (tmj — tWt(Cj+1)> H tmj/' (1 — tWt(Cj+1)>

SESYT(A) jEsub(B): jE—1]:
Des(S)Csub(3) 41 €Esp(S) €41 €5p(5)\Esp(S)

P31 = G31 + (1 — t)Ga + (t> — t3)Go11 + Giz + (t° — t)Gimn
Plugging t = 0, get
s31 = F31+ Foo + Fi3

Plugging t =1, get
m31 = Mz1 + M3

39 /41



e'll always have Paris.

Merci beaucoup




Full version:

N. Loehr, L. Serrano, G. Warrington, Transition matrices for
symmetric and quasisymmetric Hall-Littlewood polynomials
To appear in Journal of Combinatorial Theory Series A
http://arxiv.org/abs/1202.3411

Slides at:
http://www.thales.math.uqam.ca/" serrano/slides.html

Sage code at:
http://www.cems.uvm.edu/~ gswarrin/
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