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The why (via representation theory)

The group of unipotent upper-triangular matrices

Un =









1 ∗

� � �
0 1




∣∣∣∣ ∗ ∈ Fq






has a notoriously tricky representation theory.
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/V^L]LY� (N\PHY¶)LYNLYVU¶; ZOV^LK [OH[ PM ^L NS\L [V�
NL[OLY [OL JSHZZ M\UJ[PVUZ VM HSS [OLZL NYV\WZ� VUL VI[HPUZ
H /VWM Z[Y\J[\YL \ZPUN [OL YLWYLZLU[H[PVU [OLVYL[PJ M\UJ�
[VYZ VM PUÅH[PVU HUK YLZ[YPJ[PVU�

/LYL ^L VI[HPU LP[OLY H /VWM TVUVPK VY H /VWM HS�
NLIYH� KLWLUKPUN VU `V\Y WYLMLYLUJL�
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⊕

n

JM(Un) = {JSHZZ M\UJ[PVUZ}

ZJM =
⊕

n

ZJM(Un) = {Z\WLYJSHZZ M\UJ[PVUZ}

⊆

SJ =
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n

SJ(Un) = C�ZWHU{SPULHY JOHYHJ[LYZ}

⊆
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Supercharacters and set partitions

*OHYHJ[LYZ �[YHJLZ VM YLWYLZLU[H[PVUZ� [OH[ WHY[P[PVU
[OL PYYLK\JPISLZ VM Un�

0UKL_LK I` ZL[ WHY[P[PVUZ VM {1, . . . , n}�

( ZL[ WHY[P[PVU λ VM {1, 2, . . . , n} PZ H Z\IZL[

λ ⊆ {i"j | 1 ≤ i < j ≤ n},
Z\JO [OH[ MVY i!k, j ! l ∈ λ� i = j PM HUK VUS` PM k = l�
,_HTWSL�

λ = {1"5, 2"4, 4"6}

1 2 3 4 5 6

{{1, 5}, {2, 4, 6}, {3}}(Usual)
(Matrices?)

(Preferred)

(Z V\Y MH]VYP[L IHZPZ VM ZJM(Un)� Z\WLYJOHYHJ[LYZ HYL

(n = 6)
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Supercharacters and set partitions

(Matrices?)



1 0 0 0 1 0
0 1 0 1 0 0
0 0 1 0 0 0
0 0 0 1 0 1
0 0 0 0 1 0
0 0 0 0 0 1





>L ZH` H TH[YP_ u ∈ Un OHZ WHY[P[PVU [`WL λ PM

u − 0K YVVR WSHJLTLU[ JVY�
YLZWVUKPUN [V λHKK YV^Z \W

HKK JVS\TUZ YPNO[

;OL /VWM Z[Y\J[\YL ZJM PZ L_HJ[S` [OL ZWHJL VM M\UJ[PVUZ
[OH[ KLWLUK VUS` VU [OL WHY[P[PVU [`WL VM H TH[YP_�

;OL Z\WLYJOHYHJ[LYZ {χλ} MVYT HU VY[OVNVUHS IHZPZ MVY
[OPZ ZWHJL�

nearly orthonormal?

7YVISLT� -VY Uk ⊆ Un� KLJVTWVZL 9LZUn

Uk
(χλ).

+scaling



Rainbow supercharacters

7YVISLT� -VY Uk ⊆ Un� KLJVTWVZL 9LZUn
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(χλ).
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Rainbow supercharacters
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(χλ).

,HZPLY
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n = 2l + k

Uk
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0Kl 0 0
0 Uk 0
0 0 0Kl








 ⊆ Un

5V[HISL WYVWLY[ �̀ ,]LY` Z\WLYJOHYHJ[LY VM Uk HWWLHYZ
^P[O H UVUaLYV JVLMÄJPLU[ MVY l Z\MÄJPLU[S` SHYNL�

k KV[Zl HYJZ
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q
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l k

Back to the original problem

TPU(l,k)∑

j=|ν|
qUZ[

ν
ν+l(l−1)(q − 1)2l−j [l]!

[j]!

[ P(ν̃)

j − |ν|

]

q

.

[OL JVLMÄJPLU[ VM χν PU 9LZU2l+k

Uk
(χλ) PZ

Remarks.
This is a reasonable formula, but we don’t know yet 
what it counts.
This approach seems to generalize (with some comp-
lications) to a more general restriction problem.
Has anyone seen these kind of binomial coefficients? 


