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Joint work with Brigitte Vallée (should have been co-author)

A (long standing) question from Valérie summarised in this message:

The constants are related to the spectrum of the transfer operator of the Gauss map

Once upon a time…

Computation of a class of continued fraction constants, 

My first article published in 2004 :  

Proof of convergence of the Daudé-Flajolet-Vallée method for the computation
of continued fraction constants



all the constants are not explicit
                                     non proven values

all the constants are explicit (Gauss map)
                                          proven values

Daudé-Flajolet-Vallée

computation of spectral  objects of transfer operators G

interval and circle maps
general transfer operators

interval maps

"truncated" and "classical" transfer operators

πn = πn =Lagrange interpolation on    points Taylor expansion of order 

πn ◦G ◦ πnFinite section method or Galerkin method : 

very similar complex contraction properties

Exponential convergence (in n) of the spectral objects

Quick overview of both approaches
Bandtlow-Slipantschuk



Finite section method
G

Hard/non explicit

πn = finite rank

projection

πn ◦G ◦ πn

πn ◦G matricial computations

λ, fλ

λn, fλn

contraction property ||G− πn ◦G|| = O(θn), θ < 1

||fλ − fλn
|| = O(θn)

|λ− λn| = O(θn)



Daudé-Flajolet-Vallée
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Torus      Interval       

Real and complex domains
Bandtlow-Slipantschuk



Aρ = {z ∈ C; ρ−1 < |z| < ρ}

Daudé-Flajolet-Vallée
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Eγ,ρ = αγ(Eρ)

Interval        elliptic domainTorus      Annulus

Eρ = σ(Aρ)

cosh log ρ

sinh log ρ

Extension to complex domains
Bandtlow-Slipantschuk
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Aρ = {z ∈ C; ρ−1 < |z| < ρ}

Daudé-Flajolet-Vallée

r

Interval        elliptic domainTorus      Annulus

Eγ,ρ = αγ(Eρ)

Hardy functional spaces

Hardy space : H∞(D) = {f : D �→ C; f holomorphic}; ||f ||D = sup
z∈D

|f(z)|

Bandtlow-Slipantschuk



Daudé-Flajolet-Vallée

I = indices

- Holomorphic map weight system

Torus / Annulus :

D = a complex domain

Wi ∈ H∞(D)

�

i∈I
||Wi||D < ∞;

Interval / Elliptic domain

Interval / Disc

τ : T �→ T

τ : I �→ I

G[f ](z) =
�

x∈T;τ(x)=z

w(x)

|τ �(x)|f(x)

G [f ](z) =
�

x∈T;τ(x)=z

1

|τ �(x)| f(x)s

∈ H∞(D)

∈ H∞(D)

s

Φi : D �→ D ∈ H∞(D)

G or G are a continuous operator on H∞(D)

Bandtlow-Slipantschuk

Family of transfer operators

s

G[f ](z) =
�

i∈I
Wi(z)f (Φi(z))



I=[0,1],    T(x)={1/x} Transfer operators:

s sG [f ](x) =
�

m≥1

1

(m+ x)
f

�
1

m+ x

�

Transfer operators with constraints: A ⊂ N�

s sG ,A[f ](x) =
�

m∈A

1

(m+ x)
f

�
1

m+ x

�

Notation: hm(x) =
1

m+ x

0-0.5 1 2

3/2

Example:  Gauss map



I=[0,1],    T(x)={1/x}

0-0.5 1 2

3/2

Example :  Gauss map



Eγ,ρ avec γ = (0, 1) et ρ ∈]10, 20[

Other examples in the article



1/3

on the torus, consider the Blaschke product 

w(z) = 1/τ �(z)

H∞(Aρ)
Aρ

The associated transfert operator acts on 
for a suitable annulus 

Other examples in the article



Other examples in the article
Lyapunov exponent and transfer operators

A = {A1, . . . , Ak} 2× 2 positive invertible matrices

Pp = associated Bernoulli measure on {1, . . . ,K}N

for                          , let                                                   and 

G[f ] =
k�

i=1

pi f ◦ φAi

M[f ] =
k�

i=1

pi log(wAi) f ◦ φAi

Λ = h�(M[1])

φA(D(
1

2
,
1

2
)) � D(

1

2
, ρ)

p = {p1, . . . , pk} a probability vector



Finite section method
G

Hard/non explicit

πn = finite rank

projection

πn ◦G ◦ πn

πn ◦G matricial computations

contraction property ||G− πn ◦G|| = O(θn), θ < 1

||fλ − fλn
|| = O(θn)

|λ− λn| = O(θn)

λ, fλ, f�
λ

λn, fλn
, f�

λn



Finite rank projection

r

Daudé-Flajolet-Vallée

f(z) =
�

n≥0

fn(z − x0)
n

πn[f ](z) =

n�

k=0

fn(z − x0)
n

The matrix is computable

πn = truncated taylor expansion

D = D(x0, r), f ∈ H∞(D)

[(z − x0)
j ]Gs,A[(z − x0)

i] = (−1)i
j�

u=0

�
j

u

�
(−x0)

j−u

�
s+ u+ i− 1

i

�
ζA(s+ i+ u, x0)



Finite rank projection

πn = Lagrange interpolation polynomial on 2n
  equidistant points (roots of the unity) 

Bandtlow-Slipantschuk

πn[f ](z) =
1

2n

n−1�

l=−n

cl,2n(f)z
l

zk = exp(
2k + 1

2n
iπ), k = 0, . . . , 2n− 1

Torus  (unit circle)



πn
Bandtlow-Slipantschuk

Interval [-1,1]
= Lagrange-Chebyshev interpolation polynomial 
  on the Chebyshev nodes of order n 

πn[f ](x) =
1

2n

n−1�

k=0

f(xk)
Tn(x)

T �
n(x)(x− xk)

Tn(cos(θ)) = cos(nθ)

Tn = Chebyshev polynomial of degree n

x0x1x2x3x4x5

xk = cos(
2k + 1

2n
π), k = 0, . . . , n− 1

Finite rank projection



Major drawback : πn �→ Id

Conclusion : witout additional hypotheses, no efficient convergence speed can be obtained 

Contraction property : 

Consider R>r>0

R r

G[f ](z) =
�

i∈I
Wi(z)f (Φi(z))

Finite rank projection : convergence



Contraction property : 

Consider R>r>0

R r

Torus Interval DFV

Finite rank projection : convergence
G[f ](z) =

�

i∈I
Wi(z)f (Φi(z))



G[f ](z) =
�

i∈I
Wi(z)f (Φi(z))

Norm convergence of operators

Constants are explicit !

Convergence of operators

||G−G ◦ πn||DR
= O

�� r

R

�n�

||G− πn ◦G||Dr = O
�� r

R

�n�



G[f ](z) =
�

i∈I
Wi(z)f (Φi(z))

Classical result: norm convergence of operators entails convergence of spectral objects

µ µ ∈ spec(G)If                            converges to      then    µn ∈ spec(πn ◦G)

If                    then there exists a sequence                           such that

|µ− µn| = O
�� r

R

�n�
µ ∈ spec(G)

µ ∈ spec(G)

µn ∈ spec(πn ◦G)

µn ∈ spec(πn ◦G) µn → µ

Pµn µ

||P [hn]− hn||Dr = O
�� r

R

�n�

Consider                  ,                          ,               ,     the normalised eigenvector
associated to     ,     the spectral projection associated with

hn

Remains true with                     andG�,π�
n, h

�
n,P� DR

Main result

Constants are not explicit !

Convergence of spectral objects



About the constants
They involve the norm of the resolvant operator

If       is normal                          then  

||(I− zG)−1||DR

(GG� = G�G)G

||(I− zG)−1||DR
=

1

dist(z, spec(G))

For the Gauss map, the transfer operator is known to be normal on (other) 
Hardy spaces

polynomial time algorithm



A first comparison

Aim: compute the second eigenvalue (decay of 
       correlation)



A first comparison


