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Once upon a Time..

My first article published in 2004 :

* Computation of a class of continued fraction constants, [HAL-00263891]

« Joint work with Brigitte Vallée (should have been co-author)

+ Proof of convergence of the Daudé-Flajolet-Vallée method for the computation
of continued fraction constants

= The constants are related to the spectrum of the transfer operator of the Gauss map

A (long standing) question from Valérie summarised in this message:

Bonjour,

est-ce que vous seriez libres le jeudi 17 décembre aprés-midi pour faire une session

spécialisée Estimations numériques pour les opérateurs de transfer ?

On pourrait avoir un exposé de Loick (situ es disponible et d'accord Loick) et (comparer avec I'approche de Julia Slipantschuk et Oscar Bandtlow au Queen
Mary college.

Je joins leur article. Charles a entendu un exposé de Julia sur le sujet. On pourrait méme lui demande d’en faire un?

Si vous étes partants et disponibles, je ferai alors I'annonce au niveau de I'’ANR.

La réunion ANR générale aura lieu le matin. ) ) ) . .
Lagrange approximation of transfer operators associated with holomorphic

data
Amicalement,

Valérie . . Ons
Oscar F. Bandtlow and Julia Slipantschuk




Quick overview of both approaches

Bandtlow-Slipantschuk Daudé-Flajolet-Vallée

computation of spectral objec‘rs of transfer operators G

interval and circle maps interval maps

general transfer operators "truncated" and "classical" transfer operators

Finite section method or EGaIerkin method: 7T oGom,

Tn = Lagrange interpolation on n points Tn = Taylor expansion of order n

very similar complex contraction properties

Exponential convergence (in n) of the spectral objects

all the constants are not explicit ~ adll the constants are explicit (Gauss map)
—>non proven values —>proven values



Finife section method
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Real and complex domains

Bandtlow-Slipantschuk

Daudé-Flajolet-Vallée

Torus Interval




Extension To complex domains

Bandtlow-Slipantschuk Daudé-Flajolet-Vallée

Torus~? Annulus Interval ™~—~7elliptic domain

y

sinh log p

(z+27")

N —

A,={2€C;p~ ' <|z2] < p}




Hardy tunctional spaces

Bandtlow-Slipantschuk Daudé-Flajolet-Vallée

Torus~? Annulus Interval ™~—~7elliptic domain

y

Eyp = ay(Ep)
:: C D (%o/ﬂ>
A,={2€C;p~ ' <|z2] < p}
Hardy space :  Hoo(D) = {f : D= C; f holomorphick;  [|f|p = sup [£(2)]
AS




Family of franster operators

Bandtlow-Slipantschuk Daudé-Flajolet-Vallée
- Holomorphic map weight system ™~ D=a complex domain Interval / Disc
Interval / Elliptic domain Tl
1
Gfl(z) = )_Wi(2)f (®i(2)) Gl@= ) oo
€L ﬂ z€T;T(x)==2
7 = indices W, € HOO(D) ®, . D— D€ HOO(D) DOV , \(/
5 € Hyo(D)
S IWillp < oo S—
py G or Gg are a continuous opérator on H. (D)
Torus / Annulus:  7:T—T
Gl = 3 wz) . 7. € Hoo(D) . Pome = ftcw)fn 0ffmtlﬂ

7 () ) \
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Example:  Gauss map

T=[01] T(x)={1/x} Transfer operators:

G [fl(x) =) (mix)s‘f (mix}

m>1

Transfer operators with constraints: A C N~

G .alfl@) = Y (mi@sf <m1+x>

1

m + x

- D(1.2) w3
- [0}13 D D( L) 2o =1 n -
E,m (D) ¢ D) ¢ D

Notation: hn.(z) =




Example

I=[0,1],

T(x)={1/x}

3/2

Gauss map
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Other examples in The arficle

T:1[0,1] — [0, 1] given by os | ﬂ

E., ,avec v = (0,1) et p €]10,20]



Other examples in the arficle

on the torus, consider the Blaschke product

2
z— |
r(z) = (1 “2) L <

w(z) =1/7'(2)

The associated transfert operator actson H. (A,)

for a suitable annulus A

-

P




Other examples in the arTicle

Lyapunov exponent and transfer operators

o A={A1,...,Ax} 2 x 2 positive invertible matrices

e p={p1,...,pr} a probability vector ~—> P, = associated Bernoulli measure on {1,..., K}"

A= AAp) = lim [ log]l A+ Au, | dBy(w)

—b)z+b

r for A= (Ccl Z) € Alet wa(z) =(a+c—b—d)z+b-+ahd pa(z) = - wA)(z)+
\ 11 1

; 1 elaemodie feldqeveda | g pE L)y e pit. )
G[f]:ZpifO@xi D { X ? \/ Pcb 4 2 2 2
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Finife section methoo

7, = finite rank

projection

contraction property

Hard/non explicit
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T, 0 G om, >
T oQ matricial computations
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Finite rank projection
« D= D(xq,7), f € Hyeo(D)

Y f(z) = an(z—xo)n

n>0

. T, = truncated taylor expansion

Tnlf1(2) = fulz — m0)"
k=0 \

C ’D (9( / ﬁ) » The matrix is computable

s+u+1—1
1

[(z = 20)']Gs.al(z — 20)'] = (=1)' i (i) (_$0)ju(

u=0

_ 7 A
jf\ (/)7 ?Lr/> - w%(ﬂ{ Cﬂ)ﬁ)h
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Finite rank projection

T'n = Lagrange interpolation polynomial on 2n

Torus (unit circle) equidistant points (roots of the unity)
2k + 1
2, = exp( 21_ i), k=0,...,2n—1
1 n—1
lfl(2) = 5= D can(f)7

l=—n

2n—1
aan(f) =) flar)z'  (feC(T))
k=0
turn out to be the discrete Fourier transform of the sequence f(zg), f(21),..., f(z2n-1)




FiniTe rank projection

T'n = Lagrange-Chebyshev interpolation polynomial

Interval [-11] | on the Chebyshev nodes of order n
:ck:cos(zgj;lﬂ), k=0,...,n—1
I o 11C)
- 2n — T! (2)(x — xx)

T, = Chebyshev polynomial of degree n

T, (cos(0)) = cos(nb)




Finite rank projection

Major drawback :

T #» 1d

convergence

Conclusion : witout additional hypotheses, no efficient convergence speed can be obtained

Contraction property :

Consider R>r>0

G[fl(z) = ZWz‘(z)f (P;(2))
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FiniTe vank projection : convergence

Contraction property :  G[f](z) = ZWz‘(Z)f (®i(2))

Consider R>r>0
. iDK - Zou\obe_ ot O @L
® Dq - /DVV\O\\O() Cl_ Om(a\m
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Convergence of operators

D = lwge domem - p

J H\MI\OK< o

2

(

Q

G[f](z) = Z Wi(z)f (®(2))

Norm convergence of operators

/DW\‘O\\O() Cl oV AL M € Hoo <DK)

1G ~Gomlln, = O((

r

R

65,261, =0((5)’)

))

Constants are explicit |



Convergence ot spectral objects
tDR - Zaﬂ%é CZOW\O\CW\ /Drx - Dmmﬁ‘) cL OV AL G[fKZ):ZWz(Z)f((I)Z(Z))

1€l

Classical result: norm convergence of operators entails convergence of spectral objects

Main result

« If p, €spec(m, o G)converges to pthen p € spec(G)-.

¢« If pespec(G) then there exists a sequence 1, € spec(m, o G3uch that
r\" ‘
ol =0((5)") (w2l )

+ Consider € spec(G) pup € spec(my,oG) fn — 4 the normalised eigenvector
associated to j,,, Pthe spectral projection associated with p

r

[Plha] = hallp, =0 (%))

« Remains true with G*,7*,h*,P*and D

Constants are not explicit |



Aboul The constants

¢ They involve the norm of the resolvant operator ||(I — 2G)™ Y DR

o If Gisnormal (GG”*= G*G)then

1
dist(z, spec(G))

|(I—2G) " lps =

« For the Gauss map, the transfer operator is known to be normal on (other)
Hardy spaces

——

——> polynomial time algorithm



A firstT comparison

T:[0,1] — [0,1] given by

o[ <a<l
(z) = . g i+1
120 =1 15 <z < H5,

Wz' (SE) — (I),-

2

(@}, with ®o(z) =

.

$i(x) = &5 for i = 1,...,11,

Aim: compute the second eigenvalue (decay of
correlation)
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A firstT comparison

12
22
32
42

0.0899609091606775605271181343464894043253988825186233560706
0.0900761270052955777611934889786172935065120132357444867624
0.0900761270052955778472464929999485 1= 103706 73456261 73002032
0.0900761270052955778472464929999485626943805990355232065591
0.0900761270052955778472464929999485626943805990355246068579

32
42

0.0900761270052955778472464929999485626943 7954530959565925650
0.090076127005295577847246492999948562694.3805990355246068000




