AN EXTENSION TO OVERPARTITIONS OF THE ROGERS-RAMANUJAN
IDENTITIES FOR EVEN MODULI

SYLVIE CORTEEL, JEREMY LOVEJOY, AND OLIVIER MALLET

ABSTRACT. We define a class of well-poised basic hypergeometric series jk,i(a; x;q) and inter-
pret these series as generating functions for overpartitions defined by multiplicity conditions.
We also show how to interpret the jk-,i(a; 1;q) as generating functions for overpartitions whose
successive ranks are bounded, for overpartitions that are invariant under a certain class of conju-
gations, and for special restricted lattice paths. We highlight the cases (a,q) = (1/q,q), (1/¢, ¢°),
and (0, ¢), where the some of the functions Jy ;(a; 1; ¢) become infinite products. The latter case
corresponds to Bressoud’s family of Rogers-Ramanujan identities for even moduli.

1. INTRODUCTION

Over the years, a great number of combinatorial identities [1, 2, 3, 4, 8, 10, 17, 21, 23] have
been extracted from Andrews’ functions [7, Ch. 7] Ji ;(a;x; q), which are defined by
Jria;z;9) = Hyi(a; vq; q) + avqHy i1 (a; vq; ), (1.1)
where
(_a)nqkn2+n—in$kn(1 . xiq2ni)(_1/a)n(_aan+l)oo

(@@ (1.2)

Hyi(a;z;q) = Z
n>0
Here we have employed the usual basic hypergeometric series notation [19]. Most recently [17],
the first and third authors made a thorough combinatorial study of these functions, providing
an interpretation of the general Jj ;(a; x; ¢) in terms of overpartitions, which unified work of An-
drews [4], Gordon [20], and the second author [21]. Moreover, it was shown that the Jj ;(a;1; q)
can be interpreted as generating functions for overpartitions with bounded successive ranks, for
overpartitions with a specified Durfee dissection, and for certain restricted lattice paths. All of
these interpretations generalized work of Andrews, Bressoud, and Burge on ordinary partitions
[5, 6, 13, 14, 15].
In this paper we introduce and study a new class of functions, which we call jk,i(a; x;q) and
define by

Jri(a;2;q) = Hyi(a;2q; ) + avgHy i1 (a; 2g; q), (1.3)
where

B (_a)nqknt(g)mfmx(k—nn(l I Qni)(_x’ _1/a)n(_a$qn+1)oo
Hii(a;x;q) = .
kile52:0) = 3 (4% ¢*)n (24"

n>0

(1.4)
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Again the most natural combinatorial setting is that of overpartitions. Given an overpartition A,
let fy(A) (f7(\)) denote the number of occurrences of £ non-overlined (overlined) in A. Let V)(¢)
denote the number of overlined parts in A less than or equal to £. The following combinatorial
interpretation of the general jk,i(a; x;q) is the principal result of the first half of this paper:

Theorem 1.1. For 1 < i <k define the function cy;(j, m,n) to be the number of overpartitions
A of n with m parts and j overlined parts such that (i) fi(A)+ f7(X) <i—1, (i4) fo(AN)+ for1(N)+
frm(A) < k=1, and (id4) if X is saturated at {, that is, if the mazimum in (ii) is achieved, then
Cfo(N) + (41D forr (V) + U+ 1) frz(A) =i — 1+ Va(f) (mod 2). Then

Jria;25q) = Z cri(j,m,n)a’z™q". (1.5)

Jm,n=0

It turns out that the jk7z~(a; 1;q) are infinite products for (a,q) = (0,¢q) and (1/q, ¢?), as well
as for (a,q) = (1/q,q) when i = 1, and hence we can deduce partition theorems from Theorem
1.1. In the case (a,q) = (0, q), the product is
(qz‘ qQk—z‘ q%. qZk)OO

(@)oo

and we have a new proof of Bressoud’s Rogers-Ramanujan identities for even moduli [10]:

Jri(0;1;9) =

)

Corollary 1.2 (Bressoud). For k > 2 and 1 < i < k—1, let flkl(n) denote the number of
partitions of n into parts not congruent to 0,%+i modulo 2k. Let By ;(n) denote the number
of partitions X\ of n such that (i) fi(A) < i—1, (i) fe(A) + fira(A) < k — 1, and (i) if

FeQ) 4 for(N) =k — 1, then £fs(A\) + (€ + 1) frs1(N) =i — 1 (mod 2). Then Ay, ;(n) = By (n).
When (a,q) = (1/q,¢?), the product is

2 %1 Ak—2i—1 Ak—2. Ak—2
= —q;9 q ,q ,q yq
Jei(l/q;15¢%) = (50 4ol Joo

(4% 6%)oo
and the result is a mod 4k — 2 companion to Andrews’ generalization of the Gollnitz-Gordon
identities [4]:

9y

Corollary 1.3. For 1 <i<k—1, let flil(n) denote the number of partitions of n where even
parts are multiples of 4 not divisible by 8k—4 and odd parts are not congruent to +(2i—1) modulo
4k —2, with parts congruent to 2k—1 modulo 4k —2 not repeatable. Let B,% ,(n) denote the number
of partitions X\ of n such that (i) fi(X)+fa(A) <i—1, (i) fae(N)+ farsr ()\)7—|—f2g+2()\) <k-1, and
(#i7) if the mazimum in (ii) is achieved at £, then €for(N) + (€ + 1) fopro(N) + (£ + 1) forr1(N) =
i— 14 VY(¢) (mod 2). (Here V{({) is the number of odd parts of A less than 2¢). Then

Finally, when (a,q) = (1/q,q) and i = 1, the product is

(—9)oo(q: ¢** 2, ¢** 1 ¢®* )

(9)oo

and the result is a odd modulus companion to Theorem 1.2 of [21].

)

Jea(1/q;1;9) =
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Corollary 1.4. For k > 2, let /Nli(n) denote the number of overpartitions whose non-overlined
parts are not congruent to 0,£1 modulo 2k — 1. Let Bi’(n) denote the number of overpartitions
A of n such that (i) fi(X) =0, (i) fo(A) + fz(A) + fer1(X) < k =1, and (iii) if the mazimum
in condition (ii) is achieved at £, then £fy(A\) + £fz(A) + (£ 4 1) fer1(X) = Va(£) (mod 2). Then
A (n) = Bi(n).

In the second half of the paper, we discuss three more combinatorial interpretations of the
jk,i(a; 1;q): one involving the theory of successive ranks for overpartitions as developed in [17],
one involving a two-parameter generalization to overpartitions of Garvan’s k-conjugation for
partitions [18], and one involving a generalization of some lattice paths of Bressoud and Burge
[13, 14, 15]. The following is the main theorem of this part, the combinatorial concepts being
necessarily fully defined later in the paper. When ¢ = 0 and X = C, D, or E, we recover some
of the main results of [13, 14, 15].

Theorem 1.5.

o Let Bkﬂ-(n,j) denote the number of overpartitions X of n counted by cy ;(j, m,n) for some
m.

o Let é’k,i(n,j) denote the number of overpartitions of n with j overlined parts whose suc-
cessive ranks lie in [—i + 2,2k — i — 2].

o Let bm(n,j) denote the number of self-(k,i)-conjugate overpartitions of n with j over-
lined parts.

o Let Em(n,j) denote the number of Bressoud-Burge lattice paths of major index n with
j South steps which start at k — i, whose height is less than k and where the peaks of
coordinates (x,k —1) are such that x —u is congruent to i — 1 modulo 2 (u is the number
of South steps to the left of the peak).

Then for X =B, C, D, or E,

Y Xiiln,j)alq" = aq = Z

n,j>0 nez (—aq)n

—1/a)n(—1)"amq "~ D("3)—intn

(1.6)

Again, the right-hand side of (1.6) is in many cases an infinite product and hence there are
results like Corollaries 1.2 - 1.4 involving the functions C, D and E. However, we shall not
highlight these corollaries.

The paper is organized as follows. In the next section we study the basic properties of the
jlm(a; x; q) and give proofs of Theorem 1.1 and Corollaries 1.2 - 1.4. In Section 3, we compute the
generating function of the paths counted by Ek,z-(n, j) to show that they are in bijection with
the overpartitions counted by Bk’i(n, j). In Section 4, we present a direct bijection between
the paths counted by Em(n,j) and the overpartitions counted by C’kz(n,j) In Section 5, we
compute the generating function of the overpartitions counted by Dk.,i(n, Jj) to show that they
are in bijection with the paths counted by Ehi(n, j). The techniques used in Sections 3,4, and
5 are very similar to [17]. We conclude in Section 6 with some suggestions for future research.
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2. THE jm(a; x;q)

We begin by proving some facts about the functions flk,i(a;x; q) and jk,z-(a;:c; q) defined in
the introduction.

Lemma 2.1.

Hyo(a;z;q) = 0 (2.1)
Hy, _i(a;259) = —x "Hyi(a;7;9) (2.2)
Hyi(a;2;q) — Hyioa(a;z59) = 2" (14 )k p—iy1(a; 2;q). (2.3)

Proof. The first part is trivial and the second part follows from the fact that
_x—iq—in(l o xiq2m') _ q—n(—i)(l - x—tin(—i))‘
For the third part, we have

Hyi(a;25q) — Hyi—o(a; 23 q)
Z (_a)nqknﬁ,(;)Jrn$(k—1)n(_:L‘7 _1/a)n(_aan+1)oo
(@%5¢*)n(7q") 0

(q—in - xiqin - q(Q—i)n + (an)i—Q)

n>0

- ¥ (—a)"g"* =g t-bn (g, —1/a), (~azg™)osg= (1 — ¢)
(4% ¢*)n(2q™) oo

Z (_a)nqlmQ—(g)—i-nx(kfl)n(_x7 _l/a)n(_aan+1)Ooxiqun(ifQ)(1 _ $2q2n)
(@% ¢*)n(2q™)o0o

Z (_a)nqlmzf(;)Jr11$(lc—1)n(_‘,L‘7 —1/a)p(—azg")oug™im
(@2 ¢*)n-1(2q") o

Z (—a)nqk”Q_(;)+nx(k_1)n(—x)n_H (_1/a)n(_aan+1)ooxi—2qn(z‘—2)
(4% ¢*)n(2q" ™) o

n+1 . .
n+1qkn2+2kn+k—( ; )+n+1xkn+k—n—1(_x7 _1/a)n+1(_aan+2)ooq—zn—z

(~a)

- nzz:o (4% 4*)n(2q" )00
(—a)"g" DI ) (1 @) (—awg" o2

Z (q2§q2)n(an+l)m

n>0
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)t B SO () (@) (0" )

_ ey

n>0

(% )n ("o

> ((1 + al,qn—&-l) _ a$k—i+1q2kn—2ni+n+k—i+1(1 + qn/a)>

a)nqkn2_(;)+ni—nx(k—1)n(_:L,)n_H(_1/a)n(_aan+2)oo

_ ey

n>0

Ly

)t 0N ) (1) (—arg o

1 — gh—itl (h—it1)(2n+1)
(7 (g ) ( ’ )

n+1(1 _ xk—iq(k—i)(Qn—‘rl))

n>0

= xi*2(1 + ) Z (=a)

axrq
(% *)n (2"

n kn2—(")+ni—n —1n n
q (5)+ni=ng(k=1) (—2Q)n(—1/a)n(—azq" ) (1 — gh=itlgl=itD)@nt1)

n>0

n>0

(% ¢*)n(2¢" o

n2—(")+ni_.(k—1)n n
T i A o Y VL T PP ST o

(4% ¢*)n(zq" )

= 2 (1 +a) (ﬁhk—i-i-l(a; rq;q) + awqﬁk,k—i(a; xq; CD)

= 2721+ 2) e p_it1(a; vq; q).

g

Now assume that 1 < i < k. The following recurrences for the jk’i(a; x;q) are fundamental.

Theorem 2.2.

Jea(asziq) = Jyplasg;q) (2.4)
Jr2(a;ziq) = (14 2q)Jkp—1(a;2q;q) + axqJy i (a; xq; q) (2.5)
Jrila;z;q) — Jrio(a;z;q) = (2q)"*(1+ 2q) e k—ir1(a; 2q; q) (2.6)

+ a(zq) 21+ 2q) Jppive(a;2q;q)  (3<i<k)

Proof. Using (2.3) followed by (2.2) and then (2.1), we have

Jex(a;2g; q)

ﬁk,1(a;$Q; q) — ﬁk,fl(aqu Q>
(zq)~H(1 + zq)
Hyq(a;2q;q) + (xq) ' Hy(a; 2g; q)
(zq)~1 (1 + zq)
= Hpi(a;2q;q)
Hy(a;2q;q) + azqHypo(a; 2g; q)
= jk,l(a;UU;(J),
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which is (2.4). For (2.5), we have
Juola;zq;q) = Hyolaszq;q) + avqHy,1(a; 243 q)

= Hyola;2q;q) — Hyola;2q; q) + axqHy1(a; 2q; q)
= (1+2)Jpr-1(a;2q q) + axqJy(a; x;q).

Finally, using (2.3) we have
jk,i(a§ x;q) — jk,z'd(a;x; q = Hk,i(a§$Q; q) + axq[:[k,ifl(aé xq;q)
— Hyio(a;2q;q) — axqHyi(a; xq; q)

= (2q)"*(1 + 2q)Jy j—it+1(a; vq; q)
+ azxq(rq)" (1 + 2q) J p—it2(a; vq; ),

which is (2.6) and which completes the proof of the Theorem. O

We now turn to the proof of Theorem 1.1. If we write

J;“aacq Z b;“j,mna]

7,m,n>0

then the recurrences in Theorem 2.2 imply that

bk,l(j7m7n) = bk,k(jamvn_m)) (27)
bp2(j,m,n) = brpr—1(j,m,n—m) (2.8)
+ bk,k’—l(jam_lan_m)
+ bpr(j—1,m—1,n—m),

and for 3 <i <k,

bii(4,m,n) — by i—2(j,m,n) bi k—it1(j,m — i +2,n —m) (2.9)
b g—i+1(j,m —i+1,n—m)
(
(

bik—it2(j —1,m —i+2,n—m)

+ + +

b k—it2(j —1,m—i+1,n—m).

We shall demonstrate that the ¢ ;(j, m,n) also satlsfy these recurrences. In what follows we

shall repeatedly employ a mapping A — )\ where ) is obtained by removing all of the ones from
A and then subtracting one from each remaining part. Before continuing, we make a couple of
observations regarding this mapping. First, if A satisfies condition (77) in the statement of the

theorem, so does by Second, if X is an overpartition counted by ¢y, ;(j, m,n) and \ is saturated
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at £, then \ was saturated at £ + 1, so we have

L) + (C+ 1) feraN) + (C+ 1) frrzN) = Lfepa (V) + (C+ 1) ferz(N) + (C+ 1) frz (M)
= L+ Dferr(N) + (£ +2) for2(N) + (6 +2) fz (V)
— (o) + fera ) + frr (V) (2.10)
1— 1+ V)\(e + 1)
— (foQ) + ferr(N) + f5(3)  (mod 2)
Wl +1)+k—1i (mod 2)

Finally, it is clear that

(2.11)

[V (mod2). ¢
Va(0) = {VA(H 1)+1 (mod2), ifTeA

We begin with (2.7). Given an overpartition A counted by ¢ 1(j, m, n), X is an overpartition
of n — m with m parts, j of which are overlined. Since A could have had at most k — 1
twos, A has at most k — 1 ones. If A is saturated at ¢, then from (2.10) and (2.11) we have

ffg(X) + (¢ + 1)fg+1(/):) + (0 + 1)f£+—1(X) = k—1+V;5(¢) (mod 2). Thus ) is an overpartition
counted by ¢ 1 (j, m, n—m). Since the mapping from A to \is reversible, we have the recurrence
(2.7) for the functions ¢y ;(j, m,n).

We turn to (2.8). Suppose now that A is an overpartition counted by ¢ 2(j, m,n). Then A
has at most one 1. We consider three cases.

First, if A has no ones, then it can have at most & — 2 twos. For if A had £ — 1 twos,
then 1f1(A) + 2f2(A) + 2f5(A) = 0 (mod 2) violates condition (7ii) in the definition of the
¢k 2(j,m,n). Hence X is an overpartition of n — m into m parts, £ of which are overlined,
and having at most k — 2 ones. If A is saturated at ¢, then from (2.10) and (2.11) we have

CFiN) + (04 1) fra(N) + (0 + 1)fm(/):) =k—2+V5(f) (mod 2). Hence X is an overpartition
counted by ¢ k—1(j, m,n —m).

Second, if 1 occurs (non-overlined) in A, then there can be up to k — 2 twos, so X has at
most k — 2 ones. If A is saturated at ¢, then from (2.10) and (2.11) we have £f;(X) + (£ +
1) frer(N) + (¢ + 1)fm(X) =k -2+ V;(f) (mod 2). Hence X is an overpartition counted by
ckk—1(j,m —1,n—m). R

Third and finally, if 1 occurs in A, then there can be at most k — 1 twos, so A has at most
k — 1 ones. If X is saturated at ¢, then from (2.10) and (2.11) we have éfg(/):) + (L + 1)fg+1(/)\\) +
L+ 1)f£+—1(i) =k—1+V;5(¢) (mod 2). Hence X is an overpartition counted by cur(j—1,m—
1,n —m).

Since the mappings are reversible, we have the recurrence (2.8) for the functions ¢y, ;(j, m,n).

For the recurrence (2.9), everything continues to work out nicely as above. Note that for
3 < i<k, cki(j,m,n) — cki—2(j,m,n) counts those overpartitions A\ counted by ¢ (4, m,n)
having exactly i —1 or i — 2 ones. We consider two cases. First, if 1 does not occur, then if \ has
i—1 ones then there can be at most k —i twos in A and therefore at most k —i ones in A. If A has
i—2 ones there can still be at most k—i twos, or else the defining condition (7ii) would be violated.

So in either case, there are at most k—i ones in A And, in either case, if \ is saturated at £, using
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(2.10) and (2.11) as usual shows that ££;(A) + (£ + 1) fer1(N) + (€ + 1) frr (V) = k — i + V5(0)
(mod 2). So \is an overpartition counted by cg r—i+1(j, m — i+ 1,n —m) in the first case, and
ki k—i+1(J,m — i+ 2,n —m) in the second case.

Now if 1 does occur in A, then whether there are i — 1 or ¢ — 2 ones there can be up to k —i+1
twos, and so A has at most k — i + 1 ones. Finally, if A is saturated at ¢, then ﬁf@(i) + (0 +
1) fra(N) + (0+ 1)f£+—1(X) =k—i+1+V5(f) (mod 2). Therefore \ is an overpartition counted
by ¢pr—itv2(j —1,m—i+1,n—m)if XA has i — 1 ones and cg p—it2(j —1,m —i+2,n—m) if A
has ¢ — 2 ones. Again the mappings here are reversible, so we have the recurrence (2.9) for the
functions ¢y, ;(j, m, n).

To finalize the claim that the two families of functions are equal, we note that

if 7 < < < d (5
b s(Gm,m) = 0, 1 j‘_O,m_Oorn_O,an (j,m,n) # (0,0,0) (2.12)
’ 1, if (j,m,n) = (0,0,0),
which is indeed also true for the ¢y, ;(j, m,n). O

We now deduce Corollaries 1.2 - 1.4. First, we’ll prove a proposition which is a piece of
Theorem 1.5 and from which it follows that several instances of the Jj;(a;1;¢q) are infinite
products.

Proposition 2.3. We have
n (2k—1)("F1) —in+tn

aq 00 —1/a), aq
Jk"t(a717q Z / )(_aq)

(2.13)
nez

Proof. Using the definition, we have

Jeila; 1) = I:Iki(a'Q'Q)"'an:Iki(a'Q'Q)
- Lol 5 ol bk (3) (1 gt fa),
n>0 (—ag)n+1
e ok b niaiu S taaa) © TE
>0 (—aq)n+1
a)"g" ()= (—1/a),

— GQOOZ

n>0 (—aq)n+1

(1 _ q(2n+1)z T ag™tt - aqn+1+(i—1)(2n+1)>
B aq - Z n kn2+kn ( ) (_1/a)n
)oo n>0 (=aq)n

(—aq)so (_a)nqkn2+knf(g)fin+i(2n+1)(_1/a)n
(Q)oo n>0 (_GQ)nJrl

(I+aqg™™).
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In this last sum, we replace n by —n — 1 and simplify using the fact that

P
)y = —F.
" an(g/o)n
The result is precisely (2.13). O
Corollary 2.4. We have
_ i 2k—i 2k. 2k
Jea(0315q) = W07 H 0 d oo (2.14)
(@)oo
2 2i—1  Ak—2i—1 Ak—2. Ak—2
7 —4q;q q Y 4 Y
Jk,i(l/q; 1;(]2) - ( )OO( 2. 9 )007 (215)
(4% ¢%)
and
~ _ 2k—2 2k—1. 2k—1
Jia(1/a,15q) = (=Qoo(@: ™% ™54 oo (2.16)
()0
Proof. These are immediate upon invoking Proposition 2.3 and the Jacobi triple product identity,
322 = (—2q,-1/2, ). (2.17)
nez
O

We are now ready to prove the corollaries. In the following, we consider that A is an over-
partition of n with j overlined parts, hence it is counted in the coefficient of ¢"a’ of jk,i(a, 1;q).
This overpartition is such that (i) fi(\) + ff(A) < i —1, (i) fe(A) + fer1(N) + frm(A) <
k — 1, and (i) if X is saturated at ¢, that is, if the maximum in (i) is achieved, then
CfeN) + (U + 1) for1r(N) + (U + 1) frz(A) =i — 1+ Va(f) (mod 2).

For Corollary 1.2, we consider the functions jk’l-(O; 1;q). From Theorem 1.1 we easily see that
the coefficient of ¢" in Jy;(0;1;¢) is By;(n). Indeed when (a,q) = (0,q), this implies that A
has no overlined parts, that is f; = V\(£) = 0 for all £. Therefore the conditions (i), (i7) and
(7i1) are now (i) f1(N) <i—1, (i7) fe(A) + fex1(A) <k —1, and (éi7) if the maximum in (i7) is
achieved at ¢, then £fy(\) + ({ + 1) fr41(A) =i — 1 (mod 2). On the other hand, from (2.14) of
Corollary 2.4, the coefficient of ¢" in Jy;(0; 1;¢) is also Ay ;(n). O

For Corollary 1.3, we use the functions j;“(l /q;1;¢?). A little thought reveals that the co-
efficient of ¢" in j,m-(l/q; 1;¢%) is B,%Z(n) When (a,q) = (1/q,4¢?), for any ¢ all the parts equal
to £ in A are changed to 2¢ — 1 and all the parts equal to £ in )\ are changed to 2¢. This implies
that (i) fi(A)+ fa(A) <i—1, (it) fae(A) + faes1(A) + farre(A) < k—1, and (i4i) if the maximum
in (i¢) is achieved at £, then £fop(X) 4+ (£ + 1) fory2(A) + (€ +1) fopr1(X) =i — 14+ V() (mod 2).

Rewriting of the product in (2.15) as

_ _ - i _ _ _ 1
8k 4;q8k 4)00((]22 1’q4k; 2i 1;q4k 2)00(_q2k 1;q4k 2)00 H

n#2k—1 (mod 4k—2) (1—q")

shows that the coefficient of ¢" in Ji ;(1/g; 1;¢?) is also fliz(n) O

(0% ¢")oo(q
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Mo

FIGURE 1. This path has four peaks : two NES peaks (located at (2,2) and
(6,1)) and two NESE peaks (located at (4,1) and (7,1)). Its major index is
24+4+64+7=19.

Finally, for Corollary 1.4, we use the functions jm(l /¢;1;q). Again it may readily be seen
that the coefficient of ¢ therein is B}(n). Indeed when i = 1, fi(\) = fy(\) = 0, and when
(a,q) = (1/q, q) all the overlined parts of A are decreased by one. That implies that (i) f1(\) =0,
(@) fo(N) + fz(A) + fey1(X) <k —1, and (44i) if the maximum in condition (i) is achieved at £,
then gfg(A) + (6 + 1)fz()\) + (£ + 1)fg+1()\) = V/\(E — 1) (mod 2). As V,\(E - 1) + fz(A) = V,\(E),
this is equivalent to £fo(X) +£f;(A) + (£ +1) fer1(A) = Va(¢) (mod 2). On the other hand, from
(2.16) of Corollary 2.4, the coefficient ¢" in jk71(1/q; 1;q) is also fli(n) O

3. LATTICE PATHS

We study paths in the first quadrant that use four kinds of unitary steps:

North-East NE : (z,y) — (x + 1,y + 1),

South-East SE : (z,y) — (x + 1,y — 1),

South S : (z,y) — (z,y — 1),

East E : (z,0) — (x + 1,0).

The height corresponds to the y-coordinate. A South step can only appear after a North-East

step and an East step can only appear at height 0. The paths must end with a North-East or

South step. A peak is a vertex preceeded by a North-East step and followed by a South step

(in which case it will be called a NES peak) or by a South-East step (in which case it will be

called a NESE peak). If the path ends with a North-East step, its last vertex is also a NESE

peak. The major index of a path is the sum of the z-coordinates of its peaks (see Figure 1 for

an example). When the paths have no South steps, this is the definition of the paths in [13].
Let k and ¢ be a positive integers with ¢ < k. Let Ekj(n,j) be the number of paths of major

index n with j South steps which satisfy the following special (k,)-conditions: (i) the paths

start at height k& — i, (ii) their height is less than k, (iii) every peak of coordinates (z,k — 1)

satisfies x —u =i — 1 (mod 2) where u is the number of South steps to the left of the peak.
Let gk,i(a, q) be the generating function of those paths, that is gk,i(a, q) = ij Ek,i(n,j)ajq".

Let ng(N) be the generating function of paths counted by gkﬂ-(a,q) which have N peaks.
Moreover, for 0 < i < k, let I'; ;(N) be the generating function of paths obtained by deleting
the first NE step of a path which is counted in & ;11(/N) and begins with a NE step. Then

Proposition 3.1.

ErilN) = ¢"Eini(N) +¢"Trii(N); 0<i<k (3.1)
Tpi(N) = ¢"Tria(N)+(a+ ¢V Hinn(N—-1); 0<i<k (3.2)
Een(N) = ¢"Ep—1(N) + ¢ "Tpr_1(N) (3.3)
Eri(0) =1 Tko(N) = 0. (3.4)
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Proof. We prove that by induction on the length of the path. If the path is empty, it is the path
counted in ng(O) For 1 < i < k, if the path is not empty, then we take off its first step. When
we do this, we increase or decrease ¢ by 1 and thus change the parity of ¢ — 1 ; moreover, all the
peaks are shifted by 1, so the parity of x —u — i is not changed (if the step we remove is a South
step, the peaks are not shifted but u decreases by 1 for all peaks, so the result is the same).
The case i = 0 is straightforward as a path that starts at height £ — 1 can not start with a
North-East step. The case ¢ = k needs further explanation. For these paths the fact that every
peak of coordinates (x,k — 1) satisfies t —u = k— 1 (mod 2) is equivalent to the fact that every
peak of coordinates (x,k — 1) has an even number of East steps to its left. Therefore the paths
counted in g'kk(N ) that start with an East step where this step is deleted are in bijection with
the paths counted in gk,k,l(N). This bijection is easy to describe. If the path does not have
any other East step, then the path is shifted up, i.e each vertex of the path (x,y) is changed to
(z,y 4+ 1). This creates a path in &, ;_1(N) that does not have any vertex of the form (z,0). If
the path does contain an East step, then the path before the first East step is shifted up, the
East step is changed to a South-East step and the rest of the path is not changed. This creates
a path in & ;_1(N) that has at least one vertex of the form (z,0). Moreover it is easy to see
that the paths counted in gkk(N ) that start with a South-East step where this step is deleted

are the paths counted in f‘kyk_l(N). O

These recurrences uniquely define the series & ;(N) and Ty ;(N). We get that
Theorem 3.2.

N (k—1)n2+(k—i)n
5 Y (N+1> . N .
N— —1)n? —i—1)n
FeV) = () (1/a) f(—l)“q(k S 3.6

N (Q)anfl(Q)NJrn

The proof is omitted. It uses simple algebraic manipulation to prove that these generating
functions satisfy the recurrence relations of Proposition 3.1.

We recall a proposition proved in [17] that will enable us to compute z‘fk,i(a, q) from the
recurrences:

Proposition 3.3. [17] For anyn € Z

> (—azg)n(=g" /@) ngl"F )TN GN T (—azg)
NoTul (20) N4n (@) N—n (2¢)o0
From (3.5), summing on N using Proposition 3.3, we get
1a) (1) g @D

(3.7)

~ . . aq
S Biln,j)alq" = 20 Z
n,j>0 neZ
This is Equation (1.6).
We now need to recall the definition of the relative height of a peak. This notion was defined
by Bressoud in [13]. The definition we use is a simpler version taken from [9].

<_GQ>n
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Definition 3.4. [9] The relative height of a peak (x,y) is the largest integer h for which we can
find two vertices on the path, (x',y — h) and (z",y — h), such that ' < x < 2" and such that
between these two vertices there are no peaks of height y and every peak of height y has weight
>x.

We now state a result of Bressoud [13] which will be used to prove our next proposition.

Lemma 3.5. [13]

ng4Ang_Fnitetng

q

(Dnz—ng - - (@ng_s—ns_1 (8% ¢*)ny_4
is the generating function of the paths with no South steps which start at height k — i, whose
height is less than k — 1, with n; peaks of relative height > j — 1 for 2 < j < k — 1 and where
the peaks of coordinates (x,k — 2) are such that x is congruent to i — 2 modulo 2.

Proposition 3.6.

q(nl;l)-l—n%-i-"'-l—ni,l+Tli+~~~+nk_1 (_1/a)n1 a™

(Q)mfnz ce (Q)nk,gfnk,l (q2; q2)nk,1
is the generating function of the paths (counted by major index and number of south steps)
satisfying the special (k,i)-conditions and having n; peaks of relative height > j for1 < j < k—1.

Proof. 1t is similar to that of Proposition 6.1 of [17] except that its starting point is Lemma 3.5.
We first insert a NES peak at each peak. This “volcanic uplift” operation increases the relative
height of each peak by one. Moreover, it transforms a peak of height k — 2 into a peak of height
k — 1 and changes the parity of x — u for all peaks. Indeed, if we consider the jth peak from
the left, its z-coordinate increases by j and it has 7 — 1 South steps to its left after the uplift.
Therefore, for this peak, x — u has increased by j — (7 — 1) = 1. We then insert ny — ny NES
peaks of relative height one at the begining of the path, transform some of the NES peaks into
NESE peaks and move some of the peaks of relative height one we inserted. These operations
do not modify the parity of x — u for any peak. Besides, it is important to note that when we
move the peaks, the distribution of relative heights is not modified. O

4. SUCCESSIVE RANKS

The Frobenius representation of an overpartition [16, 22] of n is a two-rowed array

ay ay ... aN
<b1 by ... bN)
where (aq,...,ay) is a partition into distinct nonnegative parts and (by,...,by) is an over-
partition into nonnegative parts where the first occurrence of a part can be overlined and
N+ Z(al + bl) =n.

We call that the Frobenius representation of an overpartition because it is in bijection with
overpartitions. We say that the generalized Durfee square of an overpartition A has side IV if N
is the largest integer such that the number of overlined parts plus the number of non-overlined
parts greater or equal to N is greater than or equal to IV.

Proposition 4.1. [17] There exists a bijection between overpartitions whose Frobenius repre-
sentation has N columns and whose bottom line has j non-overlined parts and overpartitions
with generalized Durfee square of size N and j overlined parts.
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We now define the successive ranks.

Definition 4.2. [17] The successive ranks of an overpartition can be defined from its Frobenius
representation. If an overpartition has Frobenius representation

al a2 DY a/N
by by -+ by
then its ith successive rank r; is a;—b; minus the number of non-overlined parts in {b;41,...,bn}.

For example, the successive ranks of <; g ? 8) are (2,0,1,0).

The purpose of this Section is to prove the following Proposition.

Proposition 4.3. There exists a one-to-one correspondence between the paths of major index
n with j South steps, counted by Ek,i(n,j) and the overpartitions of n with j non-overlined
parts in the bottom line of their Frobenius representation and whose successive ranks lie in
[—i+4 2,2k — i — 2|, counted by C’kl(n,]) This correspondence is such that the paths have N
peaks if and only if the Frobenius representation of the overpartition has N columns.

Proof. Let Ey;(n,j) be the number of paths counted by ENM(n, j) where the last condition
(z—u=1i—1 (mod 2) for the peaks of height k£ —1) is dropped. In [17], we proposed a bijection
between paths counted by Ej ;(n,j) and overpartitions of n with j non-overlined parts in the
bottom line of their Frobenius representation and whose successive ranks lie in [—i+2, 2k —i—1].
We recall now this map. Given a lattice path which starts at (0,k — i) and a peak (x,y), let
the parameter u be the number of South steps to the left of the peak. We map this peak to the
pair (s,t) where
s=(@+k—i—y+u)/2
t=(—k+ity—2—u)/2
if there are an even number of East steps to the left of the peak, and
s=(x+k—i+ty—1+u)/2
t=@—-k+i—y—1—u)/2
if there are an odd number of East steps to the left of the peak. Moreover, we overline t if the
peak is a NESE peak. The map is easily reversible. In both cases, s and t are integers and we
have s +t¢+ 1 = z. The successive rank of that pair (s,?) is r = s — ¢ — u and the conditions on
the paths imply that — +2 <r <2k —7—1.
Let N be the number of peaks in the path and j the number of South steps. Let (z;,v;) be
the coordinates of the ith peak from the right and (s;,¢;) be the corresponding pair. Then we

proved in [17] that
S1 S9 e SN
t1 to - tn

is the Frobenius representation of an overpartition whose weight is
N

N
Z(si +t;+1) = le
i=1

=1
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(i.e. the major index of the corresponding path), with j non-overlined parts in the bottom line
(i.e. the number of South steps of the corresponding path) and whose successive ranks lie in
[—i+2,2k—1—1].

If we apply this map to a path counted by Em(n, j) then we can show that no successive
rank can be equal to 2k — i — 1. Indeed, if it was the case, we would have s —t —u =2k —7—1
and from the map we know that s —t —u=k—i—y+1 or kK —¢+y. The first case is therefore
impossible. The second case implies that y = k — 1 and s = %(SU +u+2k—1i—2). As sis an
integer, we have x —u =4 (mod 2). This is forbidden by the last condition of the definition of
Ep,i(n, j). O

5. GENERALIZED SELF-CONJUGATE OVERPARTITIONS

We define an operation for overpartitions called k-conjugation, where k > 2 is an integer.
From the Frobenius representation of an overpartition 7, we use Algorithm IIT of [22] to get
three partitions A1, A2 and p as described in the following paragraph.

Let N be the number of columns of the Frobenius representation. We get Ay, which is a
partition into N nonnegative parts, by removing a staircase from the top row (i.e. we remove 0
from the smallest part, 1 from the next smallest, and so on). We get A2 (which is a partition into
N nonnegative parts) and p (which is a partition into distinct nonnegative parts less than N)
as follows. First, we initialize Ao to the bottom row. Then, if the mth part of the bottom row
is overlined, we remove the overlining of the mth part of Ao, we decrease the m — 1 first parts
of A2 by one and we add a part m — 1 to u. For example, the overpartition whose Frobenius

representation is
75 4 20
6 4 4 3 1

gives A1 = (3,2,2,1,0), Ao = (4,3,3,2,1) and p = (4,1).

Let A} (resp. M) be the conjugate of A\; (resp. of \2). A and X, are thus partitions into
parts less than or equal to N. Recall that the Durfee square of a partition is the largest square
contained in its diagram [7] and that the i Durfee square is the Durfee square of the partition
that is under the (i — 1)%! Durfee square.

We now consider two regions. The first region is the portion of A, below its (k — 2)-th Durfee
square (for k = 2, this region is \}). The second region consists of the parts of \] which are less
than or equal to the size of the (k — 2)-th Durfee square of X, (for k = 2, this region is \}).

Definition 5.1. The k-conjugation consists in interchanging these two regions (if Ny has less
than k — 2 Durfee squares, the k-conjugation is the identity).

Example 1. We consider the overpartition m whose Frobenius representation is

14 13 10 8 7 5 3 O
14 12 10 8 7 5 3 2

The above algorithm gives us A\ = (7,7,5,4,4,3,2,0), Ay = (11,10,8,7,6,5,3,2) and pu =
(5,3,1). We thus have N} = (7,7,6,5,3,2,2) and X, = (8,8,7,6,6,5,4,3,2,2,1). | and X,
are represented in Figure 2, where the two regions defined above (for k = 4) a hzghl@ghted
If we swap these two regions, we get \| = (7,7,6,5,2,2,1) and N\, = (8,8,7,6,6, 5 4,3,3,2,2).
Conjugating thse two partitions, we have Ay = (7,6,4,4,4,3,2,0) and Ay = ( 11,9,7,6 5,3,2).
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e e

N X Ay Xy
FIGURE 2. Illustration of the 4-conjugation (see Example 1).  For the
initial overpartition 7 (on the left), we have X, = (7,7,6,5,3,2,2)
and N\, = (8,8,7,6,6,5,4,3,2,2,1). The regions highlighted are inter-

changed by 4-conjugation, which gives N} = (7,7,6,5,2,2,1) and X\, =
(8,8,7,6,6,5,4,3,3,2,2) for 7™, the 4-conjugate of w (on the right).

Applying Algorithm III of [22] in reverse (remember that = (5,3,1), we get that the 4-conjugate

of m is
@ _ (1412 9 8 75 30
T 7\14 311875 32
Remark 5.2. For k = 2, we just swap N and XN, (which boils down to swapping A1 and A2)
and we get the F-conjugation defined by Lovejoy [22].

Remark 5.3. If there are no overlined parts, we get the k-conjugation for partitions defined by
Garvan [18]. Indeed, for partitions, the (k — 2)-th Durfee square of N is in fact the (k — 1)-th
Durfee square of the partition . Consequently, the parts of N, below this Durfee square (first
region) are the parts of m below its (k — 1)-th Durfee square. Moreover, the parts of Ny which are
less than or equal to the size of the (k—2)-th Durfee square of Ny (second region) are the columns
of ™ to the right of its first Durfee square whose length is less than or equal to the size of the
(k —1)-th Durfee square of m. We thus see that the regions we interchange in the k-conjugation
are the same as in [18].

Definition 5.4. We say that an overpartition is self-k-conjugate if it is fived by k-conjugation.

Proposition 5.5. The generating function of self-k-conjugate overpartitions is

2.

m>ne>. >0k 130 (Q)m*nz cee (Q)nk—2*nk71 (q2; q2)nk71

q(n12+1)+n%+‘..+ni,1 (—1/@)711 anl

where ny is the number of columns of the Frobenius symbol and na, ..., ni_1 are the sizes of the
k — 2 first successive Durfee squares of N,.

Proof. We decompose a self-k-conjugate overpartition in the following way :

e 4 (region IV in Figure 3), which is counted by
a™ (=1/a)n,
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\Y

i
\Y% I\VI
il UV_I_‘ VI
X, z

X

FIGURE 3. Decomposition of a self-k-conjugate overpartition (in this example,
kE=4).

the staircase of the top row and the part n; (region III), which are counted by
q(n12+1)

the k — 2 Durfee squares of X\, (region V), which are counted by

22
nytetng

q

the regions between the Durfee squares of ), (region VI), which are counted by

|:n1:| o |:nk_2:|
n Nk—
2 q k—1 q

the parts in A} which are > n;_1 and of course < ny (region I) : they are counted by
1 (D

(T—guwt) e (L=g) (@)

e the two identical regions (regions IT and VII), which are counted by
1
(4% ¢*)niy
Summing on ny,n9,...,nE_1, we get the generating function :

> (—1/a)n, a1 g™ ) gnttnia {nl} o [nk_z] q (Dng_s 1

ni>ng>..>n,_1>0 n2 1]y (Dny (@6,

- > a

annQZ---an—IZO (q)nl_'fLQ A (Q)nk_g—nk—l (q2; q2)nk_1

(n12+1)+n§+--.+n%_1 (_1/a)n1 am™

g

Corollary 5.6. When there are no overlined parts, a — 0 and we get the generating function
of self-k-conjugate partitions [18].

Definition 5.7. Let i and k be integers with 1 < i < k. We say that an overpartition is self-
(k,)-conjugate if it is obtained by taking a self-k-conjugate overpartition and adding a part n;
(nj is the size of the (j — 1)-th successive Durfee square of \y) to Ny fori < j<k—1 (ifi =k,
no parts are added).
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Remember that we denote by Dkﬂ-(n, j) the number of self-(k,7)-conjugate overpartitions
with j overlined parts (or, equivalently, the number of self-(k, 7)-conjugate overpartitions whose
Frobenius representation has j non-overlined parts in its bottom row: see Proposition 4.1).

Proposition 5.8.
Ek,i(a,q) = E Dk,i(nvj)ajqn'
n7j

Proof. 1t is obvious from Proposition 5.5 that

N . (
Z Dy,i(n, j)a’q" = Z a
n,J

annQZ---an—IZO (Q)nlf'n& ctt (q)nk;,2f’nk;71 (q2; qz)’ﬂk,1

ML) fndbetnd it dng g (—1/a)NaN

which is gkﬂ-(a, q) by Proposition 3.6. O
6. CONCLUDING REMARKS

We would like to mention that the Jj ;(a; z; ¢) and jkvi(a; x;q) can be embedded in a family of
functions that satisfy recurrences like those in Lemma 2.1 and are sometimes infinite products
when z = 1. For m > 1 we define

Th,ism (a3 23q) = Hy i m(a; 23 q) + axqHyi—1,m(a; 2¢; @), (6.1)

where

Hogm(asasg) = 3 CO"d7 77TV Ean oD = wiginl) (-1 a) (—arg™ oo (o™i g"),
2, ) ) —~ (qm’ qm)n(x)oo
) (6.2)
The case m = 1 gives the Jj ;(a; x; ¢) and m = 2 corresponds to the Ji ;(a; x; ¢). Equations (2.1)
and (2.2) of Lemma 2.1 are true for the Hy,; ,(a; ; ¢), and following the proof of (2.3), one may
show that

Hyim(a;25q) — Hyjmmm(@;25¢) =271+ 2 + 22 + -+ 2™ DT pmiv1m (a5 25 ).

It would certainly be worth investigating what kinds of combinatorial identities are stored in
these general series.
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