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Introduction

(Type) Isomorphisms relate types/formulas/objects which are “the same”

S OMFROZY

Instantiation in A-calculus, logics,. ..

. A-calcul ith products and unit type
Equational theory for calcuiius with products unit yp [Sol83]
cartesian closed categories
X Ax(BxC)=(AxB)xC AxB=BxA
xand - || (AxB) - C=A—=(B—=C)|A=-(Bx(C)=(A—=B)x(A— ()
1 Axl=A | 15A=A A=1=1 |
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Introduction

(Type) Isomorphisms relate types/formulas/objects which are “the same”

S OMFROZY

Instantiation in A-calculus, logics,. ..

Multiplicative Linear Logic

Equational theory for .
*-autonomous categories

[BDC99]

Associativity AR(BC)=(A®B)@C | AB(BR(C)=(A8B)®”C
Commutativity ARB=B®A ABB=B7%A
Neutrality ARl=A AR L =A

(ARB) - C=(AtBBH)BRC=At%(BLRC)=A—(B— ()
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Introduction

(Type) Isomorphisms relate types/formulas/objects which are “the same”

S OMFROZY

Instantiation in A-calculus, logics,. ..

Equational theory for {

Multiplicative-Additive Linear Logic
*-autonomous categories with finite products

Associativity A (B C)=(AgB)® C AR(BRC)=(ABB)BC
Ap(BoaCO)=(AaoB)aC A& (B& C)=(A&B)&C

Commutativity | AR B=B®A| ABB=BRA | AGB=B®A | A&AB=B&A

Neutrality ARl=A AR 1 =A ApO=A AT =A

Distributivity

A (BaC)=(A®B)® (Ax C)

AR(B&C)=(ARB)&(A%RC) |

Annihilation

A0=0

| ART=T

Rémi Di Guardia, Olivier Laurent

Type Isomorphisms for MALL

FSCD 2023, 4 July 2023

2/17



© Definitions
@ Multiplicative-Additive Linear Logic
@ Type Isomorphisms
@ Proof-Nets

e Isomorphisms of Multiplicative-Additive Linear Logic
e Simplifications
@ Unit-free case
o Full case
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Multiplicative-Additive Linear Logic

Formulas
noj true false true false
AB = X| XL | AE B A%E || T AT B A%E T
——
atoms multiplicative additive
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Multiplicative-Additive Linear Logic

Formulas
"Oj true false true false
A B : —X|X|A®B|A75’B| |J_|A&B\A€BB|T|
——
atoms multiplicative addltlve
Rules
FAT AL A
—— ax ! !
- AL A FTLA cut
FAT FB,A 2 FAB,T - 1 ET N
FAR B, T,A FA®RB, T 1 LT
FAT FB,T % FAT & FB,T ® T
FA&B,T FA® BT ' TFA®BT 7 FT.T
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Multiplicative-Additive Linear Logic

Formulas
"Oj true false true false
A B : —X|X|A®B|A75’B| |J_|A&B\A€BB|T|
——
atoms multiplicative addltlve
Rules
FAT AL A
—— ax ! !
- AL A FTLA cut
FAT FB,A 2 FAB,T - 1 ET N
FAR B, T,A FA®RB, T 1 LT
FAT FB, T % FAT & FB,T ® T
FA&B,T FA® BT ' TFA®BT 7 FT.T

@ slice
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Multiplicative-Additive Linear Logic

Formulas
"Oj true false true false
A B : —X|X|A®B|A75’B| |J_|A&B\A€BB|T|
——
atoms multiplicative addltlve
Rules
FAT AL A
———— ax ! !
- XL, X FTLA cut
FAT FB,A 2 FAB,T - 1 ET N
FAR B, T,A FA®RB, T 1 LT
FAT FB, T % FAT & FB,T ® T
FA&B,T FA® BT ' TFA®BT 7 FT.T

@ slice

@ axiom-expansion ——
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Multiplicative-Additive Linear Logic

Formulas
"Oj true false true false
A B : —X|X|A®B|A75’B| |J_|A&B|AEBB|T|
——
atoms multiplicative addltlve
Rules
AT AL A
— ax ? ?
F XL X FT.A cut
FAT FB,A 2 FAB,T - 1 ET N
FA®R B, T,A FA®RB, T 1 LT
FAT FB, T % FAT & FB,T ® T
FA&B,T FA® BT ' TFA®BT 7 FT.T

@ slice

@ axiom-expansion ——

. . . B8
o cut-elimination —
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Unit-free Multiplicative-Additive Linear Logic

Formulas
"Oj and or and or
AB:=X|X-|A® B|A®B | A& B|A®
S~—— ~~
atoms multiplicative additive
Rules
AT AL A
—_—ax ’ J
- XL X FT.A cut
FAT FB,A 2 FAB,T
FAR B, T,A FA®RB, T
FAT FB, T % FAT & FB,T ®
FA&B,T FAGBT ' FAaBT ?

@ slice

@ axiom-expansion ——

. . . B8
o cut-elimination —
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Type Isomorphisms

In category theory:

WG ] Jmen

In \-calculus:

Isomorphism A~ B
Terms M : A— B and N : B — A such that

NoM =g, AxA x and Mo N =g, AyB.y
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Type Isomorphisms

In category theory:

WGl | (oo

In linear logic:

Isomorphism A ~ B
Proofs 7+ AL, B and o - B™, A such that

s o
1 L — ax
FB,A FABY =5 TBLB

a ™
L 1L — ax
FABT  FBAY = Tala ™ and
FALA Bt B
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Proof-Nets of Hughes & Van Glabbeek [HvGO05]

——ax —————ax
XX XX

ax ax
F Xt X F Xt X X, X, X o Xt

527}

XX, X o Xt FYoXx xteoXt 2
FX&(Y®X),X, XteXt o
FX&(Y®X),XB(XteXt) FylLy o

FX&(YaX)oY,YH X3 (Xtexth)
FX&(YaX)oY,YtR(X® (Xt X))

X&(Y®eX)®Y YLz (X7®(XteXh)
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Proof-Nets of Hughes & Van Glabbeek [HvGO05]

ax

FxIx 0 FXEX
X X X e Xt
FX&(Y®X),X XtoXxt »
FX&(Y®X),X®(Xtexth) FyLy
FX&(YaX)a Y, Yh Xz (Xtexth)
F(X&(YeX)RY,YE3 (X3 (XteoXt)

X&(Y®X)®Y YLir(X7®(XteXh)

ax
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Proof-Nets of Hughes & Van Glabbeek [HvGO05]

— ax — ax
XX Xt X
XX XEo Xt
D2
FY®X XteXt 2
FX&(Y®X), X, XteXxt
FX&(Y®X),X®(Xtoxth) Fyly
FX&(YeX)oY,YEX%B(XEeXt)
FX&(YBX)RY, Y3 (X% (XT2X)

ax

X&(YeX)oY Yin(X®m(XtoX!))
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Proof-Nets of Hughes & Van Glabbeek [HvGO05]

——ax ————ax
X+ X X+ X

Xt X ax XX o EX X, Xt e Xt o
XX X e Xt FYyoXx Xtext N
FX&(Y®X), X, XteXxt
FX&(Y®X), X% (X" ex5) Fyly
FX&(YeX)oY,Yh Xz (Xteoxt) 7?
FX&(Y&X)o Y, YER (X3 (Xte X))

ax

X&(Y®X)®Y YLz (X7®(XteXh)

with a complex correctness criterion, forbidding some kind of cycles
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Properties of Proof-Nets

Pros: identify proofs up to rule commutations [HvG16], thus up to =g,

v T
F A1, Ag, By, By, T F A1, Az, By, By, T
F A1%A, By, By, T 72 —c F Ai, As, Bi%8Bo, T
FAIRA,, B178B,, T FAIRAy, B178By, T
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Properties of Proof-Nets

Pros: identify proofs up to rule commutations [HvG16], thus up to =g,

v T
F A1, Ag, By, By, T F A1, Az, By, By, T
F A1%A, By, By, T 72 —c F Ai, As, Bi%8Bo, T
FAIRA,, B178B,, T FAIRAy, B178By, T

Cons: does not work with
@ non-expanded axioms

@ units
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Q Isomorphisms of Multiplicative-Additive Linear Logic
e Simplifications
@ Unit-free case

@ Full case
Associativity AR (BRC)=(A®B)®C AR (BRC)=(A%BB)%®C
Ad(BeC)=(AaB)aC A& (B&C)=(A&B)&C
Commutativity || AR B=B®A | ABB=BRA | AOB=B®A| AAB=B&A
Neutrality ARl1=A ABL=A ApO=A A&LT=A
Distributivity || A® (B&C)=(A2B)@(A®C) [AR(B&C)=(A%BB)&(ABC) |
Annihilation A0=0 | ABT=T

Rémi Di Guardia, Olivier Laurent Type Isomorphisms for MALL FSCD 2023, 4 July 2023 8/17



Axiom-expanded proofs

Reduction to axiom-expanded proofs

T =gy

o
X [3* with in m' =g o' only axiom-expanded proofs
/

! o

Proof.

| \

Simple study of axiom-expansion —— and cut-elimination 2. O

Remove one obstacle to the use of proof-nets!
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Distributed Formula

(C&B)BA — (CBA)&(BRAY)

A(BaC) — (A®B)o(A® ()
CB(B&A) — (CBB)&(CHBA)

(AeB)®@C — (A®C)a(Bw ()

ARl — A 1A — A AL — A 1A — A
A0 — A 0BpA — A A&T — A T&A — A
A0 — 0 0RA — 0 AT — T TRA — T
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Distributed Formula

AR (BeC) — (A®B)®(A®C) (C&B)®A — (CRA)&(B7®A)
(AeB)@C — (AC)a(B® () C7®(B&A) — (CBB)&(CRA)
ARl — A 1A — A AL — A 1A — A
A0 — A 0BpA — A A&T — A T&A — A
A0 — 0 0RA — 0 AT — T TRA — T

Proposition
If € is complete for distributed formulas, then £ + neutrality +
distributivity + annihilation is complete for arbitrary formulas.

Associativit AR (B C)=(A®B)®C AR (BRC)=(A%BB)%®C
ratvity Ad(BaC)=(AaB)aC A& (B&C)=(A&B)&C
Commutativity | A B=B®A[| ABB=B%A | AGB=B®A[ A&AB=B&A
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Shape of distributed isomorphisms

Forbidden configurations in distributed isomorphisms:

®@ O %/\@
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Forbidden configurations in distributed isomorphisms:
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| |
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Why this shape?

AR (B® C)~(A® B)® (A® C) not of this shape

Correctness criterion to get this “local” shape from “global” distributivity

/ h b /2L/1l L

AL B Bt A

© Forbidden configuration
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Why this shape?

AR (B® C)~(A® B)® (A® C) not of this shape

Correctness criterion to get this “local” shape from “global” distributivity

AL B Bt A

© Forbidden configuration
@ Dependence on a &
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Why this shape?
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Why this shape?

AR (B® C)~(A® B)® (A® C) not of this shape

Correctness criterion to get this “local” shape from “global” distributivity

~q/1/2 /2/lL pl /L
Y’ “/ ® /
\ / \
s
\
&
B Bt A
@ Forbidden configuration @ Distributivity
@ Dependence on a &
© 7 below
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Why this shape?

AR (B® C)~(A® B)® (A® C) not of this shape

Correctness criterion to get this “local” shape from “global” distributivity

*
B Bt

@ Forbidden configuration @ Distributivity

@ Dependence on a & © Contradictory cycle

© 7 below
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Where are we?

Equations Syntax

distribution

distributed
formulas
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Where are we?

Equations

distribution
a/c sequent calculus
(rules commutations)
distributed _
formulas remove units
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Confluence in sequent caculus

Confluence
up to rule commutations
O'

g

/

3

%
G
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Confluence in sequent caculus

(\J/C
Confluence /B/P S
. / L /X
up to rule commutations 3N y

I
Q\/
*
™ =g q 0 V=t [
* * *
7 =L o
y g% % ] _% ) _% 4
T =cll1 Tclza =cly =co
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Handling the Units 0, T, 1, |

In isomorphisms of distributed formulas:
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Handling the Units 0, T, 1, |

In isomorphisms of distributed formulas:

. Fil
@ TT,0 EF
FLF

—1

-1
® TFT0 ' j:iglzg
L1 F
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Handling the Units 0, T, 1, |

In isomorphisms of distributed formulas:

11
@ TFT.0 ! [
F1F
— 1
F1
® FT.0 ! f}:{;
FLl,F
© Txix X XA
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Results

Isomorphisms of Multiplicative-Additive Linear Logic:

Associativity

AR (B C)=(A®B)® C

A%(B®C)=(ABB)®C

As(BaC)=(AeB)& C

A% (B&C)=(A&B)&C

Commutativity A@B=B®A | ABB=BRBA AGB=B®A | A&B=B&A
Neutrality ARl=A | ABL=A AS0=A | ALT =A
[ Distributivity AR(Ba®C)=(A®B)® (A () \ A% (B&C)=(AR%B)& (AR C) |
‘ Annihilation A®R0=0 ‘ ART =T ‘

Rémi Di Guardia, Olivier Laurent

Type Isomorphisms for MALL

FSCD 2023, 4 July 2023

16 /17



Isomorphisms of x-autonomous categories with finite products:

Associativity

AR (B C)=(A®B)® C

A%(B®C)=(ABB)®C

As(BaC)=(AeB)& C

A% (B&C)=(A&B)&C

Commutativity ARB=B®A ‘ ABB=B%®A ADB=B®A ‘ A&B=B&A
Neutrality Apl=A AR L=A Aa0=A A&LT=A
Distributivity AR(BoC)=(A®B)®(A® C) AR(B&C)=(A%"B)& (A% C) ‘
Annihilation A®0=0 ART =T
A—-B=A'%B X =X
De Morgan (A®B)L =BT ®AL | (ABB)I =BT @Al | (AeB)I =BT & AT [ (A& B)t =BT ¢ Al |
=1 =1 oL=T ‘ S a— ‘

v

Rémi Di Guardia, Olivier Laurent

Type Isomorphisms for MALL

FSCD 2023, 4 July 2023
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Results

Theorem
Isomorphisms of x-autonomous categories with finite products:

Aecociativie AQ(BeC)=(AgB)ac A3 (BBC)=(A%B)3C
4 A®(B®C)=(A®B)@C A% (B&C)=(A&B)&C
Commutativity ARB=B®A ABRB=B7%RA ApB=BapA A&B=B&A
Neutrality ARl=A ABL=A Ac0=A A&LT=A
Distributivity AQ(BaC)=(AeB)@(AC) A3 (B&C)=(A3B)&(ARC) \
Annihilation A®0=0 ART =T
A—-B=A%3B X=X
De Morgan (A®B) =B BAL | (ABB) =B QA" | (AGB). =BL &ALl [ (A&B) =B G A" |
T=1 1t=1 ot =T Tt=0
v
Confluence up to rule commutations in sequent calculus
* *
o . B,
*
—Bn =z
* *
o B,

FSCD 2023, 4 July 2023

Type Isomorphisms for MALL
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Ongoing and future work

o State of the art: [BDC99]

21907 Jeaur]
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Ongoing and future work

o State of the art: [BDC99], [this talk]

21807 Jéeun
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Ongoing and future work

o State of the art: [BDC99], [this talk], [Lau05]

5[80‘] \Jéeun

Rémi Di Guardia, Olivier Laurent Type Isomorphisms for MALL FSCD 2023, 4 July 2023 17 /17



Ongoing and future work

o State of the art: [BDC99], [this talk], [Lau05]
@ Isomorphisms for MELL

Rémi Di Guardia, Olivier Laurent Type Isomorphisms for MALL FSCD 2023, 4 July 2023 17 /17



Ongoing and future work

o State of the art: [BDC99], [this talk], [Lau05]

@ Isomorphisms for MELL

@ Isomorphisms for MALL with quantifiers
Vx,Vy, A~ Vy, Vx, A
Vx, A& B ~ (Vx, A) & (Vx, B)
Vx,AB B~ (¥x,A)8B ifx¢B

(and the dual versions)

21507 Jéeun
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Ongoing and future work

o State of the art: [BDC99], [this talk], [Lau05]

@ Isomorphisms for MELL

@ Isomorphisms for MALL with quantifiers
Vx,Vy, A~ Vy,Vx, A
Vx, A& B ~ (Vx, A) & (Vx, B)
Vx,AB B~ (¥x,A)8B ifx¢B

(and the dual versions)

21507 Jéeun

@ Retractions in MLL (subtyping)
A<4dB

(Al L Te)

Ad(A—A) oA~ AR (A A)
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Thank you!
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