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Let A be a finite alphabet and consider x € A%,
X = - X_2X_1XpX1X2X3 * * *

Let v be a factor of x. We are interested in the behavior of the
function
B(n) = max {[lw], — |w[,[}

|w|=|w'|=n

If this quantity is bounded, x is balanced on v.
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Let A be a finite alphabet and consider x € A%,
X = - X_2X_1XpX1X2X3 * * *

Let v be a factor of x. We are interested in the behavior of the
function
B(n) = max {[lw], — |w[,[}

|w|=|w'|=n

If this quantity is bounded, x is balanced on v.

Question: given x and v, is x balanced on v?
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Balance

e (X, T)is a minimal subshift on the finite alphabet A.
~ Every x € X is uniformly recurrent: every factor of x occurs infinitely

often with boundend gaps.
~ L(x)=L(X) VxeX
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Balance

e (X, T)is a minimal subshift on the finite alphabet A.
~ Every x € X is uniformly recurrent: every factor of x occurs infinitely

often with boundend gaps.
~ L(x)=L(X) VxeX

o A word x € A” is balanced on the factor v € £(x) if there exists
a constant C, such that for every pair of factors u, w in L£(x)
with |u| = |w

uly — [wl|,| < C,.
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Balance

e (X, T)is a minimal subshift on the finite alphabet A.
~ Every x € X is uniformly recurrent: every factor of x occurs infinitely
often with boundend gaps.

~ L(x)=L(X) VxeX

o A word x € A” is balanced on the factor v € £(x) if there exists
a constant C, such that for every pair of factors u, w in L£(x)
with |u| = |w

July = wl|,| < C,.
e Since (X, T) is minimal, balance is a property of the language.
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Balance

e (X, T)is a minimal subshift on the finite alphabet A.
~ Every x € X is uniformly recurrent: every factor of x occurs infinitely
often with boundend gaps.

~ L(x)=L(X) VxeX

o A word x € A” is balanced on the factor v € £(x) if there exists
a constant C, such that for every pair of factors u, w in L£(x)
with |u| = |w

uly — [wl|,| < C,.

e Since (X, T) is minimal, balance is a property of the language.
e Sturmian words are exactly the 1-balanced words on the letters.
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Invariant measures and frequencies

@ A probability measure p on X space is T-invariant if for all Borel
subset B of X,

u(T1(B)) = u(B)
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~ (X, T) uniquely ergodic: X admits a unique T-invariant measure.
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Invariant measures and frequencies

@ A probability measure p on X space is T-invariant if for all Borel
subset B of X,

u(T1(B)) = u(B)

~ pergodic: T71(B) = B implies u(B) is either 0 or 1.
~ (X, T) uniquely ergodic: X admits a unique T-invariant measure.

o A word x € A% has uniform frequencies if for every w € £(x),

the ratio
|Xk o 'Xk+n|w

n+1
has a limit when n tends to co, uniformly in k.
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Invariant measures and frequencies

Fact

A minimal symbolic system (X, T) is uniquely ergodic if and only if,
for all x € X, x has uniform frequencies.
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Invariant measures and frequencies

Fact

A minimal symbolic system (X, T) is uniquely ergodic if and only if,
for all x € X, x has uniform frequencies.

~» This is a direct consequence of the Birkhoff ergodic Theorem.

Paulina CECCHI B. (IRIF/USACh) Coboundaries and balance in words LaBRI, Juin 2018 6 /28



Invariant measures and frequencies

Fact

A minimal symbolic system (X, T) is uniquely ergodic if and only if,
for all x € X, x has uniform frequencies.

~» This is a direct consequence of the Birkhoff ergodic Theorem.

@ In this case, for all x € X the frequency of the factor w is equal
to u([w]), where

Wl={xeX:xo  Xuw-1=w}
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Balance

Proposition

The language L(X) is balanced in the factor v if and only if v has a

frequency (1, and there exists a constant B, such that for any factor
w € L(X), we have

lwly = polwl] < B,
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Balance

Proposition

The language L(X) is balanced in the factor v if and only if v has a

frequency 1, and there exists a constant B, such that for any factor
w € L(X), we have

lwly = polwl] < B,

e Equivalently, v has a frequency p, and there exists B, such that
for all x € X and for all n > 1,

||X[0,n)|v - Mvn| <B,
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Balance

Proposition

The language L(X) is balanced in the factor v if and only if v has a

frequency 11, and there exists a constant B, such that for any factor
w € L(X), we have

lwly = polwl| < B,

e Equivalently, v has a frequency p, and there exists B, such that
for all x € X and for all n > 1,

| |X[O,n)|v —puyn| < B,
~— ——

Discrepancy
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Coboundaries

e Let (X, T) a topological dynamical system.
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Coboundaries

e Let (X, T) a topological dynamical system.

e Continuous functions: C(X,R), C(X,Z).
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Coboundaries

e Let (X, T) a topological dynamical system.
e Continuous functions: C(X,R), C(X,Z).

e The coboundary map 0 : C(X,R) — C(X,R) is given by

Of =foT —f
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Coboundaries

e Let (X, T) a topological dynamical system.
e Continuous functions: C(X,R), C(X,Z).

e The coboundary map 0 : C(X,R) — C(X,R) is given by

Of =foT —f

e Dimension group
K°(X, T) = (C(X,Z)/0C(X,Z),(C(X,Z)/]0C(X,Z))*,1)

is a complete invariant of (strong) orbit equivalence.

Paulina CECCHI B. (IRIF/USACh) Coboundaries and balance in words LaBRI, Juin 2018 9 /28



Gotschalk-Hedlund’s Theorem

Theorem (Gotschalk-Hedlund '55)

Let (X, T) be a minimal topological dynamical system. The map
f € C(X,R) is a coboundary if and only if there exists xo € X such
that the sequence (f(")(xg)),>1 is bounded, where

F(x) = F(x) + f o T(x)+ -+ f o T"(x).
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Gotschalk-Hedlund’s Theorem

Theorem (Gotschalk-Hedlund '55)

Let (X, T) be a minimal topological dynamical system. The map
f € C(X,R) is a coboundary if and only if there exists xo € X such
that the sequence (f(")(xg)),>1 is bounded, where

F(x) = F(x) + f o T(x)+ -+ f o T"(x).

The sequence (f("),>; is called the cocycle of f.

Remark. If f = go T — g, (f("(x))nen is bounded for every x € X.
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Gotschalk-Hedlund’s Theorem

Theorem (Gotschalk-Hedlund '55)

Let (X, T) be a minimal topological dynamical system. The map
f € C(X,R) is a coboundary if and only if there exists xo € X such
that the sequence (f(")(xg)),>1 is bounded, where

F(x) = F(x) + f o T(x)+ -+ f o T"(x).

The sequence (f("),>; is called the cocycle of f.

Remark. If f = go T — g, (f("(x))nen is bounded for every x € X.
~~ f coboundary < (f("),cn bounded.
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Coboundaries and balance

Remark

Let (X, T) a subshift on A. Suppose (X, T) is minimal and uniquely
ergodic with measure ji. Given a factor v € LX), define

fo =X — v € C(X,R)

Then, (X, T) is balanced in the factor v if and only if f, is a
coboundary.
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Coboundaries and balance

Remark

Let (X, T) a subshift on A. Suppose (X, T) is minimal and uniquely
ergodic with measure ji. Given a factor v € LX), define

fo =X — v € C(X,R)

Then, (X, T) is balanced in the factor v if and only if f, is a
coboundary.

Proof.
Note that for all x € X, for all n > 1,

fv(n)(X) = xm(x) —Mv+'~'+X[v](T"_1X) — My
- |X[O,n+\v|)’v — Ny
]
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Substitution systems

Consider a primitive substitution o : A — A*.

The symbolic system generated by o is (X,, T), where

X,={xecA®:Yw <x,Jac A, IneN:w < o"(a)}.
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Substitution systems

Consider a primitive substitution o : A — A*.

The symbolic system generated by o is (X,, T), where

X,={xecA®:Yw <x,Jac A, IneN:w < o"(a)}.

Theorem (Queffélec '87)

(X5, T) is minimal and uniquely ergodic.
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Partitions in towers

A partition in towers of the symbolic system (X, T) is
P={T'B;:1<i<m0<j<h}

where the B;'s are clopen and nonempty, m, h; € N.
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Partitions in towers

A partition in towers of the symbolic system (X, T) is
P={T'B;:1<i<m0<j<h}

where the B;'s are clopen and nonempty, m, h; € N.
Proposition
Let (X,, T) be the symbolic system generated by o. Let
Lo(X,) = L(X,) N A% For all n € N, define

P ={T/o"([ab]) : ab € L2(X,),0 < j < |0"(a)|}

The sequence (P,)nen is a sequence of partitions in towers of (X, T),
such that for all n € N, P,.1 is finer than P,.

v
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Partitions in towers

Let £q(X,) = L(X,) N A",
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Partitions in towers

Let £,(X,) = L(X,) N A"
e For all kK > 1, the sequence
,P,I; = {Tja"([ao s ak,l]) 1dgccradk-1 € Ek(Xo‘),O Sj < |0"(ao)|}

is also a nested sequence of partitions in towers.
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Partitions in towers

Let £,(X,) = L(X,) N A"
e For all kK > 1, the sequence
,P,I; = {Tja"([ao s ak,l]) 1dgccradk-1 € Ek(Xo‘),O Sj < |0"(ao)|}

is also a nested sequence of partitions in towers.
e Question: Why not to use

Q,={To"([a]) ;ac A, 0<j<|o"(a)]} 7?7
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Partitions in towers

Let £,(X,) = L(X,) N A"
e For all kK > 1, the sequence
,P,I; = {Tja"([ao cee ak,l]) 1dg-ccadk—1 € Ek(Xg),O S_] < |o*"(ao)\}

is also a nested sequence of partitions in towers.
e Question: Why not to use

Q,={To"([a]) ;ac A, 0<j<|o"(a)]} 7?7

@ We need the atoms of the partition to determine as many
starting letters as we want!
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Partitions in towers

Let £,(X,) = L(X,) N A"
e For all kK > 1, the sequence
,P,I; = {Tja"([ao cee ak,l]) 1dg-ccadk—1 € Ek(Xg),O S_] < |o*"(ao)\}

is also a nested sequence of partitions in towers.
e Question: Why not to use

Q,={To"([a]) ;ac A, 0<j<|o"(a)]} 7?7

@ We need the atoms of the partition to determine as many
starting letters as we want!-~ cocycle of f,.
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Coboundaries and partitions
Define R,(X) = {¢: L,(X) — R} and
81 Ri(X) = Ra(X); o — (Be)(ab) = p(b) — p(a) Vab € Lo(X)
~—— ——

RA R£2(X)
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Coboundaries and partitions
Define R,(X) = {¢: L,(X) — R} and
81 Ri(X) = Ra(X); o — (Be)(ab) = p(b) — p(a) Vab € Lo(X)
~—— ——

RA R£2(X)

Proposition (%)

Let f € C(X,,Z) such that there exists k € N for which f is constant
in the atoms of Py. For all n > k, define ¢, € R*(X2) py

lo"(a)| -1

$n(ab) = D flrignaey Vab € La(X,).

Jj=0

If f is a coboundary, then ¢, € S(Ry(X,)) for all n large enough.
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Remarks

e The subspace 5(Ri(X,)) is easy to handle.
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Remarks

e The subspace 5(Ri(X,)) is easy to handle.
e Examples:
» Thue-Morse substitution on {0,1} o : 0+ 01,1 — 10

Lo(X,) = {00,01,10,11}

» Sturmians,
EQ(XU) = {007 017 10}

0
B(Ri(X5)) = < 1 > <R?

» We need that f € C(X,,Z).
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Rational frequencies

e For a factor v € £(X,), we want the map

fv = X[v] — Mv

to be integer valued.
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Rational frequencies

e For a factor v € £(X,), we want the map

fv = X[v] — Mv

to be integer valued.
e Rational frequencies ©
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Rational frequencies

e For a factor v € £(X,), we want the map

fv = X[v] — Mv

to be integer valued.
e Rational frequencies ©
o Irrational frequencies ®

Paulina CECCHI B. (IRIF/USACh) Coboundaries and balance in words LaBRI, Juin 2018 17 / 28



Rational frequencies
Proposition

Let v € L(X,) and suppose that i, € Q. Then, there exists k > 1
such that f, is constant in the atoms of Py and if (X,, T) is balanced
on v, ¢, (defined for f,) belongs to B(Ry(X,)) for all n large enough.
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Rational frequencies
Proposition

Let v € L(X,) and suppose that i, € Q. Then, there exists k > 1
such that f, is constant in the atoms of Py and if (X,, T) is balanced
on v, ¢, (defined for f,) belongs to B(Ry(X,)) for all n large enough.

Proof.

o There exists m € N such that mf, € C(X,Z).
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Rational frequencies
Proposition

Let v € L(X,) and suppose that i, € Q. Then, there exists k > 1
such that f, is constant in the atoms of Py and if (X,, T) is balanced
on v, ¢, (defined for f,) belongs to 5(Ry(X,)) for all n large enough.

Proof.

o There exists m € N such that mf, € C(X,Z).

e For all n, the elements in an atom of P, share at least their
L, + 1 letters, where L, = min{|c"(a)| : a € A} = f, constant.
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Rational frequencies
Proposition

Let v € L(X,) and suppose that i, € Q. Then, there exists k > 1
such that f, is constant in the atoms of Py and if (X,, T) is balanced
on v, ¢, (defined for f,) belongs to 5(Ry(X,)) for all n large enough.

Proof.

e There exists m € N such that mf, € C(X, 7).
e For all n, the elements in an atom of P, share at least their
L, + 1 letters, where L, = min{|c"(a)| : a € A} = f, constant.

e f, constant in the atoms of P, < mf, constant in the atoms of
Pk.

Paulina CECCHI B. (IRIF/USACh) Coboundaries and balance in words LaBRI, Juin 2018 18 / 28



Rational frequencies
Proposition

Let v € L(X,) and suppose that i, € Q. Then, there exists k > 1
such that f, is constant in the atoms of Py and if (X,, T) is balanced

on v, ¢, (defined for f,) belongs to B(Ry(X,)) for all n large enough.
Proof.

e There exists m € N such that mf, € C(X, 7).
e For all n, the elements in an atom of P, share at least their
L, + 1 letters, where L, = min{|c"(a)| : a € A} = f, constant.

e f, constant in the atoms of P, < mf, constant in the atoms of
Pk.

o If (X,, T) is balanced on v, f, is a coboundary.
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Rational frequencies
Proposition

Let v € L(X,) and suppose that i, € Q. Then, there exists k > 1
such that f, is constant in the atoms of Py and if (X,, T) is balanced
on v, ¢, (defined for f,) belongs to B(Ry(X,)) for all n large enough.

Proof.

e There exists m € N such that mf, € C(X, 7).
e For all n, the elements in an atom of P, share at least their
L, + 1 letters, where L, = min{|c"(a)| : a € A} = f, constant.

e f, constant in the atoms of P, < mf, constant in the atoms of
Pk.

o If (X,, T) is balanced on v, f, is a coboundary.
e f, coboundary < mf, coboundary.

Paulina CECCHI B. (IRIF/USACh) LaBRI, Juin 2018 18 / 28



Rational frequencies
Proposition

Let v € L(X,) and suppose that i, € Q. Then, there exists k > 1
such that f, is constant in the atoms of Py and if (X,, T) is balanced
on v, ¢, (defined for f,) belongs to B(Ry(X,)) for all n large enough.

e There exists m € N such that mf, € C(X, 7).

e For all n, the elements in an atom of P, share at least their
L, + 1 letters, where L, = min{|c"(a)| : a € A} = f, constant.

e f, constant in the atoms of P, < mf, constant in the atoms of
Px.

o If (X,, T) is balanced on v, f, is a coboundary.

e f, coboundary < mf, coboundary.

e By Proposition (x), ¢, belongs to S(Ri(X,)) for all n large
enough. O
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Example: the Thue-Morse substitution
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Example: the Thue-Morse substitution

Corollary

Let o be the Thue-Morse substitution and let (X, T) the symbolic

system generated by o. For every { > 2, (X, T) is not balanced in
the factors of length (.
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Example: the Thue-Morse substitution

Corollary

Let o be the Thue-Morse substitution and let (X, T) the symbolic

system generated by o. For every { > 2, (X, T) is not balanced in
the factors of length (.

Proof.
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Example: the Thue-Morse substitution

Corollary

Let o be the Thue-Morse substitution and let (X, T) the symbolic

system generated by o. For every { > 2, (X, T) is not balanced in
the factors of length (.

Proof.

e Let v a factor with |v| = £. The frequency of v verifies (Dekking
'92)

u() = g2 or p(lv]) = 327"

where m is such that 2™ < ¢ < 2m+1,

Paulina CECCHI B. (IRIF/USACh) Coboundaries and balance in words LaBRI, Juin 2018 19 /28



Example: the Thue-Morse substitution

Corollary

Let o be the Thue-Morse substitution and let (X, T) the symbolic

system generated by o. For every { > 2, (X, T) is not balanced in
the factors of length (.

Proof.

e Let v a factor with |v| = £. The frequency of v verifies (Dekking
'92)

p() = 2277 o p]) =52

where m is such that 2™ < ¢ < 2m+1,

o Frequencies are then rational, and p, = 1, q, € {3-2™1 3.2m}.
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the factors of length (.

Proof.

e Let v a factor with |v| = £. The frequency of v verifies (Dekking
'92)

p() = 2277 o p]) =52

where m is such that 2™ < ¢ < 2m+1,

o Frequencies are then rational, and p, = 1, q, € {3-2™1 3.2m}.
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Example: the Thue-Morse substitution
e For all ab € £,(X) and for n large enough,

lo"(a)|-1

d),,(ab) = Z fv |Tjo"([ab]) o
j=0
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Example: the Thue-Morse substitution
e For all ab € £,(X) and for n large enough,

lo"(a)|-1

d)n(ab) = Z fv |Tfo‘"([ab]) o
=0

o f, = X[v] = Hvs then

6a(ab) = auap (1 - ql> + (|0"(3)] = o) - _qi.

v v

aab = #{0 < j < [0"(a)| : T'o"([ab]) C [v]}.
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Example: the Thue-Morse substitution
e For all ab € £,(X) and for n large enough,

lo"(a)| -1

d)n(ab) = Z fv |TJo‘"([ab]) o
=0

o f, = X[v] = Hvs then

6a(ab) = auap <1 - ql> + (|0"(3)] — amp) - —

v v

aab = #{0 < j < [0"(a)| : T'o"([ab]) C [v]}.

° ¢, € /B(Rl(X)) = <(0’ 1, _170)> = gbn(OO) =0
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Example: the Thue-Morse substitution
e For all ab € £,(X) and for n large enough,

lo"(a)| -1

d)n(ab) = Z fv |Tja"([ab]) o
=0

o f, = X[v] = Hvs then

6a(ab) = auap <1 - ql> + (|0"(3)] — amp) - —

v v

aab = #{0 < j < [0"(a)| : T'o"([ab]) C [v]}.

° ¢, € /B(Rl(X)) = <(0’ 1, _170)> = gbn(OO) =0
e We obtain
q.0pp = |O'n(0)| =2" ==
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Return words
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Return words

o Let o be a primitive substitution on A, a € A. A return word to
ain L(X,) is a finite word w € £(X,) such that wy = a and
wa € L(X,).
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Return words

o Let o be a primitive substitution on A, a € A. A return word to
ain L(X,) is a finite word w € £(X,) such that wy = a and
wa € L(X,).

w

bebbc ab
...aC Ca Ca...

W/
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Return words

o Let o be a primitive substitution on A, a € A. A return word to
ain L(X,) is a finite word w € £(X,) such that wy = a and
wa € L(X,).

w

bebbc ab
...aC Ca Ca...

W/

e Since (X, T) is minimal, return words always exists for every
letter.
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Return words

o Let o be a primitive substitution on A, a € A. A return word to
ain L(X,) is a finite word w € £(X,) such that wy = a and
wa € L(X,).

w

bcbbc ab
---abcbbcabca- - -

W/

e Since (X, T) is minimal, return words always exists for every
letter.

o If w=wp--- w1 is a return word to a,
WoWi, WiWo, « « s Wy |—2W|w|—1, Wjw|-1d € 52(X0)7

and if ¢ € B(Ri(X)),

lw|—1

A(Wjw|—1a) + Z d(wi—iw;) =0
—i
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Return words

e Let o be a primitive substitution on A, a € A. A return word to
ain L(X,) is a finite word w € £(X,) such that wy = a and
wa € L(X,).

w

—
-..abcbbcabca---
—_

W/

e Since (X, T) is minimal, return words always exists for every
letter.

o If w=wp--- w1 is a return word to a,
WoW1, WiWa, - -+, Wjw|—2Wjw|—1, Ww|-1a € L2(X,),

and if ¢ € B(Ry(X)),
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Theorem

Let v € L(X,) such that u, € Q. Write u, = p,/q, with

(pv,q,) = 1. There exists N > 1 such that for all a € A and for all
return word w to a, q, divides |c"(w)| for all n > N. In particular, if
aa € L,(X), then q, divides |c"(a)| for all n > N.
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Theorem

Let v € L(X,) such that u, € Q. Write u, = p,/q, with

(pv,q,) = 1. There exists N > 1 such that for all a € A and for all
return word w to a, q, divides |c"(w)| for all n > N. In particular, if
aa € L,(X), then q, divides |c"(a)| for all n > N.

Proof.
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Theorem

Let v € L(X,) such that u, € Q. Write u, = p,/q, with

(pv,q,) = 1. There exists N > 1 such that for all a € A and for all
return word w to a, q, divides |c"(w)| for all n > N. In particular, if
aa € L,(X), then q, divides |c"(a)| for all n > N.

Proof.
o ¢, € B(R1(X)) for n large enough.
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Theorem

Let v € L(X,) such that u, € Q. Write u, = p,/q, with

(pv,q,) = 1. There exists N > 1 such that for all a € A and for all
return word w to a, q, divides |c"(w)| for all n > N. In particular, if
aa € L,(X), then q, divides |c"(a)| for all n > N.

Proof.
o ¢, € B(R1(X)) for n large enough.
o ¢n(Ww—1a) + lezll—l Pn(wi—iw;) =0
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Theorem
Let v € L(X,) such that u, € Q. Write u, = p,/q, with

(pv,q,) = 1. There exists N > 1 such that for all a € A and for all
return word w to a, q, divides |c"(w)| for all n > N. In particular, if

aa € L,(X), then q, divides |c"(a)| for all n > N.

Proof.
o ¢, € B(R1(X)) for n large enough.

o Pp(Ww-1a) + Z',Z'fl dn(wisaw;) =0
e For all ab € L£,(X) and for n large enough,

60(ab) = aun (1= 2 + (Jo"(a)| - ) - 2~

v v

where a.p = #{0 < j < |0"(a)| : TVo"([ab]) C [v]}.
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o We obtain

0 = CVW|W|,13 (qv - pv) - (‘UH(W\W|—1)| - O‘W‘W|,1a) “pv +
lw|—1

> s (@ = ) = (0" (Wies)| = ) - o
IS

e which implies

lw| -1 [w|-1

qv O‘W\w\qa_" Z Qv _yw; = Pv |0n(WIW\—1)|+ Z |Un(Wi—1)|
i=1 i=1

= pylo"(w)]
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Example: the Thue-Morse substitution again

o Suppose (X, T) is balanced on v and g, = 3 - 2™,
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Example: the Thue-Morse substitution again

o Suppose (X, T) is balanced on v and g, = 3 - 2™,

o Forall ae A= {0,1}, aa € £5(X).
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Example: the Thue-Morse substitution again

o Suppose (X, T) is balanced on v and g, = 3 - 2™,
o Forall ae A= {0,1}, aa € £5(X).

e Then, g, divides |c"(a)| for every n large enough.
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Example: the Thue-Morse substitution again

o Suppose (X, T) is balanced on v and g, = 3 - 2™,
o Forall ae A= {0,1}, aa € £5(X).
e Then, g, divides |c"(a)| for every n large enough.

o But g, =3-2m and |0"(a)| = 2", >+
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Another examples

@ We consider constant length substitutions ~~ rational frequencies.

Paulina CECCHI B. (IRIF/USACh) Coboundaries and balance in words LaBRI, Juin 2018 26 / 28



Another examples

@ We consider constant length substitutions ~~ rational frequencies.
e We focus on letter frequencies:

Incidence matrix ~~ Perron-Frobenuis right eigenvalue
~ normalized right eigenvector ~~ frequencies.
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Another examples

@ We consider constant length substitutions ~~ rational frequencies.
e We focus on letter frequencies:

Incidence matrix ~~ Perron-Frobenuis right eigenvalue
~~ normalized right eigenvector ~~ frequencies.

e Example: 0 :0 — 001,1 — 101.
2 1
m=(313) E-03 6-6-12 @-a-2

00 € £5(X,) = 2 divides 3" for n large enough —<—.
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Another examples
e 0:{0,1,2,3} — {0,1,2,3}" given by
0—01,1— 02,2+ 23,3+— 20

1101
10
01
00

h=h=1/3 i=f=1/6 q < {36}

M, = E,={0,-1,1,2}

= = O

0
1
0
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Another examples
o 0:{0,1,2,3} — {0,1,2,3}" given by
0—01,1— 02,2+ 23,3+— 20

1101
10
01
00

h=h=1/3 i=f=1/6 q < {36}

M, = E, = {0,—1,1,2}

= = O

0
1
0

o There are no aa's.
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Another examples
e 0:{0,1,2,3} — {0,1,2,3}" given by
0—01,1— 02,2+ 23,3 — 20

1101
1 000
0111
0010
h=h=1/3 i=f=1/6 q < {36}

M, = E,={0,-1,1,2}

e There are no aa's.
e But 01 is a return word to 0. If (X, T) is balanced on i,

= q; divides |o"(01)] =2"" n>>

—4—
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Another examples

@Ino:0—001,1 — 101, M, is symmetric and the length of the
substitution is coprime with the size of the alphabet.
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Another examples

@Ino:0—001,1 — 101, M, is symmetric and the length of the
substitution is coprime with the size of the alphabet.
e We can generalize this:

Corollary

If a primitive substitution of length ¢ on an alphabet of size d is such
that (¢,d) =1 and its incidence matrix is symmetric, then (X, T) is
not balanced on the letters.
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Another examples

@Ino:0—001,1 — 101, M, is symmetric and the length of the
substitution is coprime with the size of the alphabet.
e We can generalize this:

Corollary

If a primitive substitution of length ¢ on an alphabet of size d is such
that (¢,d) =1 and its incidence matrix is symmetric, then (X, T) is
not balanced on the letters.

Proof.
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Another examples

@Ino:0—001,1 — 101, M, is symmetric and the length of the
substitution is coprime with the size of the alphabet.
e We can generalize this:

Corollary

If a primitive substitution of length ¢ on an alphabet of size d is such
that (¢,d) =1 and its incidence matrix is symmetric, then (X, T) is
not balanced on the letters.

Proof.

o Since the sum of every column of M, equals ¢, (1,---,1) € R?
is a left eigenvector associated to the eigenvalue /.
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Another examples

@Ino:0—001,1 — 101, M, is symmetric and the length of the
substitution is coprime with the size of the alphabet.
e We can generalize this:

Corollary

If a primitive substitution of length ¢ on an alphabet of size d is such
that (¢,d) =1 and its incidence matrix is symmetric, then (X, T) is
not balanced on the letters.

Proof.

o Since the sum of every column of M, equals ¢, (1,---,1) € R?
is a left eigenvector associated to the eigenvalue /.
e Since M, is symmetric,
1 1
M, | = )l =f=1/d O
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